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ABSTRACT

An approximate theory is developed of small-amplitude transient eddies on a slowly varying time-mean flow.
Central to this theory is a flux Mz, which in most respects constitutes a generalization of the Eliassen—-Palm
flux to three dimensions; it is a conservable measure of the flux of eddy activity (for small amplitude transients)
and is parallel to group velocity for an almost-plane wave train. The use of this flux as a diagnostic of transient
eddy propagation is demonstrated by application of the theory to a ten-year climatology of the Northern Hemi-
sphere winter circulation. Results show the anticipated concentration of eddy flux along the major storm tracks.

While, in a suitably transformed system, My may be regarded as a flux of upstream momentum, it is not a
complete description of the eddy forcing of the mean flow; additional effects arise due to downstream transience
(i.e., spatial inhomogeneity in the direction of the time-mean flow) of the eddy amplitudes.

The relation between My and the “E-vector” of Hoskins et al. is discussed.

1. Introduction

The development of the Eliassen-Palm (EP) flux
concept (Eliassen and Palm, 1961; Andrews and
Mclntyre, 1976, 1978c) and its application as a diag-
nostic tool (e.g., Edmon et al., 1980) has greatly sim-
plified the interpretation of some aspects of atmo-
spheric circulation statistics and has thus led to rapid
advances in the appreciation of the propagation of at-
mospheric eddies and their role in the general circu-
lation. Briefly, the important properties of the EP flux
F are

(i) For small amplitude waves on a zonal flow, F
appears as the flux of wave activity in a conservation
relation, relating V - F to wave transience and noncon-
servative effects.

(ii)) In the WKB limit of almost-plane waves on a
slowly varying mean flow, F is parallel to the group
velocity.

(iii) for quasi-geostrophic flow, V - F is proportional
to the northward eddy flux of quasi-geostrophic poten-
tial vorticity.

(iv) The quasi-geostrophic momentum and ther-
modynamic equations may be transformed in such a
way that the only term describing eddy, mean flow
interaction is an effective zonal force, proportional to
—V . F; thus F may be regarded as an effective flux of
easterly momentum.

In addition to the practical benefits of F as a diag-
nostic tool, the conceptual framework embodied in (i)-

(iv) has profound implications, linking as it does eddy
transport properties with propagation characteristics.
The general usefulness of this framework has thus far
been limited, however, by the restriction of the theory
to waves on zonal-mean flows. Many important ques-
tions relating to the role of eddies in the general cir-
culation are more naturally addressed by partitioning
the circulation into time-mean and transient eddy
components. In fact, the EP formalism is intimately
related to the concept of pseudomomentum conser-
vation for eddies on a zonal-mean flow in generalized
Lagrangian-mean (GLM) theory (Andrews and Mc-
Intyre, 1978a,b; Mclntyre, 1980). For the case of tran-
sient eddies on a spatially nonuniform, time-mean flow,
pseudomomentum conservation is replaced by pseu-
doenergy conservation in GLM theory and some at-
tempts have been made to exploit this in an Eulerian
framework. Thus, Andrews (1983) and Plumb (1985a)
have derived conservation laws for small amplitude
transients on a three-dimensional time-mean flow,
while Dunkerton (1983) has discussed the mean pseu-
doenergy budget. However, as yet there is no complete
theory of an Eulerian analogue of pseudoenergy.

In the absence of any such theory, diverse approaches
have been followed to analyze the impact of transient
eddies on the time-mean flow; a discussion of the ad-
vantages and shortcomings of these various techniques
is given by Holopainen (1984). Interpretation of eddy
momentum and heat fluxes is beset by the same prob-
lems that arise in the zonal-mean case (for a discussion
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- of which, see Mclntyre, 1980) although an interesting
recent development has involved solution of the full
tirne-mean system of equations to assess simulta-
neously the impact of both momentum and heat fluxes
(Lau and Holopainen, 1984). A notable shortcoming
of most such approaches, however, as compared with
EP diagnostics, is the lack of any information on eddy
propagation characteristics. Some information on the
generation and dissipation of eddy activity is implicit
in the potential vorticity flux, since the component of
this flux down the mean potential vorticity gradient is
related to nonconservative effects and to downstream
(i.e., following the mean flow) eddy transience (Rhines
and Holland, 1979). Further, Illari and Marshall (1983)
have shown that, for an almost-conservative mean flow,

* the contribution to the flux associated with downstream
eddy transience is nondivergent and they have thus
defined a “residual” flux whose downgradient com-
ponent is simply related to nonconservative sources
and sinks of eddy enstrophy. However, these results,
useful though they are in relating eddy transport pro-
cesses to.the properties of the eddies themselves (€.g.,
Hlari and Marshall, 1983; Shutts, 1983), still fall short
of a direct link with eddy propagation. While Young
and Rhines (1980) have derived a conservation law for
eddy enstrophy in a constant mean potential vorticity
gradient, this latter restriction renders the approach
unsuitable for diagnostic applications in the atmo-
sphere. '

Recently, Hoskins et al. (1983) have defined a
“quasi-vector” E which under certain approximations
may be regarded as an effective flux of easterly mo-
mentum. Under further approximations, they showed
that it is also related, but not parallel, to the group
velocity relative to the mean flow. However, unlike the
EP flux, E does not appear to be associated with any
conservation relation, and there is no obvious way of
determining its relationship with the total group ve-
locity (i.e., that relative to fixed coordinates). Further,
it will be shown in section 3 that one of the assumptions
which underlie the association with group velocity is
rather poor for the synoptic-scale, baroclinic eddies.

In this study, the derivation of a conservation law
for small-amplitude transient eddies is taken as a start-
ing point. As already noted, one -approach in this di-
rection—the one which GLM theory suggests as the
most appropriate—involves Eulerian analogues of
pseudoenergy conservation. However, partly because
of the difficulty of applying these results using conven-
tional atmospheric circulation statistics and partly be-
cause, at present, there is no complete Eulerian theory
of transient eddies and their interaction with the time-
mean flow, this approach is not pursued here. Instead,
an attempt is made to retain, as far as possible, the
essentials of the EP formalism. While this approach
loses its validity if the basic state is spatially nonuni-
form, it is shown here that an approximate conserva-
tion relation which is similar to the EP relation (and

JOURNAL OF THE ATMOSPHERIC SCIENCES

VoL. 43, No. 16

which reduces to that relation in the appropriate limit)
can be derived for sufficiently weak departures of the
mean state from zonal uniformity. Thus, on the basis
of an assumption that the time-mean flow is slowly
varying in an appropriate sense, a flux My is defined
in section 2 that is a conservable measure of the flux
of eddy activity and that is parallel to the group velocity
for an almost-plane wave. The applicability of the
slowly varying assumption to real climatological states
is addressed in section 3. Results for M7 in a ten-year
climatology of the Northern Hemisphere are presented,
showing the anticipated concentration of transient eddy
fluxes within the oceanic storm tracks and, in fact,
showing relatively little difference in propagation char-
acteristics between the. “band-pass” and “low-pass”
transients. Some aspects of the results are, however,
difficult to explain. Calculation of My places more se-
vere demands on data quality than is the case with
more conventional diagnostic procedures; the possible
impact of data errors is discussed.

The thrust of this paper concerns eddy propagation
characteristics. As noted earlier, however, the singular
appeal of the EP flux in the zonally averaged problem
derives from its dual interpretation as a flux of eddy
activity and as a measure of eddy momentum trans-
port. For the present problem, the partial relationship
between Mt and transient eddy momentum transport
is discussed briefly in section 4. It is shown that, for an
almost conservative mean flow, V - M is proportional
to the downgradient component of Illari and Marshall’s
residual potential vorticity flux. This leads to the de-
velopment of a transformed set of time-mean momen-
tum and thermodynamic equations in which My ap-
pears as an effective flux of “pseudowestward” mo-
mentum. In these two respects, Mr represents a
generalization of the EP flux; however in this three-
dimensional time-mean problem additional transport
terms (cross-gradient potential vorticity and cross-
stream momentum fluxes) arise which are related not
to eddy generation and dissipation as such but to spatial
inhomogeneity (downstream transwnce) of the eddy
amplitudes. -

2. A conservation law for transient eddies on a slowly
varying time-mean flow

For quasi-geostrophic flow whose streamfunction is
¥ = ®/f where ® is geopotential and f = 2 sin¢ the
Coriolis parameter, the quasi-geostrophic potential
vorticity! is

q=f+ L&

a2 cos’p N2

1 9 A (p &p)
+ a? cos¢ 0¢ (cos¢ 6d>) p 8z \N? 9z 21

! Since quasi-geostrophic assumptions are invoked throughout this
paper, g will be referred to simply as “potential vorticity.”
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where a is the earth’s radius, A and ¢ are longitude and
latitude, pis pressure, z = —H Inp, where H is a constant
scale height and N is the buoyancy frequency. The po-
tential vorticity satisfies

dq
dt

where d/dt is the derivative following the geostrophic
flow and S represents nonconservative sources and
sinks of potential vorticity.

Now, define by an overbar the time average over
some interval (0, 1)

=S (2.2)

B 1 T
are=1 [ anszn @3
0
It is assumed that 3da/dt = 0, i.e., that the time series
is free of trends. We then denote by a prime the de-
viation from the average:

al\, ¢, z,0) = al\, ¢,z,0) — al\, ¢, 2). (2.4)

Note that a’ = 0. Suppose further that these deviations
are small, so that Ja’| ~ O(8) in some appropriate di-
mensionless sense, where 6 < 1. Then, to O(8), the
linearized potential vorticity equation is, from (2.2),

Dgq'

—+u'-V !

pr T V=S
where u = [—dY/(ade), dY/(a cospdN), 0] is the geo-
strophic velocity,

9)

2.5

1210
acosp O\’ a d¢
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is the horizontal gradient operator and D/Dt = d/dt
+ u- Vyis the derivative following the time-mean geo-
strophic flow. Multiplying (2.5) by ¢’ and taking the
time average gives the eddy enstrophy equation

De — e,
— +uwq-Vyg=Sq

2.6
D (2.6)
(e.g., Rhines and Holland, 1979), where
_1-5
e=54q 2.7

is the eddy potential enstrophy Equatlon (2.6) is the
time-mean equivalent of a similar expression for quasi-
conserved quantities in the zonal-mean case (e.g.,
Plumb, 1979) and implies that the upgradient com-
ponent of the eddy potential vorticity flux is related to
nonconservative effects and to the time derivative fol-
lowing the mean flow of eddy enstrophy.

The eddy potential vorticity flux is a central com-
ponent of the eddy enstrophy budget. In zonal flows,
the northward component of this flux may be written
as the divergence of another flux (Plumb, 1985b), which
when zonally averaged, reduces to the EP flux (e.g.,
Edmon et al., 1980). In fact, this relationship may be
generalized for zonally nonuniform flow to give

p cospuig’ = 9;B; (2.8)

cos ¢, )

where

1 4 1 9
a cos¢ N’ a cos¢ 6d>

is the divergence operator, and

V.= (al’ 62, 63) = (

b 6\1/' 6\[/’
a cos¢ O\ 9¢

B = p cos¢

i

is the wave energy density. Equation (2.9) has been
derived previously by Hoskins et al. (1983); it follows
by substitution from (2.1) and some straightforward
manipulation. In terms of geostrophic velocities and
potential temperature 6, (2.9) and (2.10) may be written

1
a? cos’¢p

N’
)Y

oy
9¢

42
dz

)

(2.10)

_1 e, :ﬁ%&_\b_’
a* 9¢ aN? 3¢ 9z
L W _ 2 W
T oocd 90 A% aNZ et A% As 2.9)
a“cosp 3¢ AN aN-*cos¢ I\ Oz
0 0 N
[ —= = Ju¥
uv d6/dz
T
B = [7) [PN] fP
pcosgl v € & dz (2.11)
| 0 0 0 ]
Y=, R 6” )
€ 2(u +v? + H djdz (2.12)

where R is the gas constant and « = R/c,.
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Substituting from (2.8) into (2.6) the eddy enstrophy
equation may then be written

D cosd> + @B)Vuig=p cos¢pSg. (2.13)

For the zonal flow case u = (%, 0, 0), ¢ = (7(4), 2), this

immediately gives a conservation relation

(6’ + u i) pe cos¢
at  acos¢p d\/] 9g/(add)

+ 8}-321-
57
9g/(ad¢)

(Plumb, 1985b), which is a nonzonally averaged state-
ment of the quasi-geostrophic EP relation. In fact, the
relation (2.14) is related to the law of conservation of
pseudomomentum in the generalized Lagrangian-
mean (GLM) theory (Andrews and Mclntyre, 1978a,b);
this law is, in turn, a consequence of the translational
invariance of the basic state. If the basic state is not
uniform in any one direction, pseudomomentum is
not conserved; this GLM statement is paralleled in the
present formulation by the fact that (2.13) no longer
reduces to conservation form.

However, an approximate conservation law can be
derived from (2.13) on the assumption that the mean
state is stowly varying in some appropriate sense. Here,
(2.13) is first written

= p cos¢ (2.14)

! !

S'q
V4

D cosg CcOoS¢ De
\% '| Dt

— + n;0;B;;=pcos ¢ (2.15)

where
n = Vyq/|Vug| (2.16)

is the unit vector in the direction of the potential vor-
ticity gradient. We now assume that the mean potential
vorticity gradient is slowly varying, relative to the length
scale of the transient eddy statistics. (This is a more
severe assumption than the more usual one that the
mean state is slowly varying on the length scale of the
eddies themselves.) Spemﬁcally, we assume that we may
write, in (2 15),

cosp De D (e cos¢)
—_—~ - 2.17
Vi Dt = Di\Vaal) - &7
n,'ajB,'j ~ aj(n,-B,-j). (218)

Thus, in (2.17), it is assumed that the magnitude of
the mean potential vorticity gradient is slowly varying

in the direction of the mean flow as compared with the -

eddy enstrophy, while in (2.18), it is assumed that the
direction of the mean potential vorticity gradient is
slowly varying in all three directions as compared with
B;. If the mean potential vorticity gradient is domi-
nated by the planetary contribution, these assumptions
have some basis. It is not, however, clear a priori to
what extent they are justifiable for real climatological
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flows; the errors involved for a Northern Hemisphere
winter climatology will be discussed in section 3.

Under approximations (2.17) and (2.18), then, (2.15)
takes the conservation form

DM
—Bt— + V:-Mg =Sy (2.19)
where
M = pe cos¢/|V g, (2.20)
MR,,' = nij,' (2'21)
Su = p cospS'q/[Vugl. (2.22).

As in the zonally averaged case (Andrews and Mc-
Intyre, 1976), note the need to divide e by the mean
potential vorticity gradient in order to obtain a suffi-
ciently general conservation law (cf. Young and Rhines,
1980). Equation (2.19) is, in fact, a straightforward ex- .
tension to the transient eddy problem of the quasi-
geostrophic EP relation for waves on a zonal flow
(Eliassen and Palm, 1961; Edmon et al., 1980) as ap- -
plied to the nonzonally averaged case by Plumb
(1985b). This is most readily seen by rotating coordi-
nates locally so that n = (0, 1, 0). Then, in this coor-
dinate system M = ape cos¢/(3§/0¢) and My ; = Bs;
whence, from (2.13),
_ —,_2' _ _ f !0’ )
Mp=p cos¢(v u'v', d)dz (2.23)

where the velocity components are evaluated in the
rotated coordinates. Note that in the zonally averaged -
case the ¢ and z components of My reduce to the EP
flux if dg/d¢ > O but to the negative of the EP flux if
dg/9¢ < 0 [since (2.23) is then evaluated in coordinates
rotated by 180° relative to ﬁxed geographic coordi-
nates].

A simpler expression for My in nonrotated coordi-
nates may be obtained if the mean flow is almost con-
servative. Then the steady basic state satisfies u:- Vg
= 0, and therefore n = y(—79, #)/|u]| where v = 1 if the
mean flow is “pseudoeastward” in the terminology of
Andrews (1984) and v = ~1 if the flow is “pseudo-
westward.” Therefore, from (2.21) and (2.11),

| @w? - ¢ — v
M, =2 T‘;’ls"’ 5 — € — du'v’ (2.24)
o @ — 5 |

Comparing (2.24) with Eq. (2.12) of Plumb (1985a),
Mg _is related to the conventional energy flux E
= pu,¢’ (where u, is the ageostrophic velocity) and the
flux Eg defined by Plumb (1985a) as conservable flux
of transient eddy activity (analogous to the GLM pseu-
doenergy flux) by the expression

Ex = E — v[alMg; (2.25)



15 AUGUST 1986

in the limit of a zonally uniform mean flow, (2.25) is
equivalent to the expression (4.14b) of Plumb (1983),
defining eddy energy flux in a transformed Eulerian-
mean formalism. :
Perhaps more usefully, (2.19) may be rewritten

oM
o +V-Mr=Sy (2.26)
where
Mr= Mg+ uM (2.27)

is the total (radiative plus advective) wave activity flux.
Then it is Mz, and not Mz, whose divergence is related
to local wave transience (which is zero for stationary
eddy statistics) and to local nonconservative sources
or sinks of wave activity. In the almost-plane wave
limit,

My = c M. (2.28)
This was derived for waves on a zonal flow by Plumb
(1985b) and is implicit in the WKB results of Hoskins
et al. (1983); therefore its derivation is not repeated
here. Since M is positive definite, M7 is everywhere
parallel to the group velocity in this limit.

Despite the overall similarity there are a number of
important differences between the radiative flux Mg
in (2.23) and the “E-vector” derived by Hoskins et al.
Hoskins et al. noted that, under a slowly varying as-
sumption similar to that made here in (2.17) and (2.18),
and for barotropic flow in which the mean vorticity
contours make small angles with the zonal direction,
the angle between the group velocity vector (relative
to the mean flow), ¢, — U, and the x-axis is one-half of
the angle between the E-vector and the x-axis. This is
consistent with the present results since, from (2.27)
and (2.28), M is parallel to ¢, — u. If the § contours
make small angles with the zonal direction, (2.23) may
be evaluated as it stands without rotation of coordi-
nates. Then the ¢- and z-components of My reduce to
those of the E-vector, while, for barotropic eddies, the
zonal component is (v — u?) which is one-half of
the zonal component of the E-vector. In the baroclinic
case where the eddy potential energy is not negligible
(as will become apparent later), there is no clear rela-
tionship between the zonal components of My and the
E-vector. Probably more importantly, the latter does
not incorporate the advective contribution to Mz. As
we have seen, it is My, and not Mg, that is parallel to
¢g, and it is the divergence of My and not of My, that
is directly, through (2.26), related to the generation or
dissipation of wave activity. Therefore, M, should per-
mit an appreciation of the geographical location of re-
gions of eddy generation and dissipation and of the
propagation between these regions. By contrast, the
useful information contained in Mg is limited in these
respects.

‘R. ALAN PLUMB
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3. Eddy propagation in the winter Northern Hemi-
sphere as determined from circulation statistics

The diagnostic quantities derived in section 2 have
been evaluated for a ten-year climatology of Northern
Hemisphere (north of 20°N) winters (in fact, the 120-
day period beginning 15 November) based on twice-
daily NMC analyses for the years 1965/6-1968/9 and
1970/1-1975/6. Details of this dataset are presented
in Lau et al. (1981). The climatology comprises the
time-mean fields of various quantities for the period
and transient eddy statistics; the latter are subdivided
into “band-pass” (BP; period ~ 2.5-6 days) and “low
pass” (LP; period > 10 days but with the seasonal cycle
removed) filtered contributions (see Lau et al., 1981);
the transients are defined as deviations from the winter
mean from each year, and therefore exclude interan-
nual variations. Some characteristics of the transient
eddies in this dataset have been described by Blackmon
et al. (1977), Lau (1978, 1978a,b), Lau and Wallace
(1979) and Holopainen et al. (1982), among others.

The mean fields of geopotential height and potential
vorticity are illustrated in Fig. 1. (Similar figures have
been presented in the literature cited above; they are
included here for completeness and convenience.) Of
particular interest, given the assumptions of section 2,
is the form of ¢; the contours of Fig. 1d are predomi-
nantly zonal and variations are of planetary scale. This”
gives some a priori justification for the assumption of

_slowly varying mean flow; quantitative assessments of

the validity of the approximations invoked in (2.17)
and (2.18) will be given below. '

The radiative flux Mz was evaluated from (2.21)
and (2.11) for the BP and LP eddies separately. Before
discussing these results, we consider their validity by
assessing the errors involved in (2.18) [the definition
of My does not invoke assumption (2.17)]. Note from
(2.8) and (2.21) that (2.18) may be written, after divi-
sion by p cos¢, -

n-u'q’ = V-Mg/p cosé. (2.18)
The two sides of this equation are compared for the
BP and LP eddies in Fig. 2. The comparison is made
at 400 mb (which, as we shall see, is the level of max-
imum flux); at other levels the comparison is similar
to that at this level. As can be seen from Fig. 2, the
approximation (2.18) preserves the structure of the
u'q’ - n field quite well for both BP and LP eddies; the
quantitative errors involved in (2.18') are typically 10
percent, though with maximum errors of about 20 per-
cent for the BP eddies in the maxima at the upstream
ends of the Pacific and Atlantic storm tracks.

In order to project a meaningful impression of the
relative magnitudes of the components of a vector in
plots such as those to be presented here it is important
to scale the vector correctly, in such a way as to preserve
the sign of its divergence (cf. Edmon et al., 1980). In



JOURNAL OF THE ATMOSPHERIC SCIENCES

VYoL. 43, No. 16

FIG. 1. Time-averaged structure of the Northern Hemisphere winter flow. Mean geopotential héight (dam) at (a) 850 mb,
(b) 500 mb and (c) 250 mb; (d) Mean quasi-geostrophic potential vorticity (107 s™!) at 250 mb.

the longitude-height plane, the longitudinal and ver-
tical components of a three-dimensional vector (4,,
A,, A;) may be projected onto coordinates (£, {)
= (o.aM, 0,z) where o, and o, are constants. Then the
two-dimensional divergence

1 a4y, 44,
T a cos¢ O\ | oz
may be written :
- % (8—1—45 +Z cose 6A,) .
acosp \ 0 oy af

If the range of A and z represented on the plots is A; '

to A\, and z, to z,, respectively, then o, = (§&2, — &)/ -

a(\; — \y) and o, = ($2 — {1)/(22 — z,). Therefore the
correct vector to plot in (&, {) space is (4;, A;) where

1‘.{5 AX

1T Oz = A&z = ) ) G-D
A 2~ A2 — §)
i oS e e — )

Ox ((_9"_4; + a_‘if)
a cosg \ 9¢ a¢

since then
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FIG. 2. Comparison of the downgradient potential vorticity flux at 400 mb as determined exactly [from the lhs of (2.18')] and approximately
[from the rhs of (2.18')] involving slowly-varying assumptions. (a) Wg' - n, BP eddies; (b) V - Mg/p cosé, BP eddies; (c) w'q’ - n, LP eddies; (d)
V - Mig/p cos¢, LP eddies. Polar stereographic projection; the outer circle is at 20°N. (a) and (b): Contour interval 2.10 m s -2 , values greater
than 4.10~° m 572 shaded; (c) and (d): contour interval 5.107° m s7%; values greater than 1.10™* m 572 shaded and less than 110~ m 52

stippled.

is proportional to the divergence of the plotted vector.
(A may, of course, be rescaled by any scalar constant.)

In a meridional cross section where (4,, 4.) is to be
plotted in coordinates (n, {) = (o,a¢, 0.z), the corre-
sponding mapping is (Edmon et al., 1980)

A, cos¢A,
= _ _ (3.2)
/i; a cose (92 — d)(52 —§1)

(z2 = z)(n2 — m)

Finally, for a horizontal cross section, (4, A;) may be
plotted onto polar stereographic coordinates (r, ) as
(4,, A,) where (Plumb, 1985b)

A, _[—(1 + sing)d,
A.) (1 +sing)d, /)

Horizontal and longitﬁde—height projections of Mg,
mapped according to (3.3) and (3.1), are shown in Fig,.
3 for the BP eddies and in Fig. 4 for the LP eddies.

(3.3)
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The BP eddies exhibit the expected strong vertical flux
in the regions of maximum eddy heat flux at the up-
stream end of the major North Atlantic and North
Pacific storm tracks. The horizontal component of Mg
in the midtroposphere (Fig. 3a) is directed almost ex-
actly upwind, while it is predominantly eastward and
equatorward in the upper troposphere (Fig. 3b). How-
ever, these horizontal components are put into per-
spective by Fig. 3¢, from which it can be appreciated
that My i1s dominated by the vertical component of
propagation. As will be seen below, the implied con-
vergence of Mg in the middle and upper troposphere
at the upstream end of the storm tracks is, in the context
of the conservation law (2.19), largely balanced by the
downstream advection of eddy activity.

The LP eddy flux is also mostly westward at 500 mb
(Fig. 4a) but westward and equatorward in the upper
troposphere (Fig. 4b). Even for these eddies, however,
the flux is dominated by its vertical, baroclinic, com-
ponent (Fig. 4c) although the zonal flux is relatively
larger than for the BP eddies.

It is instructive to compare My as shown in Figs. 3
and 4 with the E-vector of Hoskins et al. (1983; their
Fig. 7). They used a different dataset (ECMWF daily
analyses of the 1979/80 Northern winter) and different
time filters (high- and low-pass filters, both with a cutoff
at about 10 days). The low-pass filter is therefore much
the same in both studies; while the high-pass filter of
Hoskins et al. has a broader window than the BP filter
of the dataset used here, both should be dominated by
the synoptic eddies and the characteristics should be
broadly similar. Overall, the distinction noted by Hos-
kins et al. between the high- and low-pass eddies—that

the former exhibit eastward E-vectors at 250 mb while
those of the latter are westward—is much less apparent
in M. While this distinction does exist, though less
clearly, at 250 mb (where the fluxes are weak) it dis-
appears altogether at 500 mb where, as noted above,
Mg, is directed upstream for both BP and LP eddies
(the same is true of the vertical integral of Mp). The
main reason for this difference between My and the
E-vector is the baroclinic term in Mg [the potential
energy contribution to ein (2.11)]. The other differences
between the definitions of the two vectors—a factor of
2 in the longitudinal component and the fact that in
(2.21) My is measured relative to the g contours rather
than the zonal direction—are qualitatively less impor-
tant.

In order to extend the analysis to evaluate the net
flux M7 from (2.27) and (2.20), the eddy potential en-
strophy must first be obtained. In fact, statistics of g2
are not available in the dataset used; however, the
quantity P, where

: a0
P=—(f+ 5')5;

is a “pseudo-potential vorticity,” is included in the cli-
matology. From this, it is possible to derive g% in the
Appendix it is shown that, under quasi-geostrophic as-
sumptions,

3.4)

— p? 2f
2 _ [ A W Il
7= @apy o &) {ax‘” ) (“ )
fH ” 2 x~1 a ( 0,2 )]}
R [62( O+ R S G
(3.5)

at 45°N. Contours: vertical components. Contours are plotted at values (n + %2)A where the

contour interval is (a) A = 0.0139 m?>s52, (b) A =

0.0357 m? s~2. Contours are solid for positive

values, dotted for negative values. (c) Longnude—helght projection at 45°N, mapped according

to (3.1). Scale at upper left.
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FIG. 4. (Continued)

Thus g could be evaluated from the available statistics
(in fact, the first term proved to be dominant). Results
of this procedure for the BP eddies are shown in Fig.
5. As might be expected the eddy enstrophy maximizes
in the storm tracks, although it is rather less localized
than most other quadratic eddy statistics. It should be
borne in mind, of course, that the calculation of ¢ is
prone to error, since spatial differentiation of the ob-
served velocity field (which will amplify small-scale
noise) is involved, followed by squaring and time-av-
eraging (the last processes may have a smoothing effect
and therefore the non-noisy appearance of Fig. 5 may
be deceptive). _

Using the statistics for ¢, the total flux My was
- evaluated from (2.27) and (2.20); again, before pre-

<

G

L s
s
FNSh

N\

senting these fluxes, we consider the validity of the ap-
proximations involved. Equation (2.19) was replaced
by (2.26) using (2.17) and (2.18), which together imply

1 _—
— gV wg) =~ V-M. .

pcosqb(wth_l u-Ve+n uq) V-My. (3.6)
The expressions on the two sides of (3.6) are shown
for the BP and the LP eddies in Fig. 6. As compared
with the comparison of Fig. 2, while the gross patterns
are reproduced reasonably well by the approximation
(3.6), some more serious errors are apparent. The most
obvious of these is a tendency of the region of positive
values at about 135°E to extend too far east in Figs.
6b and d; this is occurring in the region of strong mean

FIG. 5. Eddy potential enstrophy g2 (10~ s72) for the BP eddies as determined from (3.2). (a) 500 mb, (b) 250 mb.
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flow curvature (cf. Fig. 1) where |Vyg| changes fairly
rapidly downstream. The approximation is reasonably
good for the BP eddies elsewhere, but is poorer for the
LP eddies, especially in the East Atlantic/European re-
gion. On the whole, approximation (2.17) thus appears
to be weaker for the present climatology than (2.18),
particularly for the LP eddies.

Results for M7 are shown in Figs. 7 (BP eddies) and
8 (LP eddies). For the BP eddies, the total flux is pre-
dominantly eastward and upward at all levels (cf. Mg
of Fig. 3). In fact, the horizontal component of Mz for

the BP eddies is completely dominated by the advective
term ul in (2.27). This seems to be in accord with the
fact that for Rossby-like eddies of synoptic scale, the
group velocity relative to the local mean flow is much
less than the zonal wind speed.? Because of the dom-

2 For Rossby waves on a zonal flow the zonal group velocity relative
to the flow is ¢, — i = f(k* — I%)/(k? + I?) where (k, [} is the horizontal
wavenumber Therefore (¢, — #)/it = KX(k? — 1/(k* + I?)* where

= (B/i)'* is the stationary wavenumber. For k2 + I > K2, l(¢,
- 17)/17] <L



15 AUGUST 1986

inance of the advective term, the details of M depend
to a large extent on ¢"2 and any errors in this quantity
will therefore be reflected in M. This may be the ex-
planation for the appearance of the longitude~height
cross section shown in Fig. 7c¢ where, in addition to
the surface sources associated with baroclinic instability
at the storm track entrances, there is an apparent source
in the upper troposphere upstream of the Pacific storm
track. Since such a source seems unlikely, one is led
to suspect the eddy enstrophy statistics, at least in this
region. Note that the apparent source cannot be merely
a consequence of the slowly varying approximation,
since the region of positive V- My in this region (Fig.
6b) is equally apparent as an effective source of eddy
enstrophy (Fig. 6a) as expressed by the lhs of (3.6),
which invokes no such approximation. The implication
of Fig. 7c that the downstream end of the Pacific storm
track extends to merge with the Atlantic storm track
may also be suspect. .

The same caveat must apply to the LP eddy fluxes
(Fig. 8). The vector M is predominantly upward and
eastward for these eddies also, but again there is an
apparent source of eddy activity over the Asian con-
tinent (Fig. 8c). In fact, the patterns for the BP and LP
eddies are broadly similar except that the latter appear
a little less baroclinic (i.e., Mris a little more horizontal)
and the vertical flux has a downward component over
the west coast of North America.

The zonal means of My and My for the BP eddies
are shown in Fig. 9. If we assume that the ¢ contours
are aligned zonally [and for the BP eddies the terms
thus neglected in (2.21) are fairly smallj then the me-
ridional components of (M) (where angle brackets
denotes a zonal average) reduce to the EP flux. Thus
Fig. 9a shows (Mg) to be of the familiar form with
upward and equatorward propagation (cf. Edmon et
al., 1980). By contrast, (Mr) shows a more symmet-
rical spreading of eddy propagation with height, with
equatorward propagation south of about 45°N and
poleward propagation at higher latitudes (Fig. 9b). The
difference between (Mg) and (M7 is, of course, that
the latter incorporates advection of eddy activity by
the mean flow, which is mostly poleward in the storm
tracks. While, once again, interpretation of (My) is
subject to the quality of the eddy enstrophy statistics
and to the slowly varying approximation, this com-
parison serves to emphasize that the characteristic up-
ward/equatorward EP flux signature tells us that the
eddies propagate equatorward relative to the mean flow
and that the sense of propagation relative to geograph-
ical coordinates may differ from this picture.

4. Interaction of transients with the time-mean flow

As noted in the Introduction, the unique appeal of
the zonally averaged EP flux derives from its signifi-
cance both as a flux of eddy activity and as a measure

R. ALAN PLUMB
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of the interaction of eddies with the zonal-mean flow.
The latter relationship is expressed by

V-F = p cos¢{v*q*) 4.1)

—where ( )* means deviation from the zonal average
{( ))—relating the EP flux divergence to the north-
ward potential vorticity flux and thus to the influence
of the eddy motions on the zonal-mean potential vor-
ticity budget. Further, one may derive a transformed
Eulerian-mean set of equations describing the mean
state in which (for quasi-geostrophic flow) the influence
of eddy transport is described by an effective body force
per unit mass of —(v*g*) acting on the mean zonal
flow and a boundary term reflecting the influence of
low-level heat fluxes in this formulation (Andrews and
Mcintyre, 1976; Edmon et al., 1980).

The main thrust of this paper is directed at the in-
terpretation of Mz and My as fluxes of eddy activity.
However, in appropriate formulations, both of these
fluxes parallel the EP flux as a measure of interaction
with the time-mean state, albeit in a less complete and
slightly less obvious way. From (2.21) and (2.8), under
the slowly varying assumption (2.18),

V-M; = p cos¢u’q’ - n. 4.2)

For a zonal flow with dg/d¢ > 0, n = (0,1, 0) and the
parallel with (4.1) is obvious. According to (4.2), the
BP eddy potential vorticity fluxes should, on the basis
of their My fluxes shown in Fig. 3, exhibit strong
downgradient components where My, is strongly con-
vergent in the middle troposphere at the upstream end
of the storm tracks, with relatively weak downgradient
components elsewhere. This is indeed apparent in the
structure of the BP eddy fluxes shown in Fig. 10 (cf.
the g structure of Fig. 1d). This component of w'g’ is
thus implicit in My (and hence in the eddy propagation
characteristics). However, Mg has no obvious relation-
ship with the components of w'¢’ in the direction nor-
mal to n. Since there is no reason to neglect the con-
tribution of this term to the mean potential vorticity
budget (and inspection of Fig. 10 suggests that it is
significant in practice) it appears that there is insuffi-
cient information implicit in M to specify completely
the eddy potential vorticity transport.

Not surprisingly, this lack of completeness extends
to the effects of the eddies on the mean momentum
and heat budgets. Following Holopainen et al. (1982)
and Hoskins (1983) these may be expressed, in Carte-

sian coordinates on an f-plane, as

) | )
Di, xxi, = G+%
Dr =y
Db b -
Ziw X 43
Dt Wy, =0 @.3)

where X and Q are mean nonconservative terms (pro-
portional to frictional forces and diabatic heating, re-
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spectively), i, is a residual ageostrophic velocity defined
by

1
ﬁ,,=ﬁ,,+;v X pR “4.4)
where e
-v'0'/6,
R=| u0/8, 4.5)

1
f

and the effective eddy-induced force on the mean
flow—the only explicit eddy term in (4.3)—is

(Fﬁ-?i—e)

G = —pk X uq. (4.6)
Defining a unit vector
s=kXn CN)
normal to the potential vorticity gradient, then
ug' = (g’ -mn + (uq'-s)s,
whence . .
' G = —p(uq’-n)s + p(uq’-s)n. {4.8)

Thus, only the s-component of G is determined by the
downgradient flux [and thus, via (4.2), V- Mg]. Note
that for a conservative basic state in which eddy trans-
ports are weak Dg/Dt = @+ Vg = 0, so that the mean
streamlines coincide with 7 contours. (This assumption
has been discussed by Illari and Marshall, 1983.) In
this case, as shown in Fig. 11, s points “pseudowest-
ward,” in the sense used by Andrews (1984), i.e., di-
rectly upstream in the usual case of pseudoeastward
mean flow. Since (setting cos¢ = 1 as we are working
in Cartesian coordinates) pu'q’-n = V-My and if we
define a flux Ng; = —ps;B; (such that puq’-s
= —V - Ny, under the slowly varying assumption) then,
from (2.8) (again setting cos¢ = 1), (4.8) gives

= —3i(sMg; + nNg)) 4.9)

within the slowly varying approximation. Thus Mg
may be interpreted as the effective eddy flux of pseu-
dowestward (s) momentum; a complete description of
the eddy transport, however, requires knowledge of the
flux N of cross-stream (n) momentum.

The presence of the extra effective cross-stream force,
which is apparently unrelated to eddy propagation
characteristics, weakens the link between M, and the
eddy-mean flow interaction. In terms of a parallel be-
tween this time-mean formulation and the zonal-mean
EP formulation, it should be noted that a similar term
(representing an effective northward force on the mean
state) also appears in the latter; for the quasi-geostrophic
problem, however, it is of little importance for the
overall interaction, generating only an ageostrophic
correction to the mean thermal wind balance (cf. An-
drews and Mclntyre, 1978a, §5.2).

Thus far, the properties of eddy transport have been
discussed solely in terms of the radiative eddy activity
flux Mg, rather than the total flux My. However, under
the assumption of a conservative basic state the same
interpretation as placed above on My can be put on
M in an analogous system of equations. This is a con-
sequence of the fact, demonstrated by Marshall and
Shutts (1981) and Illari and Marshall (1983), that the
contribution to wq’ associated with the advection of
eddy enstrophy is, if u+ V4 = 0, purely rotational.

To be specific, consider

Vg Vel
IVrgl?
Then for a steady, conservative mean flow for which

2:Vg =0,y = (g, z) and hence

A= (4.10)

W
A—aq— A(qa Z).

Hence the enstrophy advection term in (2.6) méy be
written

@.11)
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FG. 8. Total eddy activity flux M for the LP eddies. Otherwise as Fig. 2, with
contour intervals: (a) A = 0.0268 m? 572, (b) A = 0.00673 m?s72,
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De

—=u-Ve=A"-V(A

o~ Ve A7u-V(Ae),
since u+ VA = (dA/dg)u - Vg = 0. Therefore,

o, = A7k X V9)- V(ae)

= A"V [k X V(AQ)]

= —V§- (Vg )g, (4.12)
since Vi = AV{, where
(Wg )z = k X V(Ae) (4.13)

is the rotational potential vorticity flux defined by Iliari
and Marshall (1983). From (2.27) and (2.20), invoking
assumption (2.17),

_p_ De
V. .
‘Myr=V Mg+ —=— ¥,7 Dt (4.14)
Therefore, from (4.2) and (4.12),
V-Mz=p(Wg)sn (4.15)
where _ o
(Vg )x = wq' — (Wq')k. (4.16)

Shutts (1983) refers to (w'q’) as the “residual” potential
vorticity flux.

Since, from (4.13), V- (wg' )z
vorticity equation

Dg

q')r = 0 the mean potential

—=-V.ug+8§ 4.17
Dt g @.17)
may be written
Dq
I—)‘;’=-v (WP + S, (4.18)

so that statements made earlier regarding the relation-

ship of the downgradient component of the potential
vorticity flux with My apply equally well to M, given
(4.15) and (4.18). [Of course, the s-component of the
flux differs between the two formulations (4.17) and
(4.18).] Moreover, M can also replace My in the mean
momentum and thermodynamic budgets. First, we
write .

Gy = —pk X (Uq')x = G — Vy(pAe) (4.19)
from (4.13) and (4.16). Then, since G, — G is the gra-
dient of a scalar, it may be absorbed into (4.3) by a
redefinition of the residual ageostrophic velocity to give

%B‘*'kaua‘:—G*‘i'X

=@, (4.20)
z

where
e =i, — k X V(Ae) 4.21)

(note that W, = W,). Similarly, we may also replace
(4.9) by
G* =

-'ai(SMT’,' + nNT’,‘) (422)

where

Thus, in the system (4.18)~(4.20), Mt replaces My, as
the effective flux of upstream momentum, and V- M
replaces V-My as the measure of the downgradient
flux of potential vorticity. This appears to be concep-
tually beneficial not only because My is a more re-
vealing measure of eddy propagation than My, but
also because V - My is related only to nonconservative
eddy generation® and dissipation processes, whereas

3 As in the zonal-mean problem, the flux of eddy activity out of
the lower boundary is a very important contribution to the total eddy
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fluxes for the BP eddies. Vectors are mapped according to (3.2). Scales
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V - M, includes the additional effects of the advection
of eddy activity. Thus, a direct link is established in
this framework of a conservative basic state between
nonconservative eddy processes and the s component

of the effective eddy-induced force acting on the mean

state; the n-component, however, is apparently unre-
lated to such effects.

transport; while this does not appears explicitly in (4.20), it enters
the problem via the lower boundary condition on W_... Again, as in
the zonal-mean problem, this can be shown to be equivalent to a
‘“delta-function™ sheet of divergence of My on the lower boundary
and as such can be incorporated into this discussion. It should be
emphasized that this contribution is a very important one, whose
effects are felt (via the ageostrophic circulation) throughout the tro-
posphere.
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As noted earlier, this effective cross-stream force also
appears in the steady, zonal-mean case but is of little
importance for the interaction of eddies with the zonal
mean flow. The sustained acceleration of the mean flow
thus depends entirely on nonconservative effects. If the
waves are nonsteady, however, it is well known that
the interaction is also related to eddy transience. In the
steady, time-mean problem of interest here, eddy tran-
sience is also relevant; in this case, however, it is down-
stream transience, associated with spatial variations of
eddy amplitudes along a mean streamline. It is these
effects that are manifested in the cross-stream momen-
tum flux N7 and the corresponding cross-gradient flux
of potential vorticity and, as in the time-dependent,
zonally averaged counterpart, the influence of these
effects on the mean flow is temporary. These statements
are most readily appreciated in the context of the po-
tential vorticity budget, since (4.18) may be written

Dg ' a7 vg S
H(t] = —V-{s[s-(uq")] + n[n-(wWg')s]} +

or, since s = —vu/|u| where, as before, v = +1(=1) if
the mean flow is pseudoeastward (pseudowestward),
Dg _
Dt

~i-V {fr (';;_:’l;)*} — V- {n[n-(ug)]} + .
(4.24)

The term associated with the cross-gradient component
of (u'q')y—the first term on the rhs of (4.24)—is a
transience term, since @i - V = D/Dt. Further, rewriting
(4.24)as ‘

D 3 —_— -
. .D_‘tl =-V. {n[nv.(u'q')*]} + S (4.25)
where o ) .
G=g+ L‘ﬁ%)_* , (4.26)

it is clear that the effect of the transience term on g is
a Stokes correction-like term which vanishes where the
eddy amplitudes vanish. For example, consider a con-
servative mean flow (S = 0) through a region E of
conservative eddies (for which n - (Wq’)« = 0), depicted
in Fig. 12. Since 4 is constant along a mean streamline
and since § = § outside of E, it follows that the value
of g, while in general not constant along a streamline
within E, must revert to its upstream value downstream
of E. Therefore only nonconservative effects within £
can generate net transport of potential vorticity across
mean streamlines. However, because of the transience
effect, this transport need not occur in the same location
as the nonconservative eddy processes; indeed it is not
difficult to conceive of circumstances in which the
nonconservative terms serve only to make permanent
those changes in the mean state which have been gen-
erated upstream by eddy transience (there are a number
of zonal-mean analogues for this).
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FiG. 10. Potential vorticity flux W' associated with the BP eddies. Scale at lower right.

S. Conclusions

The properties of the flux M discussed in this paper
may be summarized as follows:

(i) For small-amplitude/quasi-geostrophic transient
eddies on a spatially slowly varying time-mean flow,
M rappears as the flux of eddy activity in a conservation
relation relating V - M7 to nonconservative effects.

(i1) For an almost-plane wave, M is parallel to the
group velocity.

(iii) If the mean flow is almost-conservative and
eddy transport is weak, V- M is proportional to the

HIGH §

= const,, g= const.

F1G. 11. The unit vectors n and s = k X n for a conservative basic
state with weak eddy transport. Curves are mean streamlines and
isopleths of g. )

downgradient component of the residual potential
vorticity flux.

(iv) The quasi-geostrophic momentum and ther-
modynamic equations may be transformed in such a
way that the only term describing eddy, mean flow
interaction is an effective force, whose upstream com-
ponent is proportional to V-Mgy. As in the zonally
averaged problem, the additional effective force asso-
ciated with lower boundary effects may be incorporated

FiG. 12. Schematic illustration of the temporary nature of the effects
of transport by a patch of locally conservative eddies. Solid curves,
¥, ¢, Dashed, §. Stippled region is the region E discussed in the text.
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in this formulation by incorporating a delta-function
contribution to V - M7 there; indeed, for tropospheric

problems, this term is a very important one, whose

effects may do much to counteract the impact of the
in situ V- M. With this caveat, My may be regarded

as an eddy flux of pseudowestward momentum; how-.

ever the equally important flux of cross-stream mo-
mentum is apparently unrelated to M.

These constitute generalizations of the properties (i)-
(iv) of the EP flux outlined in the Introduction, in the
sense that (i)-(iv) reduce to (i)-(iv) for the special case
of a purely zonal mean flow if zonal averages are taken.
However, the importance of the cross-stream momen-
tum flux in the three-dimensional problem implies that
neither the properties of M nor those of the radiative
flux M completely summarize the eddy forcing of the
mean flow.

Interpretation of M7 as a measure of the flux of
transient eddy activity, via (i) and (ii), rests on the va-
lidity of the assumption of small-amplitude eddies on
a slowly varying mean state. The small-amplitude as-
sumption is difficult to justify in general but experience
with the EP flux in the zonally averaged case and other
" evidence suggests that the propagation of synoptic ed-
dies away from their region of generation at low levels
in middle latitudes may be understood on the basis of
quasi-linear dynamics. The validity of the assumption
that the mean flow is slowly varying, compared with
the length of scales of the eddy statistics, has been ad-
dressed and appears qualitatively reasonable for the
climatology used here, especially for the band-pass ed-
dies. That is not to say, however, that the same con-
clusion would be reached in other situations; over
shorter time periods, for example, the mean flow could
have more structure (e.g., over a blocking event) in
which case the slowly varying approximation may be
more suspect. )

Results for the BP eddies, as determined from a 10-
year Northern Hemisphere winter climatology, have
revealed the propagation of transient eddy activity in
the major storm tracks, with the eddies propagating
into the upper troposphere from low levels at the up-
stream end of the tracks and thence downstream (pri-
marily via simple advection), spreading laterally and
predominantly equatorward of the jet. An additional
apparent source of eddy activity is located in the upper
troposphere, upstream of the Pacific storm track, but
this aspect of the results, which clearly needs further
attention, may be a consequence of problems of ac-
curacy or interpretation of the eddy enstrophy statistics.
While the LP eddy fluxes are a little more barotropic
than the BP eddies, their propagation characteristics
are much the same, which suggests that the eddy sta-
tistics for periods of 10 days or more are still dominated
by baroclinic, storm-track disturbances. This contrasts
with the results of Hoskins et al. (1983) who found
their “E-vector” to be directed eastward for the high-
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pass eddies and westward for the LP eddies and thereby
deduced (among other things) that the high-pass and
LP eddies propagate faster and slower, respectively,
than the mean flow. The differences between these and
the present conclusions based on the properties of the
radiative flux Mg, result primarily from the neglect of
the baroclinic term in the zonal component (i.e., the
simple relationship between the direction of the E-vec-
tor and of the intrinsic group velocity is valid only
when this term is neglected). Indeed, those differences
that are apparent here in Mg between BP and LP eddies
may result simply from the frequency selection, rather.
than indicating any more fundamental differences in
eddy propagation characteristics, since one would gen-
erally expect any low-frequency disturbance in the re-
gion of a jet to propagate rapidly upstream relative to
the jet (Wallace and Lau, 1985). Thgerefore, in order
to isolate the lower-frequency, nonbaroclinic systems
in the circulation it may be necessary to use other time-
filters (cf. Blackmon et al., 1984a,b) or to use other
approaches. ' .

The incorporation of advective processes into the
flux M7, despite the unsatisfactory aspects of the results
which have been attributed to data problems here, has
emphasized that for both BP and LP eddies the flux of
eddy activity is dominated by simple advection.
Therefore, it is essential to incorporate advective effects
(and, as seen here, this is difficult to do, given the de-
mands one must make on data quality) in order to use
flux diagnostics such as these to help locate the sources
and sinks of eddy activity.

On zonal averaging, it is Mg, and not My, which
reduces to the EP flux F, and in fact, (M) shows rather
more poleward propagation than does F, because (M7r)
includes additional information on the advection of
eddy activity, which is predominantly poleward in the .
storm tracks. This result serves to highlight the fact
that in the presence of a nonzonal mean flow, F de-
scribes the zonally averaged propagation of eddies re/-
ative to the mean flow rather than relative to fixed co-
ordinates. :

The fact that M, is an incomplete description of the
eddy transport effects on the mean circulation limits -
the usefulness of the flux as a diagnostic of the inter-
action, although it may give useful insights (e.g., Illari
and Marshall, 1983, and Shutts, 1983, have discussed
the possible importance of the downgradient compo-
nent of the residual potential vorticity flux in some
circumstances). In general, however, one may need to
seek other avenues, for example via analysis of the po-
tential vorticity flux itself. The most complete approach
in this direction was made by Holopainen et al. (1982),
who evaluated the irrotational part of the flux, and in
the context of the discussion in section 4 it is partic-
ularly intriguing that the effective force thus defined as
describing the eddy-mean flow interaction was found
to be directed approximately upstream. '

In general there seems to be no straightforward way



15 AUGUST 1986

of simplifying the interaction beyond the discussion of
section 4 without losing the link with the fundamental
properties of eddy propagation. However, Hoskins et
al. (1983) showed that useful progress can be made
under some further assumptions. If the storm tracks
are assumed to be long, thin and zonally aligned, the
effective cross-stream momentum flux divergence in
(4.9) is dominated by the y-component, in which case
Hoskins et al. showed that, given a redefinition of the
ageostrophic circulation, the eddy transport is entirely
described by a flux E of upstream momentum, where
E is their three-dimensional “E-vector.” While this flux
is not a flux of conservable eddy activity in the sense
that Mz and My are, in the almost-plane-wave limit
it does (for barotropic eddies though not, as seen in
section 3, for the synoptic, baroclinic eddies) have a
simple relationship with the eddy group velocity rela-
tive to the mean flow.
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APPENDIX
Derivation of (3.5)
From (3.4) the perturbation quantity P’ is

' _ael /?E
P=UDg g
3 36

under the quasi-geostrophic assumption that |{
< |f|. However, from (2.1)

, a 0
¢ =8+ (aa/ap)’ Y
and therefore, from (A1)
36
P =T — ¢ — A3
S 7% (A3)
where
3%0/9p*
-2 (A4)
a8/3p
Therefore,
—  —(30\. 40— -
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But, from (A2),

— —— 1,908 07
IGI = gl - e [—— . A6
W=t ((ae/ap)z) (A6)
Therefore, with a little manipulation,
—  — (30}’ . — 38 o ( 07
12— 20 — — 9 + 21'\____(_____),
Pr=a (ap) YT o T 5 ap \arp
(A7)
and, since
,_ 1 o 1 a9,
" acosp AN acose I (' cosg),
a little manipulation shows that
—_— 1 0 — 0 — .
10! — —_ my _ Tl 101
&0 a cose ax("a) a cos¢ 6¢(u c0s9)
20 1 9
- ’6‘9+1u’—i (A8)

a cos¢ v N a d
Using 8’ = T'p™* and the thermal wind relations

19T _ _ Hfou
a d¢ R 9z
|_oT _Hfov
acosp O\ R 3z’
(A8) becomes .
P’ =V-b (A9)
where b is the vector
b= (BT —u'T, — J%H}—z (u? + Uf)) .. (A10)

Substitution of (A9) and (A10) into (A7) yields the
result (3.5).
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