
GFD Homework 2
DUE 11 Feb in class

1. Balanced flows:

(a) Show that a purely zonal flow [u=u(y), v=0] in geostrophic balance with a meridional
pressure field [η = η(y)] is an exact solution of the steady inviscid fully nonlinear shallow
water equations.
The nonlinear shallow water equations are

du

dt
+ ~u · ∇u = −g dη

dx
+ fv (1)

dv

dt
+ ~u · ∇v = −gdη

dy
− fu (2)

∇ · ~u = 0′ (3)

If we plug in purely zonal flow, every term is identically zero except the last
two in the second equation, namely geostrophic balance: g dηdy = −fu

(b) Consider a circular pressure field η = η(r), where r =
√
x2 + y2. Show that one can

find an azimuthal velocity field ua(r) such that η and ua satisfy steady, inviscid nonlinear
shallow water equations under rotation. Discuss the balance of forces in this case. Such a
balance is called cyclostrophic. [hint - it’s easiest if you switch to cylindrical coordinates]

The easiest thing is to convert to cylindrical coordinates,

x = r cos θ; y = r sin θ; r =
√
x2 + y2; tan θ = y/x; ur =

dr

dt
; uθ = r

dθ

dt

Plugging in we can figure out both u = dx/dt and du/dx etc in the new coor-
dinates, which gives (assuming ur = 0)

u = − sin (θ)uθ (4)

v = cos (θ)uθ (5)

d

dx
= cos (θ)

d

dr
− 1

r
sin (θ)

d

dθ
(6)

d

dy
= sin (θ)

d

dr
+

1

r
cos (θ)

d

dθ
(7)

Plugging into the shallow water equation for either u or v gives, in steady
state;

u2
θ

r
+ fuθ = g

dη

dr

If we just consider the second two terms, we have a simple geostrophic bal-
ance. We could also imagine (for f=0) a balance between the first and third
term, which is cyclostrophic balance. Physically this is a balance between
centrifugal acceleration and the pressure force.
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(c) Does cyclostrophic balance cause the flow to go around faster or slower than geostrophic
balance for the same pressure distribution? Consider both positive and negative pressure
cases
The centrifugal force is always pointed outward.

• Consider a positive sea-surface height anomaly (dη/dr < 0), in which case
the pressure force is outward. In geostrophic balance (in the NH) the
flow goes around CW (uθ < 0) and the coriolis force is directed inward. In
this case the centrifugal force adds to the pressure force, so in order for
the force balance to add up the coriolis force has to be bigger - in other
words the flow goes faster than it would in pure geostrophic balance.

• Now consider a case with a negative sea-surface height anomaly (dη/dr >
0), in which case the pressure force is inward. In geostrophic balance (in
the NH) the flow goes around CWW (uθ > 0) and the coriolis force is
directed outward. In this case the centrifugal force opposes the pressure
force, so a smaller coriolis force is needed to balance the sum of the other
two forces and the flow goes slower than it would in pure geostrophic
balance.7.8. LAPLACIAN INVERSION 213
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Figure 7-13 A sheared coastal jet negotiating a bottom escarpment (Problem 7-6).

Numerical Exercises

7-1. An atmospheric pressure field p over a flat bottom is given on a rectangular grid accord-
ing to

pi,j = PH exp(−r2/L2) + pε ξi,j r2 = (xi − xc)
2 + (yj − yc)

2 (7.66)

where ξ is a normal (Gaussian) random variable of zero mean and unit standard devi-
ation. The high pressure anomaly is of PH = 40 hPa and its radius L = 1000 km.

For the noise level, take pε = 5 hPa. Use a rectangular grid centered around xc, yc

with a uniform grid spacing ∆x = ∆y = 50 km. Calculate and plot the associated
geostrophic currents for f = 10−4 s−1. To which extent is volume conservation satis-

fied in your finite-difference scheme? What happens if pε = 10 hPa or ∆x = ∆y =
25 km? Can you interpret your finding?

7-2. Open file madt oer merged h 18861.nc and use the sea surface height recon-

structed from satellite data to calculate geostrophic ocean currents around the Gulf

Stream. Data can be read with topexcirculation.m. For conversion from lati-

tude and longitude to local Cartesian coordinates, 1◦ latitude = 111 km and 1◦ longitude
= 111 km × cos (latitude). [Altimeter data are products of the CLS Space Oceanogra-
phy Division; see also Ducet et al. (2000)].

7-3. Use the meteorological pressure field at sea level to calculate geostrophic winds over

Europe. First use the December 2000 monthly average sea-level pressure, then look

2. As depicted in the figure above (from C-R Chapter 7), a vertically uniform but laterally
sheared northern hemisphere coastal current must climb a bottom escarpment. Assuming
that the jet velocity still vanishes offshore, use conservation of the nonlinear shallow water PV
(e.g. DQ/Dt=0 following a water parcel) to determine the velocity prole and the width of the
jet downstream of the escarpment. Use H1 = 200 m, H2 = 160 m, U1 = 0.5 m/s, L1 = 10 km
and f = 10−4 s−1. What would happen if the downstream depth were only 100 m?

We have two unknowns (U2, L2) and need two equations. The first is convservation
of potential vorticity. Assuming H + η ≈ H we can write PV conservation as

D

Dt

[
ζ + f

H

]
As always, the substantial derivative can be viewed as time change following the
flow, so the flow must have the same value before and after is crosses the escarp-
ment. Setting those equal gives us

1

H1
(
U1

L1
+ f) =

1

H2
(
U2

L2
+ f)
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Our second equation comes from the need to have equal volume transport on both
sides (steady state means that no water is piling up anywhere)

U1L1H1 = U2L2H2

Combining and going a bit of algebra gives us an equation for L2

L2 =

√
U1L2

1H
2
1

H2[(U1 + fL1)− fL1H1]

For H2=160 meters, plugging in gives us

L2 = 17.6km U2 = 0.35ms−1

Physically, since the height decreases, the flow compensates by losing some relative
vorticity by becoming a bit slower and more spread out horizontally. On the other
hand, for H2=100 meters, the denominator in the square root above is negative,
meaning there is no solution! Physically, the flow has lost so much height it would
need to have a net negative relative vorticity, meaning it would have to increase
in the offshore direction. This cannot conserve volume transport, so there is no
solution. What actually happens in this (physically reasonable) case is that the
flow turns offshore and follows the escarpment as a triangular jet. On the left side
of that jet the flow is deeper and the vorticity is cyclonic, while on the right side
the water is shallower and the vorticity is anticyclonic.

3. Two-layer geostrophic adjustment. Consider a two-layer fluid with resting depths H1, H2 and
densities ρ1, ρ2. We will discuss the setup for this problem in class on Tuesday, or you can start
by yourself. Let’s consider the baroclinic version of the “dam break problem”- in particular
assume that at time=0 both layers are at rest and the surface height (η) and the interface
height (h) are given by:

η(t = 0) = 0 (8)

h(t = 0) = h0 x <= 0 (9)

h(t = 0) = −h0 x > 0 (10)

(a) Making a rigid lid assumption (η << h), and assuming a small density difference (ρ1/ρ2 ≈
1) and assume that PV is conserved within each layer (we’ll go over this in class Tuesday,
but it’s also straightforward to just extrapolate what you have in your notes from 1 to
2 layers), derive a single differential equation that governs the interface height once the
system has reached a steady-state solution. It’s easier to do this for x > 0 and x < 0
separately.
We can set the initial PV equal to the final PV for each layer. Initially the
relative vorticity is zero for each layer because there is no flow. Since are
initially only gradients in the x-direciton, we can assume that is always the
case, which implies d=

dy 0 and u1 = u2 = 0. The PV conservation for each layer
becomes

f

H1 − h(t=0)
=

ζ1 + f

H1 − h
=

dv1
dx + f

H1 − h
(11)

f

H2 + h(t=0)
=

ζ2 + f

H2 + h
=

dv2
dx + f

H2 + h
(12)
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The conservation statement above is true at all times, even while the flow
is in the process of adjusting. However, we’re interested in the steady-state
solution, in which case we can also assume the layer velocities and inter-
face/surface heights are related through geostrophy:

v1 =
g

f

dη

dx
(13)

v2 =
ρ1

ρ2

g

f

dη

dx
+
g′

f

dh

dx
≈ v1 +

g′

f

dh

dx
(14)

where for the last approximation we have assumed ρ1/ρ2 ≈ 1. If we plug these
into the two equations above (4 and 5), and start by working with the x < 0
part of the domain (so ht=0 = h0) we get two equations and two unknowns:

f(H1 − h) = (
dv1

dx
+ f)(H1 − h0) (15)

f(H2 + h) = (
dv2

dx
+ f)(H2 + h0) = (

dv1

dx
+
g′

f

d2h

dx2
+ f)(H2 + h0) (16)

where for the last step we’ve used the geostrophic equations to express v2 in
terms of v1. Now we have two equations and two unknowns (h, v1). Eliminating
v1 from these equations gives the following equation for h(x):

d2h

dx2
=
f2

g′

[
(h− h0)(H1 +H2)

(H1 − h0)(H2 + h0)

]

(b) Assuming the initial displacement is small h0 << H1, H2, rewrite this equation in terms
of the baroclinic Rossby radius: a′2 = g′Heff/f

2, Heff = (H1H2)/(H1 +H2)
Plugging in this assumption simplifies our differential equation to

d2h

dx2
=
f2

g′

[
(h− h0)(H1 +H2)

H1H2

]
=
h− h0

a′2

(c) Solve for h(x) in the entire domain and sketch the solution. You’ll need to apply reason-
able matching conditions at x=0.
To solve let’s temporarily change variables to h̃ = h − h0, so the equation
becomes

d2h̃

dx2
=

1

a′2
h̃

the solution to which is

h̃ = Aex/a
′
+Be−x/a

′
h = Aex/a

′
+Be−x/a

′
+ h0

Recall that we’re still working in the domain (x < 0) so we’ll choose B=0.
For the right side of our domain the analysis works exactly the same with all
instances of h0 replaced with −h0, so the solution look like

h = Aex/a
′
+ h0 (x < 0)

h = Ce−x/a
′ − h0 (x > 0)
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Requiring both h and its derivative (velocity) to be continuous across x=0
allows us to determine the integration constants and the final solution is

h = h0(1− ex/a′) (x < 0)

h = h0(e−x/a
′ − 1) (x > 0)

Just as with the single-layer equation considered in class, the system as
smoothed the initial discontinuity, in this case over the width of the baro-
clinic Rossby radius.
** Note that in class there was confusion about whether the nonlinear form of
PV conservation (with a material instead of local derivative) was appropriate
for a case like this, and I’m not sure if I explained it clearly. In a case like
this we essentially ARE using the material derivative, by assuming that the
’chunk’ of fluid to the right and left of the initial discontinuity conserves it’s
own PV as the system evolves. We are also assuming that the steady-state
solution is in geostrophic balance, which we showed in the first problem above
is an exact solution to the full shallow water equations. So we can solve the
equations as done above and get the general result.

(d) What are typical values of the barotropic and baroclinic rossby radii of deformation? (use
H1 = 100m,H2 = 1000m, f = 10−4s−1)
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