
Erratic internal waves at SIO Pier
data and wavelet analysis courtesy of E. Terrill, SIO
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Simple interfacial internal wave

after Gill, 
Atmosphere-Ocean Dynamics
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u(x, y, z, t) = ûe−i[kx+ly+mz−ωt]

Try a solution of the form

Get polarization and dispersion 
relationships

ω2 =
(k2 + l2) ∗ N2 + m2

∗ f2

k2 + l2 + m2

(Glenn Flierl)

Internal wave equations

Monday, November 16, 2009



Continuous stratification

Mode-1 wave
 (approx two-layer)

U = Ψ(z)cos(kx − ωt)

Allowable frequency range  
f ≤ ω ≤ N

Wave propagation direction
days to minutes

Z
U
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What generates internal waves? 
Spring Observations

Wind Stress
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1) Wind makes near-inertial internal waves

(MacKinnon and Gregg, JPO, Dec 05)
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What generates internal waves? 

2) Barotropic tide sloshing over topography

(J. Nash)

Internal Tide:  An internal wave 
with a tidal frequency, usually 
once in 12.4 hours = M2

Often generated at the continental 
shelf break, with waves 
propagating both on and off 
shore.
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Internal-tide generation in Monterey Bay

courtesy of 
Oliver Fringer 
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Internal-tide generation in Monterey Bay

courtesy of 
Oliver Fringer 
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Global pattern of internal tides

Simmons et al 2004
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Complicating factors: higher-mode waves

(Glenn Flierl)

(Oliver Fringer)

Waves propagate in beams...

...or wave packets
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Complicating factors: complex topography
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SIO Pier temperatures 
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Strength of surface and internal tide (SIO pier)

Barotropic tide:
regular beating of semi-diurnal 
(12 hour) and diurnal (24 
hour) signals

Internal tide: a mess!
C h a n g i n g s t r a t i f i c a t i o n , 
mesoscale currents, eddies, ....

Eric Terill

Time in hours Time in hours

semi-diurnal

diurnal
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More local internal tides

[46] Huthnance and Baines [1982] also observed enhanced
alongshore semidiurnal variance at the top and bottom of
the water column on the steep continental slope (H = 500 m)
off the northwest coast of Africa. They attempted, with
limited success, to model the bottom-intensified currents as
a combination of up-slope and down-slope propagating
BTWs [Rhines, 1970]. If the up- and down-slope waves
have equal amplitudes, the motions will be standing in the
cross-slope direction and progressive in the alongslope
direction, with shallower water to the right when facing
the direction of propagation. The wave will have the
following form:

u0 ¼ iA cos qð Þ cos k 0x0ð Þeily$kz0þimz0$ist;

v ¼ A sin qð Þ sin k 0x0ð Þeily$kz0þimz0$ist;
ð4Þ

where A is the amplitude of the wave and x0 points in the
upslope direction and z0 is normal to the sloping seafloor.

The current u0 is oriented along the x0 axis. The angle q is
determined by

q ¼ cos$1 s
Na

! "

: ð5Þ

Near the bottom of the 350-m mooring, the buoyancy
period was &30 min and the bottom slope a was &0.07. For
the M2 frequency, q is 55!.
[47] The alongshore and up-slope currents are 90! out of

phase with respect to each other, and the polarization can be
either clockwise or counterclockwise depending on the
cross-slope location. The minor to major ellipse axis ratio
is given by

!$1 ¼ uj j
vj j ¼

1

tan qð Þ tan k 0x0ð Þ ; ð6Þ

where e$1 is positive when the polarization is clockwise and
negative when the polarization is counterclockwise.

Figure 10. Time series of semidiurnal band-passed ( 1
14:5 to

1
11 cph) (a) cross-shore and (b) alongshore

currents at selected moorings from the summer of 1996 IWAVES deployment. For H = 30, 70 and 100 m,
u is plotted for ADCP bins near the bottom of the water column (z = 23, 60 and 86 m, respectively) and v
is plotted for near-surface ADCP bins (z = 5, 8, and 22 m, respectively). For H = 350 m, both u and v are
plotted for z = 287 m. Time series are plotted for both the central (c) and northern (n) ADCPs located on
the 30-m isobath (alongshore separation = 1.2 km). Semidiurnal band-passed sea level variability is
plotted at the bottom of each panel, as well as low-passed (frequencies < 1/33 cph) vertical temperature
difference, !T, at selected moorings. !T was calculated between z = 1 and 94 m at the 350-m mooring
(thick line); and between z = 1 and 88 m at the 100-m mooring (thin line).

LERCZAK ET AL.: INTERNAL TIDE OFF OF SOUTHERN CALIFORNIA 13 - 11

Lerczak, Winant and Hendershott, 2003

and v) near the surface are 180! out of phase with respect to
currents near the bottom of the water column.
[4] In contrast, an internal Kelvin wave trapped to the

coast has motions that are linearly polarized in the along-
shore direction (u = 0), and propagate along the coast with
the coastline to the right (in the Northern Hemisphere;
northward at the IWAVES study site). For a mode-one
Kelvin wave, surface and bottom alongshore currents (v)
are 180! out of phase. With realistic slope/shelf topography,
coastal-trapped waves (CTWs) have a more complicated
structure [Huthnance, 1978; Ou, 1980; Ou and Beardsley,
1980; Dale and Sherwin, 1996; Dale et al., 2001]. Cross-
shore currents may be nonzero. However, alongshore cur-
rents still tend to dominate the variability when the internal
deformation radius is larger than the cross-shore scale of the

continental slope [Huthnance and Baines, 1982]. Lines of
constant phase can be complicated. Indeed, for realistic
slope/shelf cross-sections, there can be locations on the
shelf where there are no 180! vertical phase shifts in the
currents and the motions, therefore, have a nonzero vertical
mean [Huthnance, 1978; Ou, 1980; Ou and Beardsley,
1980; Dale and Sherwin, 1996; Dale et al., 2001]. This
can make the separation of the internal tide and the surface
tide difficult, if not impossible. (By surface tide, we mean
the astronomically-forced tidal motions that would exist in a
homogeneous (unstratified) ocean and which force the
internal tide in a stratified ocean.) While CTWs are not
perfectly trapped at superinertial frequencies, nearly-trapped
waves can exist and propagate along the coast for long
distances before losing their energy by scattering into freely

Figure 1. Internal Waves on the Continental Margin (IWAVES) study site. Circles mark the locations of
the moorings of the summer arrays. Open circles mark moorings deployed in the summer of 1996; solid
circles mark summer 1997 moorings; shaded circles mark moorings deployed in the summer of both
years. Depths are given in meters. The 1996 and 1997 fall mooring deployments are not shown (see
Lerczak [2000] for details).

13 - 2 LERCZAK ET AL.: INTERNAL TIDE OFF OF SOUTHERN CALIFORNIA
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Linear waves

Non-linear waves 

h(x, t) = cos(x − c0t)

When wave amplitude gets ‘large’ (shallow 
water), crest of wave moves faster, so wave 
starts to steepen.  This can take several forms... 

∂h

∂t
+ c0

∂h

∂x
= 0
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Complicating factors: nonlinearity
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100 minutes

24 hours

Stanton and Ostrovsky
GRL 24(14) 1998

Solitons: internal waves of unusual size

nonlinear steepening 
balanced by dispersion
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Nonlinear internal tides:  bores

courtesy of  S. K. Venayagamoorthy 
and O. Fringer, Stanford 
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Nonlinear internal tides:  bores

courtesy of  S. K. Venayagamoorthy 
and O. Fringer, Stanford 
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Why you should care

• Internal-wave fluctuations often dominate any signal you 
measure.  Up/down CTD casts.  Moorings.  

• Internal-wave shear produces turbulence and mixing.  Most 
mixing at interface / thermocline, can bring nutrients up into the 
euphotic zone. (next week)

• May create net on or offshore transport of mass / nutrients / 
larvae / ???  
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Consequences of Internal Waves

Wave breaking mixes the ocean (next week). 
2106 VOLUME 33J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

FIG. 14. Example acoustical snapshot of a propagating ISW within which is embedded a sequence of rollups identical in nature to Kelvin–
Helmholtz instabilities observed in the laboratory and in small-scale simulations. The vertical scale of the largest is more than 10 m, and
the horizontal scale (in the direction of wave propagation) is about 50 m. Toward the trailing edge of the wave, the rollups become less
coherent but contribute a greater backscatter signal, suggesting breakdown to turbulence. At greater depth, denoted by arrows, are two more
layers of bright backscatter. These are presumably the same phenomenon, but smaller scale. Hence the echosounder resolution does not
permit a clear depiction of rollups.

FIG. 15. (left) Observed profiles of horizontal velocity from 300-
kHz ADCP (2-m bin size) and (right) !" from Chameleon. These
coincide with the Chameleon profile noted by the black dot in Fig.
9 which corresponds to the time of maximum stratification at the
interface at 30-m depth, after which overturns and intense turbulence
first appear.

given the density profile at the same location. First, the
ambient streamfunction in the wave’s reference frame
is obtained from the measured upstream velocity profile
u0(z) using

z

# (z) $ % [u (z&) % c ] dz&. (3)0 ! 0 w

At any location within the wave, we obtain the stream-
function profile corresponding to the local density pro-
file '1(z) using

# (' ) $ # (' ).1 1 0 0 (4)

Last, we differentiate5 to obtain the velocity profile and
transform into the earth’s reference frame:

(#1
u $ % ) c . (5)1 w(z

An appropriate value for *' was obtained by ex-
amining density fluctuations in six profiles prior to and
including the profile selected for analysis. Thorpe re-
ordering was used to estimate density fluctuations in
turbulent overturns. The maximum fluctuation had ab-
solute value of 0.1 kg m%3 (Fig. 17). We adopted this

5 Differentiations and integrations were approximated using sec-
ond-order, finite differences on an uneven grid. Interpolations be-
tween the various data grids were done using an equal mixture of
linear and cubic Hermite interpolants. (This controls the spurious
peaks that appear when cubic interpolation is used alone.)

Moum et al 03

Monday, November 16, 2009



FIG. 1. R/P FLIP was moored in 1100 m of water over Kaena Ridge at 21◦40.78′

N, 158◦37.77′ W. Also shown are two moorings from the same field program, where
larger near-bottom overturns have been observed.

Hawaiian Ocean Mixing Experiment (HOME)

Huge overturns as internal tide sloshes up 
and down a steep slope

Klymak et al 07
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IW transport larvae/nutrients
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Larvae transport onshore

Pineda 99

1411Internal tidal bore warm fronts

Fig. 15. Schematic representation of hypotheses for larval accumulation for Pollicipes, large
neustonic crab larvae (Pineda 1994), Chthamalus, andMembranipora. Arrows represent likely larval
pathways, crossed arrows represent unlikely pathways, and (?) represents a higher degree of uncer-
tainty. Larvae to the right of the panels depict hypothesized vertical distributions from observations
on the offshore side of the fronts.

cator of vertical distribution during transport and that vertical
distributions in normal conditions should not be used to pre-
dict distributions in transporting conditions (e.g., Pineda
1991). This shift in vertical distribution is the result of both
behavior and hydrodynamics: the result of behavior because
other taxa with similar vertical distribution, such as Mem-
branipora, did not accumulate and the result of hydrody-
namics because high concentrations were found only at the
convergences.
Larval concentration in the warm bore fronts is a critical

phenomenon, because only those larvae that concentrate
would transport onshore and recruit to the adult population.
What could account for different patterns of concentration?
(1) The observed circulation and the concentration of float-
ing material at the fronts suggest that currents are capable
of concentrating neustonic larvae such as crab megalopa.
Neustonic larvae offshore of the front could concentrate at
the front if currents behind the front would transport them
toward the front (Fig. 15). (2) Pollicipes were not strictly
neustonic, but abundances peaked at the sea surface on the
offshore side of the fronts. Such larvae may also be trans-
ported toward the front by the surface currents behind the
front (Fig. 15). (3) For the deeper dwelling Chthamalus, up-
welling currents behind the fronts or in front of the crest of
the high-frequency motions could entrain some larvae to the
surface. These larvae could then be transported toward the
front by the surface currents behind the front. However, be-
cause this taxon was also found on the onshore cold side of
the fronts, the origin of frontal larvae could also be the wa-
ters in the cold side of the front. For frontal cyprids origi-
nating on the onshore cold side of the fronts, the front would

collect the cyprids as it propagates (Fig. 15). The question
of the origin of Chthamalus frontal larvae requires careful
measurements of c, u at the sea surface, and larval concen-
trations in both sides of the front.
For accumulation at the front’s surface, larvae would have

to remain at the surface in spite of the front’s downwelling
currents. Both Chthamalus and Membranipora larvae were
generally more abundant at 4 m than at the surface, Chtham-
alus in all sites but the front, and Membranipora in all but
one offshore warm site. While Chthamalus accumulated at
the front in three events, Membranipora did not. Membran-
ipora is a weak swimmer that may be unable to withstand
frontal downwelling currents (Fig. 15).
On 3 July 1996, larval frontal concentration was the low-

est of all events, and observed c was the highest, suggesting
that low concentration may have been the result of a very
small difference between u and c. On the other hand, events
such as the July 7 one, during which both Chthamalus and
Pollicipes were highly concentrated, may have been the re-
sult of u k c. No physical observations are available, how-
ever, to contrast this hypothesis.

Origin of frontal larvae—Frontal larvae could originate
onshore and offshore of the front. Intuitively, if surface lar-
val concentration on the onshore cold and offshore warm
side of the front are, respectively, Lc and Lw (in units larvae
cm!3) for frontal larvae originating mostly from the onshore
side of the fronts, u " c, whereas for larvae originating
mostly from the offshore warmer side of the fronts, u k c
and Lw k Lc. Assume a front advancing onshore with phase
speed c (cm s!1), cross-frontal distance is Df1 (cm), frontal

1410 Pineda

Table 2. Scheirer-Ray-Hare test on larval percentages. Ns tested
for ! " 0.05.

Larvae H statistic Significance test

Chthamalus
Site
Depth
Site·depth

Pollicipes
Site
Depth
Site·depth

Membranipora
Site
Depth
Site·depth

5.963
10.532
10.642

28.762
4.987
6.710

6.866
16.095
10.070

NS
P # 0.05

NS

P # 0.001
NS
NS

NS
P # 0.01

NS

Fig. 14. Schematic model of circulation in internal bore warm fronts. The long, thick arrow at
the surface illustrates the conveyor belt analogy. Short, thick arrows represent mass transport, thin
arrows represent circulation, and $ represents density. The shaded area would correspond, for ex-
ample, to the subthermocline water in Fig. 8, the temperature of which is less than %19.4&C, and
the nonshaded area would correspond to waters, the temperature of which is more than %19.4&C.

servations of a sea-breeze front, another type of gravity cur-
rent, but one with different boundary conditions than are
associated with the warm bores, also support this phenom-
enon (Simpson and Britter 1979).
The equation u ! c may be counterintuitive for students

who are used to wave models, but this is a result that is
often observed and substantiated by experiments, field ob-
servations, and theory on gravity currents. That u is faster
than c implies that currents transport particles toward the
front at a rate faster than the propagation speed of the front.
At the front, onshore currents turn, and water flows down-
ward. Floating particles transported from behind the front
toward the front would be trapped at the downwelling site.
The system is analogous to a forward-moving conveyor belt
(Fig. 14).

Larval vertical and horizontal distribution—Previous
work explained that water-column taxa would be transported
by the colder water phase, whereas strictly neustonic taxa
would be transported by the warm internal bores (Pineda
1991, 1994; Leichter et al. 1998). This study shows that
water-column taxa such as Chthamalus cyprids and non-

strictly neustonic Pollicipes cyprids can both be transported
by the warm bores. My results cannot differentiate the rel-
ative importance of the two phases, but a greater concentra-
tion and abundance of Pollicipes and higher percentages at
the surface on the offshore warm side of fronts suggest that
surface fronts may be more important for this species than
for Chthamalus.
Patterns of larval abundance across the fronts and from

the surface to 4 m differed among the three larval taxa,
which demonstrates the importance of resolving the larval
taxa to the lowest taxonomic level. While Pollicipes accu-
mulated at the front, Membranipora did not. Chthamalus
ranked first in three out of the five dates in the surface of
the fronts, which suggests accumulation. However, the re-
sults of the statistical test for differences across sites were
nonsignificant. Patterns of accumulation may be related to
larval behavior, as has previously been hypothesized (e.g.,
Shanks 1983).
Pollicipes tended to be more abundant at the surface than

at depth, and this trend was enhanced at the fronts; to my
knowledge, there is no published information about Polli-
cipes’ vertical distribution. Membranipora cyphonautes were
more abundant at depth than at the surface, a result that is
consistent with that of Yoshioka’s (1982) study. C. fissus is
by far the most abundant barnacle in Southern California,
and the nearshore barnacle cyprid larvae center of abundance
in a Southern California location was at depth (Barnett and
Jahn 1987). Chthamalus cyprid abundances on the offshore
warm side of the fronts were higher at 4 m than at the sur-
face but were reversed at the fronts. This implies that these
larvae can change their vertical distribution under certain
dynamic conditions; I do not know of other nondecapod late-
stage benthic invertebrate larval taxa that exhibit these pat-
terns. This phenomenon is significant, because it suggests
that this and other fronts, such as upwelling relaxation fronts
or other buoyancy-driven onshore flows (e.g., Checkley et
al. 1988; Farrell et al. 1991), may also be capable of trans-
porting some deep larvae. This also implies that vertical dis-
tribution in nontransporting conditions may be a poor indi-

Convergence at the 
front of a wave train

Only strong upward 
swimmers can stay in 

the front
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