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ABSTRACT

Potential vorticity (PV) is used as an indicator of the forcing processes and dissipation at work in the Southern
Ocean. Output from the Semtner–Chervin model run with quarter-degree resolution is considered on isopycnal
surfaces along Montgomery streamfunctions. Numerical results are compared with hydrographic measurements.
Although simple hypotheses might suggest that subsurface PV should be unaffected by wind forcing and constant
along streamlines, these results indicate that even at about 1000-m depth, PV varies along mean streamlines in
both the numerical model output and in the in situ observations. The changes in PV are largely represented by
stratification changes rather than shifts in the Coriolis parameter or in relative vorticity. In the numerical model
output, a combination of mechanisms is responsible for these changes in PV, including transient tracer fluxes,
transient momentum fluxes, diffusive processes, and long-term tracer drift.

1. Introduction

Potential vorticity has been extensively considered as
a tracer for ocean circulation. Easily derived from the
vorticity and tracer conservation equations, potential
vorticity (PV) behaves differently than a passive tracer.
It has two features that make it particularly attractive
for analyzing ocean circulation. First, if relative vortic-
ity is small, then PV may be computed directly from
the vertical density structure, as measured in hydro-
graphic surveys. Second, in an unforced and nondissi-
pative system, PV is conserved along geostrophic
streamlines (see Pedlosky 1987). Thus, if flow is along
geostrophic streamlines (as the quasigeostrophic ap-
proximation would dictate) and either the isopycnal sur-
face is deep enough so that no direct forcing acts or else
forcing is dissipated in the same geographic locations
where it acts, then PV will be constant along stream-
lines. Under different circumstances, if streamlines are
closed and a small amount of dissipation is present, then
PV may be diffused along isopycnal surfaces in which
case it should be constant, not only on streamlines but
over the entire isopycnal surface (Rhines and Young
1982). Alternatively, if forcing is substantial or if dis-
sipation is more than just a uniform effect due to the
background eddy field, then PV will undergo dramatic
changes in value along streamlines; the geographic lo-
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cations of these changes may be useful indicators of the
leading mechanisms controlling the dynamics.

Several recent studies have taken advantage of PV to
probe Southern Ocean dynamics. Marshall et al. (1993)
used the concept of PV homogenization outlined by
Rhines and Young (1982) as a starting point. They noted
that, if nothing forces a layer of the ocean, as they
suggested might be expected below the wind-forced sur-
face layer of the Antarctic Circumpolar Current (ACC),
then as flow loops around closed streamlines, back-
ground eddy processes should homogenize PV on iso-
pycnal surfaces. Based on hydrographic data, they sug-
gested that PV varies linearly with potential density.
Employing this linear functional relationship and hy-
drographic measurements at one depth only, they pre-
dicted dynamic topography in the Atlantic sector of the
ACC. Discrepancies between their results and more de-
tailed hydrography, they suggested, indicated locations
where the uniform PV assumption was less satisfactory.

Marshall (1995) further explored the implications of
determining PV as a function of potential density. By
also requiring that PV be conserved along streamlines,
that density be constant along streamlines on the sea
floor, and that the linear vorticity balance apply, he de-
rived an analytic expression for streamlines. Using re-
alistic bathymetry, but applying no surface wind stress
curl, he predicted the path of the ACC to be substantially
steered by topography.

This investigation will take an alternative tack. Rather
than assuming PV is conserved on isopycnal streamlines
or homogenized over isopycnal surfaces, this study will
examine the variation of PV along streamlines in order
to probe the forcing and dissipation of the ACC.
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Potential vorticity is considered along potential den-
sity surfaces in numerical model output in section 2.
Since PV turns out to be neither homogenized nor con-
served along streamlines, section 2c examines the spe-
cific mechanisms responsible for its fluctuations in the
numerical model. In section 3 hydrographic data will
be examined to show how observations resemble and
differ from the numerical model output. Finally, the
results are summarized in section 4.

2. Potential vorticity on isopycnals in numerical
model output

a. Defining potential vorticity

The Semtner–Chervin model is a global general cir-
culation model based on the Cox–Bryan primitive equa-
tion code (Semtner 1986). Although the specifics of the
resolution and forcing differ, the basic model is the same
as the Fine Resolution Antarctic Model (FRAM)
(FRAM Group 1991), and the resulting momentum bal-
ances are qualitatively similar (Ivchenko et al. 1996;
Stevens and Ivchenko 1997; Gille 1997). Wells and de
Cuevas (1995) looked at the vorticity balance along ver-
tically integrated streamlines in the FRAM output, con-
cluding that surface wind stress is balanced by bottom
pressure torque localized at Drake Passage; Killworth
and Nanneh (1994) considered the momentum balance
in isopycnal coordinates to examine how surface wind
stress is transferred through the water column as inter-
facial form drag; however, neither study merged the two
to consider potential vorticity on isopycnal surfaces.

For this study, results were analyzed from the ‘‘quar-
ter-degree’’ version of the Semtner–Chervin Parallel
Ocean Climate Model, which implemented several re-
finements from the earlier half-degree version (Semtner
and Chervin 1992). The horizontal resolution is 0.48 in
the zonal direction and 0.48 cos(f) in the meridional
direction, which is marginally eddy-resolving. In ad-
dition, a free sea surface was included based on the
formulation by Killworth et al. (1991). The model was
initialized with the output from the half-degree model
following 22.5 years of spinup and 10 years of forcing
with Hellerman and Rosenstein (1983) winds. During
the last 5 years of the half-degree run, all deep relaxation
to the Levitus (1982) climatology was eliminated (Semt-
ner and Chervin 1992; A. Semtner 1994, personal com-
munication). At one-quarter degree resolution, the mod-
el was then run for one year using climatological winds.
Finally, it was forced with ECMWF operational forecast
model winds (Trenberth et al. 1989) for the period from
January 1986 to December 1989. Surface buoyancy
forcing was based on the Levitus monthly climatologies
with a one-month relaxation timescale. In addition, tem-
perature and salinity were relaxed to ‘‘annual mean Lev-
itus’’ climatology in the upper 2000 m, within 78 of the
northern and southern boundaries of the model domain
and within 78 of the Strait of Gibraltar using a three-

month timescale. Unlike older implementations of the
model, this version included no relaxation to the Levitus
climatology below 2000 m. The final 3.75 years of the
model run, starting with April 1986, were continuously
time-averaged to produce statistics, including the
means, variances, and covariances of all model vari-
ables.

Although the model was run using 20 isobaric levels
in the vertical, the results are easily interpolated onto
surfaces of constant potential density. The model’s hor-
izontal equation of motion on an isopycnal surface may
be written:

]u ]u
1 f k 3 u 1 (u ·=)u 1 w 1 =M

]t ]z
2] u

45 m 1 A ¹ u, (1)m2]z

(e.g., Andrews et al. 1987) where u is the horizontal
velocity vector, w is the vertical velocity, f is the Coriolis
parameter, m is a vertical viscosity coefficient, Am is the
horizontal viscosity coefficient, and = is the two-di-
mensional horizontal gradient operator. Here M is the
Montgomery streamfunction that represents the pressure
term transformed into isopycnal coordinates, while (k
3 =M)/f represents the horizontal geostrophic velocity
on the isopycnal surface.

The streamfunction M should be carefully defined.
Although McDougall (1989) pointed out that no correct
streamfunction exists for potential density surfaces,
Zhang and Hogg (1992) showed that the geostrophic
streamlines on potential density surfaces may be ap-
proximated by the Montgomery streamfunction on a
surface of constant specific volume anomaly d, so that

p

M 5 d(z)(p(z) 2 p̄) 2 d(z) dp, (2)E
where z represents the depth of the isopycnal surface
and varies spatially, and

1 1
d(z) 5 2 , (3)

r(z) r (z)0

where r(z) is the in situ density and ro(z) is the density
of a reference fluid parcel, here defined with salinity
34.6 psu and temperature 2.338C to match mean values
along the ACC core on the isopycnal s1 5 32.3. The
s1 5 32.3 surface has been selected for the results
shown in this paper, because it is below the mixed layer
and above the ocean floor through most of the Southern
Ocean, and it is about 1000 m deep in the core of the
ACC. Other middepth isopycnals indicate qualitatively
similar trends and will not be shown here. The mean
pressure at 1000-m depth, p̄, is subtracted in order to
minimize errors associated with the approximation.

The addition of a free surface h means that M may
be written:
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FIG. 1. Contours of constant Montgomery streamfunction divided by gro (in m) on the potential density
surface s1 5 32.3, determined from the Semtner–Chervin quarter-degree numerical model. The contour
interval is 0.1 m, and the 0-m height contour is fixed arbitrarily. Data are not shown where s1 5 32.3 rises
above 500-m depth.

0 p

M 5 dhgr 1 d gr dz9 2 dp̄ 2 d dp. (4)s E E
z

Here M for the Semtner–Chervin model output at s1 5
32.3 is contoured in Fig. 1. The streamfunction M closely
resembles sea surface height, h, represented in Fig. 2: both
M and h show a similar zonal flow structure, and both
figures indicate that the flow intensifies like a western

boundary current just downstream of major topographic
features at Drake Passage, Campbell Plateau, and Ker-
guelen Island. The smaller overall height difference for M
compared with the sea surface height illustrates the degree
to which velocities along the potential density surface are
attenuated relative to the ocean’s surface.

Time-averaging the momentum equation (1) and then
taking the curl produces the vorticity equation:

¯z 2 z 1 ]z ]z9f i ¯ ¯¯1 J(M, z 1 f ) 1 w̄ 1 ū ·=(z 1 f ) 1 = · (u9z9) 1 w9agDt f ]z ]z

2¯]w̄ ] z ]w]y ]w]u¯ 4¯5 ( f 1 z) 1 m 1 A ¹ z 2 2 , (5)m2 1 2]z ]z ]x ]z ]y ]z
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where overbars represent time averages, and primes rep-
resent deviations from those averages, so that u9 5 0;
J is the Jacobian operator, z is the relative vorticity (]y /
]x 2 ]u/]y), Dt is 3.75 yr corresponding to the duration
of the archived model run, zi and zf are initial and final
values of the relative vorticity from the beginning and
end of the time interval analyzed, and ūag is the mean
ageostrophic horizontal velocity equal to ū 2 (k 3 =M̄)/
f. The transient horizontal velocity u9 is not separated
into geostrophic and ageostrophic components. The
term (]w/]x)(]y /]z) 2 (]w/]y)(]u/]z) and the vertical
viscosity term m]2 /]z2 are negligibly small and will bez̄
omitted in the remainder of this discussion.

The model tracer conservation equation on a level is

]s ]s
41 (u·=)s 1 w 5 A ¹ s 1 F(s), (6)H]t ]z

where s is a tracer and may represent temperature, sa-
linity, or some combination of the two. For this analysis,
s will be the combination of temperature and salinity
corresponding to potential density referenced to 1000-m
depth; AH is the horizontal diffusion coefficient. The
function F(s) represents convective adjustment, which
is not recorded in the model output but is estimated to
be neglible at middepth. Model convective adjustment
may be weaker than real ocean conditions would dictate
since there is no sea ice model and the Levitus seasonal
climatology includes only limited wintertime observa-
tions. It will not be included in this analysis, and any
residual convective effects will appear in the transient
tracer advection terms.

The tracer equation (6) is time-averaged, rewritten as
an expression for w, and vertically differentiated to pro-
duce

21 21
]w̄ ] s 2s ]s̄ ]ū ]s̄f i5 2 2 ·= s̄1 2 1 2 1 2[ ]]z ]z Dt ]z ]z ]z

21 222]s̄ ]s̄ ] s̄ ]s̄
2 (ū·=) 1 (ū·=)s̄

21 2 1 2]z ]z ]z ]z

21 21
] ]s̄ ]s9 ]s̄

41 A ¹ s̄ 2 w9h 1 2 1 2[]z ]z ]z ]z

21
]s̄

2 (u9·=)s9 . (7)1 2 ]]z

The expression (u·=)s(]s/]z)21 5 u]h/]x 1 y]h/]y rep-
resents the vertical velocity along an isopycnal of height
h, due to the tilting of the surface. The difference be-
tween the isopycnic vertical velocity and the total ver-
tical velocity w is the diapycnal velocity e. Thus,

21
]s

e 5 w 2 (u·=)s . (8)1 2]z

Since the Semtner–Chervin code is conceived on levels
rather than isopycnal layers, tracers are not specifically

conserved on layers and the cross-isopycnal velocity e
is nonzero but small.

Projecting the tracer evolution equation (7) onto an
isopycnal surface will not alter any of the terms in the
local balance. Thus, (7) can be substituted directly into
the vorticity equation (5) to produce an expression for
evolution of PV on isopycnals:

21 ¯¯1 ]Q ]s̄ ]z]s̄¯ ¯ ¯J(M, Q) 1 (ū·=)s̄ 1 ū ·=Q 1 ēag1 2f ]z ]z ]z ]z

21
z 2 z ]s̄ ] s 2 s ]s̄f i f i¯5 2 2 Q 1 2[ ]Dt ]z ]z Dt ]z

21
]z9 ]s̄ ]s̄¯2 =·(u9z9) 1 w9 2Q(u9·=)s91 2 1 2]z ]z ]z

21
]s9 ]s̄ ]ū¯¯2Qw9 2 ( f 1 z) ·= s̄1 2 1 2]z ]z ]z

21
]s̄ ] ]s̄

4¯ 4¯1 A ¹ z 1 Q A ¹ s̄ .m h 1 2[ ]]z ]z ]z (9)

Potential vorticity Q is defined in the conventional form

]s
Q 5 ( f 1 z) . (10)1 2]z

Müller (1995) provides a thorough review of the scaling
arguments used to derive standard expressions for Q.
Equation (9) shows that DQ̄/dt (the terms on the left
and the first two terms on the right) is balanced by
dissipation in the form of eddy fluxes, viscosity, and
diffusion. It differs from more familiar PV equations
only because all of the terms representing vertical ad-
vection, transient advection, time dependence, horizon-
tal diffusion, and viscosity have been retained.

Each of the terms in (9) accounts for different phys-
ical processes in the PV balance: J(M̄, Q̄) indicates the
change in mean PV along a mean geostrophic streamline
M̄ due to horizontal advection, while (ū·=) ]Q̄/]z(] /s̄ s̄
]z)21 accounts for the vertical advection of PV along
streamlines. The sum of these first two terms projected
along a streamline indicates how advection changes PV
along a depth-varying geostrophic streamline. The third
term in (9), ūag·=Q̄, represents changes in PV due to
ageostrophic horizontal velocities, and the fourth term,
ē]z/]z] /]z, is vertical advection across isopycnal sur-s̄
faces due to the diapycnic vertical velocity e. Both the
ageostrophic and diapycnal terms are negligible at mid-
depth and will be omitted in the remainder of this anal-
ysis.

The advection of mean PV on the left side of (9) is
balanced by a combination of tendency, transient eddy
flux, and diffusive terms. The change in PV due to rel-
ative vorticity evolution over the model’s duration Dt
is represented by (zf 2 zi)/Dt] /]z, while the corre-s̄
sponding change due to tracer drift is
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FIG. 2. Contours of sea surface height (in m) from the Semtner–Chervin quarter-degree numerical model.
The contour interval is 0.2 m, and the 0-m contour is fixed arbitarily.

21
] s 2 s ]s̄f iQ̄ .1 2F G]z Dt ]z

The terms (=·(u9z9) 1 w9(]z9/]z)) ] /]z represent thes̄
horizontal and vertical advection of relative vorticity by
transient eddy fluxes. The terms Q̄(u9·=)s9(] /]z)21 1s̄
Q̄ w9]s9/]z(] /]z)21 show the influence of transient eddys̄
fluxes of tracer on the overall PV budget. The term (f 1
)(]ū/]z·=) would be zero if ]ū/]z were precisely pro-z̄ s̄

portional to k 3 =s; the residual effects of this term
occur mainly because s represents potential density rath-
er than in situ pressure, which should be used to correctly
calculate geostrophic velocities. Finally /]z is the4¯A ¹ z]s̄m

horizontal diffusion of relative vorticity, and

21
] ]s̄

4Q̄ A ¹ s̄h 1 2[ ]]z ]z

is the influence of the horizontal diffusion of density on
the total vorticity budget. In addition to these terms, the
PV analysis also includes error terms stemming from

estimating the continuous derivatives required for PV
balances from a discretized numerical model; however,
they are not the dominant terms controlling the PV bal-
ance as will be shown in the discussion that follows.

In Fig. 3 Q for the mean Semtner–Chervin model
output on the s1 5 32.3 surface is shown. It varies by
about a factor of 2 across the Southern Ocean, with a
substantial meridional gradient across the core of the
ACC at the southern limit of the contoured values. The
inhomogeneities in Q in turn suggest that inhomoge-
neous forcing is stronger than background eddy diffu-
sion so that PV is not homogenized on this isopycnal.

b. Is potential vorticity conserved on streamlines?

Although diffusion is insufficient to homogenize Q,
we might nonetheless predict that PV could be nearly
conserved along streamlines. Consider the steady-state
case, so that the tendency terms are zero. If PV values
on streamlines are reset at one location along their cir-
cumpolar path, perhaps due to a localized topographic
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FIG. 3. PV, (f 1 z)]s/]z, (in kg s21 m24 3 108) on the s1 surface 32.3 determined from mean quarter-
degree Semtner–Chervin model output. The s1 surface outcrops at the southern limit of the domain and is
several kilometers deep at the northern limit. Points where s1 5 32.3 is shallower than 500 m have been
eliminated.

forcing, then we predict that background diffusion and
eddy processes will not be able to homogenize PV on
the isopycnal surface. Under these conditions, assuming
no diapycnic effects and no ageostrophic velocity, Q
should be constant along streamlines. In this case, (9)
would reduce to J(M̄, Q̄) 1 fw̄]Q̄/]z 5 0, and Q̄ would
be exactly conserved along the depth-varying time-
mean streamlines defined by M̄.

In order to examine to what extent PV is conserved
on streamlines, PV is computed along contours of con-
stant Montgomery streamfunction on the potential den-
sity surface s1 5 32.3 in the Semtner–Chervin model
output. Figure 4a shows that PV varies by about 25%
along two representative streamlines, increasing steadily
across the Pacific between 1808 and 608W and dropping
sharply just downstream of Drake Passage around 408W.
PV variations across the Atlantic and Indian Oceans are
more gradual, but indicate noteworthy rapid fluctuations
near Kerguelen Island at 608E and in the eddy-active

region near the Macquarie Ridge and Campbell Plateau
from 1508E to 1808.

In contrast with the gradual changes in PV along
streamlines in Fig. 4a, PV undergoes dramatic fluctu-
ations along lines of constant latitude, particularly where
the isopycnal rises into the thermocline at the southern
limit of the region and at Drake Passage (608W), as
shown in Fig. 5. Thus, in comparison with its large zonal
variations, PV is nearly conserved along streamlines.
The variations that occur are indications that even on
this subsurface streamline, the curl of the net forces
driving the mean ocean is nonzero. The remainder of
this subsection will examine how PV changes qualita-
tively in response to this forcing.

Figures 4b–d show the relative importance of each
of the components of PV. The major variations are at-
tributed to changes in the layer thickness (]z/]s), while
variations in latitude (f ) have less significant effects and
relative vorticity is negligible. That PV variations along
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FIG. 4. (a) PV (in kg s21 m24 3 108) along two Montgomery
streamfunction contours, M, from the Semtner–Chervin quarter-de-
gree mean model output. Contours used correspond to 0.2 and 0.3
m (which have mean depths of 970 and 1170 m, thus bracketing the
1000-m reference depth.) Sea surface height increases toward the
equator, so that the 0.3-m contour is north of the 0.2-m contour. (b)
PV along Montgomery streamfunction, when f 1 z is fixed so that
only changes in the stratification ]s/]z are assessed. (c) PV along
Montgomery streamfunction, where stratification and relative vortic-
ity are held constant, so that only changes in latitude are assessed.
(d) PV along Montgomery streamfunction, when f and ]s/]z are held
fixed so that only the effect of relative vorticity is considered.

FIG. 5. PV (in kg s21 m24 3 108) along latitude lines, computed
from Semtner–Chervin model output. Latitude lines shown corre-
spond to 458S, 508S, and 558S.

FIG. 6. (a) Depth of the s1 5 32.3 isopycnal surface in kilometers
along streamlines. (b) Thickness of the isopycnal layer corresponding
to 32.25 , s1 , 32.35, in km.

streamlines are dominated by stratification changes rath-
er than Coriolis parameter changes has clear implica-
tions for simple PV models of the ACC. Although Kill-
worth (1992) noted that the vertical structure of the
Southern Ocean may easily be represented using a self-
similar profile, the dominant changes in PV, even at
middepth, appear as changes in the vertical density pro-
file. Thus, simple models that take advantage of this
self-similar structure (e.g., Gille 1995; Marshall 1995;
Krupitsky et al. 1996) are unlikely to represent the lead-
ing processes governing changes in PV.

In the vertically integrated vorticity balance analyzed
by Wells and de Cuevas (1995), basic Sverdrup dynam-
ics apply: wind stress curl is balanced by the barotropic
meridional velocity multiplied by b (that is, U·=f ø
curl t/ro), and in the Drake Passage region, bottom pres-

sure torque removes vorticity input by the wind. In con-
trast, on this isopycnal surface, stratification changes
along streamlines provide the major compensation for
the forcing.

If we integrate (9) vertically, we predict that a Sver-
drup-like balance should hold: (]s/]z)21u·=(f]s/0∫2H

]z)dz 5 curl t/r, where the wind stress t is introduced
in the surface boundary conditions. Examining the sign
of the PV (here f]s/]z) in comparison with the sign of
the wind stress curl helps explain the numerical results.
The ECMWF wind stress curl is positive to the north
of about 508S. The stratification term ]s/]z is negative,
while u in the direction of the streamline is positive by
definition. Thus, in the Atlantic and Indian sectors of
the Southern Ocean, where the ACC is north of 508S,
PV tends to decrease along streamlines. Where the ACC
is farther south and wind stress curl is negative, PV
tends to increase.

The middepth surface s1 5 32.3 is between 1500 and
500 m deep along the 0.2-m and 0.3-m streamlines, as
shown in Fig. 6. Thus, the isopycnal layer is far below
the ocean’s surface and is not directly wind forced; sur-
face wind forcing is conveyed indirectly to the middepth
layers of the ocean model. Figure 6b indicates that the
layer thickness decreases as the layer shoals so that PV
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is larger where the isopycnal surface is shallower. This
is consistent with a simple concept of the wind-driven
flow in the Southern Ocean. Since the stratification and
alongstream velocity are of constant sign, the along-
stream derivative of PV, ]Q/]s, should be proportional
to the curl of the wind stress. In addition, wind stress
curl should induce an Ekman pumping vertical velocity,
so that curl(t) } 2 fwEk, where wEk is the vertical ve-
locity at the base of the Ekman layer. The vertical ve-
locity w throughout the water column is assumed to be
roughly wEk and may be written as w 5 us]d/]s, where
d is the depth of an isopycnal. The terms us and f are
of constant sign and slowly varying. This leads to curl(t)
} ]Q/]s } ]d/]s. This relation therefore suggests that
the depth of the isopycnal should vary with Q and, since
Q variations are dominated by changes in stratification
(or the reciprocal of layer thickness), stratification
should increase (and correspondingly layer thickness
decrease) roughly in locations where the wind stress curl
brings isopycnals toward the surface, as the model re-
sults in Fig. 6 indicate.

c. Forcing terms on streamlines

The behavior of middepth PV in response to wind
forcing can only be interpreted in generalities using
Figs. 4 and 6. To better understand what controls the
variations in PV, compare the value of PV with the
forcing terms controlling it. Each of the terms in (9) is
projected into stream coordinates (s, c), where s is the
alongstream direction and c is the cross-stream direc-
tion. Expanding the Jacobian operator and vertical ad-
vection terms from the left-hand side of (9) produces

21¯1 ]Q ]s̄ ]Q
¯ ¯J(M, Q) 1 (ū·=)s̄ 5 u , (11)s1 2f ]z ]z ]s

where us is the alongstream, along-isopycnal velocity,
and the cross-stream velocity uc is 0 by definition.

The change in PV of a particle traveling a distance
s along a streamline is found by substituting (11) into
(9) and integrating, so that

21s s s¯z 2 z ]s̄ Q ] s 2s ]s̄ ]z9 ]s̄ 1f i f i¯ ¯Q(s) 2 Q(0) 5 2 ds9 2 ds9 2 =·(u9z9) 1 w9 ds9E E E1 2 1 2[ ]u Dt ]z u ]z Dt ]z ]z ]z us s s0 0 0

21 21s s s ¯¯ ¯Q ]s̄ Q ]s9 ]s̄ ( f 1 z) ]ū
2 (u9·=)s9 ds9 2 w9 ds9 2 ·= s̄ ds9E E E1 2 1 2 1 2u ]z u ]z ]z u ]zs s s0 0 0

21s s ¯A ]s̄ Q ] ]s̄m 4¯ 41 ¹ z ds9 1 A ¹ s̄ ds9. (12)E E h 1 2[ ]u ]z u ]z ]zs s0 0

The terms in (12) represent the alongstream integrals of
each of the terms in (9). Thus (12) shows that the along-
stream integrated form of any term in the PV equation
divided by alongstream velocity will represent the PV
variations due to that term.

Figure 7a shows a comparison of Q̄ computed locally
at each point along a streamline (solid line) and Q̄ de-
termined by integrating along a streamline, following
the method defined in (12). Although integrating nu-
merical model output along streamlines may seem like
an unreliable computation, the results in Fig. 7a indicate
that both small-scale and large-scale variations are suc-
cessfully recovered in the calculation. Tests have shown
that the discrepancies between the two lines in Fig. 7a
are not due to ageostrophic effects, which are consid-
erably smaller in magnitude. Instead the differences can
be attributed to integration errors incurred in locations
where Q̄ changes value sharply (e.g., 958W, 308W). In
these spots, the combination of interpolation and inte-
gration is not able to capture the local variations in Q̄
precisely, and small offsets are introduced into the in-
tegrated Q̄ estimate. The isolated sources and small

magnitude of the error suggests that integration prob-
lems will not significantly influence the results. The
vorticity balance in (12) does close, and this presentation
allows us to consider which terms in the PV balance
are actually responsible for the changes in Q̄ along
streamlines.

Figure 7b indicates that the PV balance is significantly
affected by the transient eddy processes due to tracer
advection, transient eddy processes due to momentum
advection, the tracer tendency, horizontal momentum
diffusion, and horizontal tracer diffusion. The transient
tracer flux and transient momentum flux terms (iden-
tified as tracer advection and momentum advection in
the figure caption) are calculated as residuals from the
tracer and momentum balances, respectively, since the
model archiving scheme does not include sufficient de-
tail to recover the transient component of the PV bal-
ance. The importance of the transient tracer and mo-
mentum advection terms suggests that a balance that
neglected these terms would lack essential portions of
the physics [as Killworth and Nanneh (1994) also noted
for the isopycnic momentum and volume budgets]. The
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FIG. 7. (a) PV (in kg s21 m24 3 108) along the 0.2-m Montgomery streamfunction (solid line)
compared with PV estimated by integrating the quantity [J(M̄, Q̄) 1 (ū·=) ]Q̄ /]z(] /]z)21]/(fus)s̄ s̄
along the same streamline. (b) Forcing terms responsible for changes in PV along the 0.2-m
streamline. The momentum advection and tracer advection terms refer to transient eddy fluxes,
while the potential/in situ term results from potential and in situ density surfaces not coinciding,
so that [(]ū/]z)·=] is not zero. All terms are set to 0 at 1808W. Together tracer advection, tracers̄
evolution, and momentum advection capture the leading variations in PV, while momentum and
tracer diffusion play significant but smaller roles.

results found for this 0.2-m streamline closely resemble
those on adjacent streamlines: No single process appears
to explain the entire PV balance in Fig. 7b. However,
note that many of the small-scale variations (,108 lon-
gitude) in PV in Fig. 7a are explained by the tracer
advection term, while the large-scale trends (.508) are
partially captured by the sum of the tracer evolution,
transient tracer advection, and transient momentum ad-
vection terms. In addition the large-scale momentum
and tracer diffusion variations often balance each other,
so that the net influence of diffusion may be less than
the apparent influence in either the momentum or tracer
equations. The term designating the PV changes induced
because isopycnic and in situ density surfaces are not

coincident also influences the PV balance; in essence,
this term is a measure of the error inherent in investi-
gating PV along isopycnals. Finally, the discretization
error is uniformly small. In addition to the terms plotted
in Fig. 7b, recall that the vertical viscosity term, relative
vorticity tendency, ageostrophic advection, and diapyc-
nal flux terms were judged to have no significant impact
on the PV balance and are not shown.

Because the tracer tendency term plays a significant
role in the overall alongstream PV balance, these results
suggest that the Semtner–Chervin model may not have
spun up sufficiently, so the middepth isopycnals did not
reach steady state. If the model reached a quasi-sta-
tionary state it might have a different PV balance. How-
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FIG. 8. Montgomery streamfunction M [as defined in (2) in m 3 0.1] on the isopycnal surface s1 5 32.3
referenced to the isopycnal surface s1 5 32.4. The contour interval is 0.02 m, and the total range is small
because of the relatively shallow reference layer but should nonetheless be representative of physical pro-
cesses. Gray areas indicate regions with no mapped data and regions where the formal error from the objective
mapping procedure exceeds 80% of the overall data variance, which is about 0.006 m.

ever, to the extent that the numerical ocean does resem-
ble the real ocean, this analysis suggests that transient
eddy effects play a substantial role in the PV balance
along mean streamlines. In particular, transient tracer
fluxes appear directly responsible for small-scale PV
variations along streamlines. Since transient tracer pro-
cesses are often associated with the vertical transfer of
momentum input by the wind via interfacial form drag
(Johnson and Bryden 1989; Marshall et al. 1993), this
might be an indication that indirect wind forcing is one
of the factors responsible for changes in PV along mean
streamlines at middepth in the ACC.

3. Potential vorticity from Southern Ocean
hydrography

For comparison with the numerical results, PV may
also be calculated using hydrographic data compiled by
Olbers et al. (1992, hereafter OGSS). OGSS produced

objectively mapped data fields with 18 resolution at 38
depth levels; however, for this study their compiled hy-
drographic data were used so that all mapping could be
done along isopycnal surfaces. This was done specifi-
cally to avoid the types of averaging problems discussed
by Lozier et al. (1994) who pointed out that smoothing
quantities along level surfaces and then mapping them
onto isopycnals would produce substantially different
results than would smoothing the data along isopycnal
surfaces. [Nonetheless, the results in this section would
not be changed qualitatively if PV and streamlines were
instead computed directly from the gridded quantities
produced by OGSS (Gille 1995).] At each hydrographic
station, PV and the Montgomery streamfunction were
computed on the isopycnal surface s1 5 32.3. Since PV
varies in the upper ocean due to mixed layer processes,
data points were retained only if they were deeper than
500 m; as a result, data points at the southern limit of
the domain were eliminated. Following the general
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FIG. 9. PV, f]s/]z (in kg s21 m24 3 108), on the s1 surface 32.3 determined from hydrographic data. Gray
areas indicate regions with no mapped data and regions where the formal error from the objective mapping
procedure exceeds 80% of the data variance, which is 1 3 108 for the entire domain.

methodology outlined by OGSS, for both PV and Mont-
gomery streamfunction, outliers were removed if they
differed from the mean by more than three standard
deviations. To reduce errors associated with the erro-
neous values initially in the dataset, the outlier test was
repeated. The resulting dataset consisted of 2571 points
scattered throughout the Southern Ocean, but concen-
trated primarily in the South Atlantic. Unlike the nu-
merical model output, which includes a known sea sur-
face topography, for the hydrographic data a reference
surface must be assigned. The Montgomery stream-
function was referenced to the slightly deeper isopycnal
surface, s1 5 32.4; this shallow reference density was
selected because using a denser reference layer would
result in extensive data dropout wherever the deeper
isopycnal surface intersects the ocean bottom. There-
fore, instead of imagining the velocity to be zero on the
reference layer, consider it to attenuate smoothly below
this depth.

The resulting data were objectively mapped using a
Gaussian correlation function, with a 450-km decorre-

lation length in the zonal direction and 350 km in the
meridional direction, as done by OGSS. Gille (1994)
noted that these length scales are almost double what
the mean fields reconstructed from altimeter data indi-
cate, and they may therefore result in fields smoother
than the oceanic mean fields. Extensive smoothing
should help to minimize problems associated with non-
synopticity of the data and sparse sampling in the
Southern Ocean.

Figure 8 shows the mapped Montgomery stream-
function on the isopycnal surface s1 5 32.3. PV on the
s1 5 32.3 surface from the hydrographic data is shown
in Fig. 9. Despite the expectation that the objectively
mapped fields should be smooth renditions of the hy-
drographic measurements, the objectively mapped PV
shows substantial variability over relatively short length
scales, in contrast with the numerical model PV (Fig.
3). This may indicate that the historic hydrographic rec-
ord is not extensive enough to represent accurately the
climatological mean state of the Southern Ocean, but it
could also indicate that the dominant length scales in
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FIG. 10. (a) PV (in kg s21 m24 3 108) along Montgomery streamlines determined from the
OGSS atlas data. Height contours correspond to the contours labeled 0.04 and 0.02 in Fig. 8.
Gray regions indicate the one standard deviation formal error bars from objective mapping. (b)
PV along Montgomery streamlines when f is held fixed so that only changes in stratification are
assessed. (c) PV along Montgomery streamlines when ]z/]s is held fixed so that only the effects
of changing latitude are assessed.

the numerical model output are longer than in the real
ocean. Because PV is computed on isopycnals directly
from hydrographic data and then objectively mapped,
rather than being determined from the objectively
mapped fields, the results shown in Fig. 9 appear dif-
ferent than PV maps produced by Marshall et al. (1993).
However, like the numerical model PV (Fig. 3), the PV
shown in Fig. 9 is consistent with that plotted by Mar-
shall et al. and by You and McDougall (1990) in show-
ing that PV may change by a factor of 2 or more in the
circumpolar portion of the Southern Ocean.

Potential vorticity variations along Montgomery
streamlines (shown in Fig. 10) are comparable in mag-
nitude to the variations seen in numerical model output,
but the variations occur over much shorter distances and
could represent rather different physical processes. As
in the numerical model results in Fig. 4, alongstream

changes in PV are predominantly due to stratification
changes rather than Coriolis parameter changes as in-
dicated by the large fluctuations in Fig. 10b compared
with Fig. 10c.

If the atlas data are representative of Southern Ocean
stratification, then the results indicate that the ACC un-
dergoes substantial changes in PV over relatively short
distances. The high wavenumber variations in PV on
streamlines could be an indication that PV is input by
the wind at higher wavenumbers than ECMWF winds
would suggest or that it is dissipated due to bottom
pressure torques associated with midsized topographic
features that the model does not seem to feel, as Gille’s
(1997) momentum balance analysis suggests. Thus, the
differences between Figs. 4 and 10 might be explained
by identifiable differences between the model and the
real ocean.
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Alternatively, rather than thinking about mod-
el2ocean differences, note also that nonsynopticity and
smoothing make the atlas data a suboptimal proxy for
PV and streamfunctions, so the differences between
Figs. 4 and 10 may simply be a result of the sparseness
of the hydrographic record. The transient eddy processes
shown in the model results are not distinguished by the
data sampling, and in the limited available hydrographic
record, temporal variability may be aliased to appear as
a spatially varying mean field. Thus, readers who are
uncomfortable interpreting the hydrographic data as in-
dicating high-wavenumber variations in PV may prefer
to conclude that the limited hydrographic measurements
south of 308S resemble instantaneous snapshots of an
eddy rich field, and the sampling has not been suffi-
ciently frequent to resolve the mean structure of the
Southern Ocean.

4. Discussion and summary

The results of this investigation have several impli-
cations for Southern Ocean studies.

First, within statistical error bars PV does not appear
to be uniform, neither in the Semtner–Chervin model
output nor in hydrographic data. PV differs by 50% over
1000-km length scales and has a substantial mean gra-
dient across the width of the ACC. These results suggest
that forcing and dissipation of PV at middepth in the
ACC are too irregular to result in uniformly homoge-
nized PV.

Second, in addition to being inhomogeneous on iso-
pycnal surfaces, middepth PV is also not conserved
along mean streamlines on isopycnal surfaces, sug-
gesting that some apparent forcing drives PV and that
the influence of this forcing is not dissipated precisely
in the locations where it enters. In both numerical model
output and hydrographic data, changes in PV are largely
due to stratification changes rather than changes in plan-
etary vorticity along streamlines. Stratification changes
are not precisely related to the locations of bathymetry,
so are not easily represented as a simple topographic
torque due to sea floor topography. Thus, simple self-
similar models of the ACC that assume uniform strat-
ification and predictable responses to bathymetry may
not adequately capture dominant PV variations along
the path of the ACC.

Third, variations in PV are qualitatively consistent
with a simple notion that the middepth system responds
in part to changes in wind stress curl. In a detailed
analysis of the numerical model PV balance, no single
factor emerges as the dominant mechanism responsible
for PV changes along streamlines. Thus, to answer the
question implicit in this paper’s title, potential vorticity
is not conserved along mean streamlines in the Semtner–
Chervin Southern Ocean, because a half dozen terms in
the PV equation all conspire to keep it from being con-
served. Significant contributions to the PV balance come
from transient tracer fluxes, the tracer tendency term,

transient momentum fluxes, tracer diffusion, momentum
diffusion, and a term associated with the isopycnal sur-
face not being identical to a constant in situ density
surface. The transient tracer flux contribution captures
many of the high-wavenumber PV variations; since this
term is sometimes associated with the vertical flux of
wind stress via interfacial form drag, its apparent im-
portance may be an indicator that the middepth ACC
does feel surface wind forcing, at least indirectly, but
that this process only accounts for a portion of the
alongstream PV balance.
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