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Quick review of Classical Electrodynamics

V-B=0 B, +VXE=0
V-E=Yq8(x-x0)=p VxB-E =Yg % x-x0)=]

mX =q. (E+X, XB)
Potential representation: E=-V¢p-A, B=VXxA

Gauge arbitrariness: O—o— A, A—>A+VA

In this talk: E=(£,E,,0)0 B=(0,0,B,) x. =(x,7,0) A=(A,B,0)



Lagrangian for Classical Electrodynamics

L=L+L,

L$,A]l=— jdtmcszE ¢’B-B)= jdtmdx (Vo+A,) —c*(VxA))

L,[¢,AX.]= —EZml.Xl. ‘X, + Eqi Jdtj”dx —(/)+A-Xl.) 5(X—Xi(l‘))

In two dimensions:

LioA 1= Jarffaxas[(4-+0,) +(B,+0,) = (5.~ )

Lz[cb,A,B,x,-,y,.]:—%Zm,.(x?+y'?>+2qi [at|[axdy (—¢+As, + By,) 8(x—x,))



Fluid dynamics

(1) Regard x,(7) as the location of a point vortex with vorticity g,

(2) Set m, =0 ,1.e. delete the kinetic energy of the charged particles

(3) Attach new physical meanings to the potentials:

(4) Add denominators to two terms in L,



Lagrangian for Fluid Dynamics

L=L +L,

ool (2 22l

Lz[(l),A,B,xi,y,.]=qu.J.dt”dxdy (—9+ A, + By,) 6(x—x,())

Resulting equations:

o0 vx—uy:QEZqi O(x —x,(1))

0A,0B : u, + V(czfz + %u : uj = z% (v,,—%,) 0(x—x.(t)) = q(v,—u)

OX, : X, = u(x,,t)

1

Mass conservation, fzt +V. (lAzu) =0, 1s automatically satisfied.



How was this variational principle discovered?

development of a numerical algorithm similar to the Lattice Boltzmann Method

(at,ax,ay)-(l;,l;u,ﬁv)zO = (ﬁ,fzu,fzv)z(at,ax,ay)x(—(p,A,B)

Classical electrodynamics also has two variational principles.
See: Wheeler & Feynman, RMP 1949,

"Classical electrodynamics in terms of direct interparticle action."



Generalizations required for geophysical fluid dynamics

(1) continuous vorticity (requires labeling fields for the vorticity)

(2) three-dimensional Boussnesq dynamics (must remain hydrostatic)
(3) coordinate-system rotation

(4) adopt the Coulomb gauge A, +B,=0 = (A,B)=(y,,~Y,)

Theory of wave/mean interactions:
L=L+L,=L,;+L;+€eL

coupling



Wave packet propagating into a quiescent region (Bretherton flow)

& electrodynamics in the absence of charge

L,=0 = L=1L,

but since L, is non-quadratic (because of the "denominator terms"),

the dynamics is nontrivial.

Apply Whitham's "averaged Lagrangian" method to obtain



Wave packet propagating in the direction of k

Vy=Vxp

electrodynamic analogy: pair production from a vacuum

However, fluid viscosity allows the vortices to detach.
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Pair production in fluid dynamics & electrodynamics

Fluid Lagrangian with no vorticity present:

2 2
1 (a-0) 1(B-9)
2(1+B,-4,) 2(1+B,-A))
1 E} s 1 E? 1 -

L= —%CZ(I-I—BX—Ay)Z

2

~— - ——C
2(1+B,) 2(1+By) 2 °

~ L, +%(E12 +E;)B,

Electrodynamics Lagrangian with no charge present (Heisenberg-Euler):

L~L,+0,(E-E-B-B)" +0,(E-B)’

electrodynamics fluid dynamics



FEDDERSEN ET AL.: MODELED SURF ZONE TRACER PLUMES, 1
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Figure 3. Snapshot in time of modeled (a) sea surface elevation 7 and (b) vorticity ¢ versus x and y for
R3, 2700 s into the model run. The shoreline is located at x = 0 m and the black dashed line is the approx-
imate outer limit of the surf zone. Only a subset of the model domain is shown. Note the broad range of
vorticity length scales within the surf zone.



Surface wave packet propogating to the right

On the ‘wave momentum’ myth 339
SE—
H
I, L L L, L

F1cure 2. The irrotational, O(a®) return flow underneath a packet of surface gravity waves
propagating to the right. (The streamlines, plotted at equal intervals, are quantitatively correct
for a two-dimensional wave packet whose amplitude is constant except near its ends.)

Mclntyre (1981)



Advantages of the electrodynamic analogy:

1. Lagrangian in which vorticity plays a prominent role.
2. Sharp distinction between virtual vorticity (L,) and actual vorticity (L, ).
3. Wave/vorticity replaces wave/mean.

4. Vorticity is the true slow variable.



