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ABSTRACT

Coarse-resolution numerical models of ocean circulation rely on parameterizations of unresolved mesoscale
eddy effects. In order to investigate the role of eddy-flux divergences in the density equation, the GFDL Modular
Ocean Model (MOM) has been configured as a simple flat-bottomed channel model with sufficient resolution
to represent mesoscale eddies. Eady-type baroclinic instability and a wind-forced channel have been considered.
As an analog to the large-scale components addressed by low-resolution models, the influence of eddy fluxes
on the zonal-mean density field was evaluated. Results show that eddy-flux divergences are larger than mean-
flux divergences. The effect of mesoscale eddies on the mean density field is often hypothesized to take an
advective form that conserves mean density so that eddy effects are adiabatic in the zonal mean. However, in
both of the examples studied a significant component of the mesoscale eddy effect on the zonal mean is diabatic
and makes mean density nonconservative. The associated diapycnal fluxes result from zonally averaging terms
representing processes that are locally adiabatic.

Subgrid-scale parameterizations (such as eddy diffusion) represent the unresolved eddy-flux divergence as a
function of the resolved density field. The authors computed optimal coefficients for a variety of parameterizations
and evaluated their skill. When the model output is time-averaged, quasi-adiabatic parameterizations, such as
the one proposed by Gent and McWilliams, are able to explain as much as 43% of the mean-squared eddy-flux
divergence. However, for shorter averaging periods or instantaneous snapshots, even for the spatially averaged
model fields, parameterization skill drops.

1. Introduction

Numerical models of ocean circulation must represent
large-scale oceanic flows such as western boundary cur-
rents and the circumpolar current. In observations and
in high-resolution numerical models, these currents are
intimately bound to the mesoscale eddy field, which can
transfer momentum vertically or horizontally. On the
other hand, models of decadal to millennial climate var-
iations are constrained by computational limitations to
resolutions coarser than eddy length scales. In these
models eddy effects must be parameterized.

The search for realistic parameterizations of meso-
scale eddy effects has produced a number of recent stud-
ies (e.g., Gent and McWilliams 1990; Danabasoglu et
al. 1994; Tandon and Garrett 1996; Visbeck et al. 1997;
McDougall and McIntosh 1996; Gent and McWilliams
1996; Griffies 1998) that have focused primarily on the
theoretical requirements for good mesoscale parame-
terizations or have described coarse-resolution fields ob-
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tained using a variety of parameterizations. The present
study employs a different approach by, instead, running
idealized model scenarios at a resolution high enough
to resolve the mesoscale. We then examine the actual
role of mesoscale eddies. Can they be represented using
an adiabatic form as suggested by Gent and McWilliams
(1990), and more generally, do any of the standard eddy
parameterizations duplicate the eddy physics?

Because the hydrostatic and geostrophic balances
dominate ocean dynamics at length scales larger than
the mesoscale, ocean circulation depends strongly on
evolution of the density field. Here we examine density,
r, which is a dynamically active tracer governed by

Dr ]r
5 1 u · =r 5 R(r), (1)

Dt ]t

where u is the velocity, R(r) represents molecular dif-
fusive processes that are negligible on the scales that
we consider, and density sources are not included. The
advection embodied in the substantial derivative Dr/Dt
is conservative. Water at any given location can move,
and isopycnals may shift, but water parcels do not ex-
change density with the environment, so that the volume
of water in any density class remains constant. In this
sense Dr/Dt will be termed adiabatic, although by strict
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definitions adiabatic processes should conserve heat
rather than density. The operator R(r) represents dia-
batic processes that do alter the properties of individual
water parcels. In the problems considered here R(r) is
small.

If (1) is locally smoothed in space to represent the
low-resolution r field, as in a climate model, it becomes

]r̂ ̂1 û · =r̂ 1 S(u, r) 5 R(r), (2)
]t

where

S(u, r) 5 u ·¹r 2 û · ¹r̂. (3)̂
The caret represents a local spatial and/or temporal fil-
tering operator and deviations from the smoothed quan-
tities will be denoted by primed values, u9 and r9. In a
model without the resolution to compute eddy-scale de-
viations, the advective terms in S(u, r) must be param-
eterized. The processes resolved by a coarse-resolution
model represent oceanwide advection, while unresolved
processes are typified by mesoscale eddies, which are
often linked to baroclinic instability. Thus, a satisfactory
subgrid-scale parameterization of oceanic mixing must
imitate the mesoscale effects of eddies, such as those
formed through instability.

Past work on parameterizations of small scales for
climate modeling has relied on two hypotheses that we
examine. The first hypothesis, specifically suggested by
Gent and McWilliams (1990), is that evolution of the
filtered large-scale density should be adiabatic. Thus,r̂
they neglected eddy fluxes through smoothed isopycnals
and represented all significant eddy effects on the large-
scale tracer as an adiabatic advection process u* · =r̂,
where u* is a parameterized, nondivergent velocity. In
this study we examine how well describesu* · =r̂
S(u, r). We find that eddy-induced advection, which is
adiabatic in the high-resolution model, will appear dia-
batic if we examine only the components resolved by
coarse-resolution models. These effective diabatic pro-
cesses are responsible for significant diapycnal eddy
fluxes.

The second hypothesis examined is that the eddy-flux
terms have a simple functional relationship to and itsr̂
spatial derivatives so that S(u, r) 5 . The physicalS(r̂)
rationale for such parameterizations and the behavior of
the resultant density evolution equation require a net
downgradient transfer of density, although studies of
baroclinic instability indicate that density may be trans-
ferred upgradient as well. The results shown here in-
dicate that standard parameterizations do not generally
describe the instantaneous effects of S(u, r), though the
parameterizations are more successful when results are
time averaged.

These conclusions are based on using high-resolution
model runs to analyze the advective terms represented
by S(u, r). The model is the Geophysical Fluid Dynam-
ics Laboratory (GFDL) Modular Ocean Model (MOM)

(Pacanowski 1995), which is discussed in section 2.
MOM was adapted for two physical scenarios outlined
in section 3. The first is the simple example of baroclinic
instability outlined by Eady (1949), and the second is
a wind-forced channel model. Both cases are imple-
mented in a reentrant channel on the f plane, and in
both an alongchannel (zonal) average is used to define
the low-resolution fields û and Section 4 explores ther̂.
influence of the advective terms in the zonally averaged
model output and in particular evaluates whether the
eddy-flux divergence can be treated as an adiabatic ad-
vection of the zonal-mean density. In section 5, we at-
tempt to parameterize the eddy-flux divergence terms
from the high-resolution run in terms of coarse-reso-
lution model variables. Section 6 summarizes the results
of this study.

2. Numerical model

The GFDL MOM is a primitive equation model that
has been used extensively to investigate ocean circu-
lation, including studies of the effects of the GM90
parameterization on coarse-resolution climate models
(Danabasoglu et al. 1994; Danabasoglu and McWilliams
1995; McWilliams et al. 1996). The same model is also
the heart of several near-eddy-resolving simulations of
modern ocean circulation (FRAM Group 1991; Semtner
and Chervin 1992).

The basic model physics and algorithms have been
summarized by Semtner (1986) and Pacanowski (1995).
Density evolution is described by a discretized form of
(1) with R(r) represented by horizontal diffusion, ver-
tical diffusion, and convective adjustment. For this
study, the model domain is a reentrant channel on the
f plane, at 508S, extending approximately 2300 km in
the zonal direction and 1150 km in the meridional di-
rection. Zonal and meridional grid spacings are 17.7
km. A single-constituent equation of state is used in
which density depends linearly on temperature. In this
formulation, constraining tracer diffusion to take place
along isopycnals, as formulated by Cox (1987), is equiv-
alent to allowing no diffusion whatsoever. Table 1 sum-
marizes key model parameters.

Horizontal and vertical viscosity and diffusion co-
efficients are adjusted to the minimum values needed
to maintain model stability so that the mesoscale fea-
tures of interest are minimally influenced by the pa-
rameterized processes. Horizontal viscosity nH is 10
m2 s21 in the Eady case and 1 3 103 m 2 s21 in the
wind-forced case. The diffusion coefficient kH is 0.2
m2 s21 . For the Eady case, these values are slightly
smaller than the stability criterion values suggested by
Bryan et al. (1975), who showed that to prevent grid-
scale instabilities the viscosity should exceed a mini-
mum value, nH,crit . |U|D/2, where U is the background
horizontal velocity and D is the grid spacing. For this
Eady problem, nH,crit 5 4.1 3 10 2 m 2 s21 . However,
Bryan et al. (1975) noted that, for cases with smooth
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TABLE 1. Parameters applied to the Eady instability in the middle
column and the wind-forced channel in the right column. Some of
the parameters define the initial conditions for the Eady background
state and do not apply to the wind-forced case.

Parameter Eady instability Wind-forced

f 1.12 3 1024 s21 1.12 3 1024 s21

Lx 2287 km 5 328 2287 km
Ly 1143 km 5 168 3 cos(508) 1143 km
D 1500 m 5700 m
nlevels 15 15
nH 10 m2 s21 1000 m2 s21

kH 0.2 m2 s21 0.2 m2 s21

ny 0 m2 s21 1 3 1024 m2 s21

ky 0 m2 s21 1 3 1025 m2 s21

ncon 4 4
a 4.67 3 1025 s21

g 6.67 3 1024 kg m24

ro 1000 kg m23

H 750 m

inflow (such as the Eady problem), smaller viscosities
may be acceptable. They also indicated that diffusion
may be several orders of magnitude smaller than vis-
cosity. Numerical viscosity and numerical diffusion are
the same: nH,num 5 kH,num 5 kŨD 2 /4, where k is the
wavenumber, and Ũ the Fourier transform of U. Be-
cause the viscosity and diffusion coefficients are set to
be small, at high wavenumbers numerical viscosity and
diffusion may exceed the parameterized coefficients.
In practical terms, this means that numerical viscosity
and diffusion may attenuate energies in the upper half
of the wavenumber spectrum, particularly for the Eady
problem.

Since vertical diffusion and viscosity predominantly
represent diapycnal effects, which are believed to be
minor in much of the ocean interior, they are set to be
smaller than their horizontal counterparts. For the Eady
problem, where energetics are important, vertical dif-
fusion and viscosity coefficients are set to zero in order
to minimize potential energy changes during the run.
For the wind-forced case, ny 5 1 3 1024 m2 s21 and
ky 5 1 3 1025 m2 s21.

Standard convective adjustment is used to mix the
water column vertically where it is unstably stratified.
Four convective passes through the water column are
carried out at each time step. Convection is a minor
process in the Eady instability, but it is important in the
wind-forced model.

For this study, only examples on the f plane are con-
sidered. Without b there are no Rossby waves, so the
slow spinup timescales associated with Rossby waves
are not a concern. While instabilities that rely on a back-
ground vorticity gradient may exhibit some behaviors
different from those found on an f plane, observed oce-
anic instabilities can closely resemble Eady instabilities,
which occur on the f plane. For example, Samelson
(1993) has noted that mixed layer fronts, such as those
observed in the FASINEX experiment, are unstable with
growth rates similar to the Eady model predictions.

Since the goals of this study are to observe how me-
soscale processes influence coarse-resolution processes,
the model is run with sufficient resolution to permit
baroclinic instability. The results are then averaged, as
suggested by (2), to duplicate the coarse resolution of
a typical climate model, and the influence of the un-
resolved eddy terms on the resolved mean terms is ex-
amined. Determining the appropriate form for the fil-
tering operation is important. Since we use a flat-·̂
bottomed domain, there is no intrinsic difference be-
tween points at fixed depth and latitude anywhere along
the length of the channel, and we adopt a zonal average
as the filtering operation. This simplifies (3) to

S(u, r) 5 u9 · =r9 , (4)

where the overbar represents the zonal mean. Thus, we
need only consider how the mean fields (e.g., r) are
influenced by deviations from the zonal means (e.g.,
y9r9).

Some recent investigations have advocated investi-
gating eddy effects by averaging thickness fluxes along
isopycnals rather than density fluxes at fixed depth as
used here. While isopycnally averaged fluxes might pro-
vide a clearer picture of the physical processes, any
resulting parameterization would need to be converted
to fixed-depth averages before being implemented in
z-coordinate models such as MOM. Converting z-coor-
dinate model output to isopycnal coordinates introduces
numerical interpolation errors into the flux divergence
computation. In cases where stratification is sufficiently
uniform to make interpolation reliable, there is often no
advantage to working on isopycnal surfaces because the
z-coordinate density flux differs only by a strati-y9r9
fication term from the thickness flux on an isopycnal h,
which can be expressed to leading order as y(h)9Dh9
ø . For these reasons we have restrictedy(z)9r(z)9dz/dr
our attention to the z-average fluxes, which are natural
to the model analyzed.

3. Model formulations

a. The Eady problem

The Eady model (Eady 1949) exhibits one of the
clearest examples of baroclinic instability, and the basic
physics underlying this instability has been carefully
presented by a number of authors (Gill 1982; Pedlosky
1987). Because of its simplicity, it offers a direct means
to examine mesoscale eddy processes. A signature of
baroclinic instability is available potential energy as-
sociated with tilting isopycnals feeding a growing dis-
turbance. Since the Eady instability grows rapidly at a
dominant wavenumber, it allows us to examine how
unresolved eddies influence coarse-resolution (zonally
averaged) flow on timescales too short to allow aver-
aging of a broad spectrum of mesoscale processes. Our
analysis will indicate that classic frictionless Eady in-
stability is effectively unparameterizable because it can-
not achieve a steady state.
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FIG. 1. Zonal wavenumber spectrum for density averaged vertically
and meridionally in kg2 m26. The wind-forced spectrum has been
divided by 100, and for the Eady case, the spectrum is an average
of 15 separate realizations. The analyzed time periods are days 110
to 135 at 5-day intervals for the Eady case and days 3000 to 7000
at quarter-day intervals for the wind-forced case. For the Eady in-
stability, the most unstable mode is between 16 and 17 wavelengths
per channel length, while the most energetic wind-forced mode is 5
wavelengths per channel. Both are are well resolved by the 128-point
zonal grid used in this study.

FIG. 2. Mean kinetic and potential energy (in cm2 s22) for the Eady
problem run at quarter-degree resolution as a function of time (in
days) from the beginning of the model run. The initial value of po-
tential energy (872 cm2 s22) is removed to better illustrate the transfer
of potential energy to kinetic energy. The time period analyzed in
this paper is delineated by vertical gray lines indicating days 110 and
135, when kinetic energy has increased between 5% and 50% above
its initial value.

In the Eady model, rigid horizontal boundaries are
imposed at the top and bottom of the domain of depth
2H. The initial density field is

fa
r(x, y, z) 5 r 1 2 gz 1 y , (5)0 [ ]g

where the vertical and horizontal stratifications, g and
a, and Coriolis parameter f are all constant, as is the
Brunt–Väisälä frequency N 2 5 gg. The initial flow is
in geostrophic balance, varies only with depth, and has
shear ]u/]z 5 a.

The growth rate of a perturbation with zonal wave-
number k and meridional wavenumber l is

s 5 kci

1/2
H H

5 a H tanh 2 H H coth 2 H ,R R5 1 2 1 2 6[ ][ ]H HR R

(6)

where HR 5 f/Nk and k 5 k2 1 l2 (Gill 1982). In our
numerical reentrant channel the lowest mode is approx-
imately l 5 p/Ly in which case smax 5 0.3093af/N,
which occurs when k 5 [(0.8038 f /(NH))2 2 (p/Ly)2]1/2.

In this numerical implementation of the Eady prob-
lem, the model ocean is 1500 m deep and is divided
into 15 levels, each 100 m thick. Other parameters are
listed in Table 1. The most unstable mode is predicted
to be 16.9 wavelengths per channel length. As indicated
by the solid line in Fig. 1, this mode is highly energetic
and is well resolved by the 128-point zonal grid.

Numerical solutions to the Eady problem were con-
sidered by Williams (1971), who analyzed flow in an

annulus, an experiment akin to what might be set up in
a laboratory rotating tank. His situation differed slightly
from the Eady idealization because frictional boundaries
were included at y 5 0 and y 5 Ly. The resulting in-
stability growth was constrained by friction within the
boundary layers. In contrast, in this study, free-slip
boundary conditions are used on the sidewalls and on
the upper and lower boundaries, and the instability
grows without bound. Free-slip boundary conditions are
obtained by fixing the derivative ]u/]y to be zero on the
northern and southern boundaries. In addition, the term
]2r/]y2 is also set to zero at the boundaries to maintain
the geostrophic balance. As indicated in Fig. 2, potential
energy decreases over time, as it is converted into ki-
netic energy. One might suppose that with the right
initial parameters, the background stratification could
be made to evolve until the isopycnals were flattened
and all the initial available potential energy was con-
verted to kinetic energy. This does not occur with the
minimal explicit damping used here. Our three-dimen-
sional code behaves much like the two-dimensional
Eady instability analyzed by Garner et al. (1992). Be-
cause the flow is in approximately thermal wind balance,
as potential energy is converted to eddy kinetic energy,
the isopycnals steepen and there is a progression toward
small scales. Since MOM was implemented with free-
slip boundary conditions and no sidewall friction, even
if the flow begins with little available potential energy,
the growing instability generates progressively narrower
structures that eventually vary too rapidly to be repre-
sented numerically.

Instabilities in the real ocean do not grow without
bound, but the early growth stages of oceanic instability
may be represented by the early growth of the Eady
instability. Thus, we analyze the Eady problem results
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FIG. 3. Cross sections showing zonal and time averages of variables
from day 110 to 135 at 5-day intervals for the evolving Eady insta-
bility. Panels indicate (a) the zonal velocity u with contour interval
2.2 3 1023m s21 and (b) the density anomaly dr with contour interval
5.2 3 1024 kg m23 and density defined as r0 2 dr . Gray regions
correspond to negative values. Meridional distance is measured from
south to north, with f negative. Readers who prefer to think about
systems with positive f should interpret meridional distance as ex-
tending from north to south.

FIG. 4. Mean kinetic energy (in cm2 s22) of wind-forced channel
model, as a function of time (in days) from the beginning of the
model run. Output is analyzed from day 3000 to 7000 at quarter-day
intervals.

FIG. 5. Cross sections showing zonal and time averages of variables
from day 3000 to day 7000 at quarter-day increments for the evolving
wind-forced channel at quarter-degree resolution. Panels indicate (a)
the zonal velocity u with contour intervals of 1.3 3 1022 m s21 and
(b) the density anomaly dr with contour interval 2 3 1022 kg m23

and density defined as r0 2 dr . Gray regions correspond to negative
values.

when the total kinetic energy has increased between 5%
and 50% above the initial kinetic energy level, as in-
dicated in Fig. 2. Figure 3 shows at full resolution the
zonal averages of velocity u and density r, time-aver-
aged over this window and over 15 model realizations.
The density field in Fig. 3b has not changed perceptibly
from its initial condition defined by (5). The zonal ve-
locity in Fig. 3a shows only slight perturbations from
its initial state.

b. Wind-forced reentrant channel

In addition to the unconditionally unstable Eady prob-
lem, a wind-forced reentrant channel on the f plane is
considered. Surface wind forcing is constant in time and
eastward, with a Gaussian structure centered in the chan-
nel and an e-folding scale one-sixth the channel width.
In contrast to the Eady case, no-slip boundary conditions
are used on the northern and southern walls, a frictional
drag coefficient is applied on the bottom boundary, and
the boundary drag removes momentum input by the
wind. The constant channel depth of 5700 m is divided
into 15 levels with thicknesses varying from 30 m at
the surface to 840 m at the bottom. The vertical structure
matches that used in climate simulations carried out with
MOM, and the use of a deep channel prevents bottom
friction from controlling the ocean response to wind
forcing. The initial density field is set to have a realistic
vertical structure based on fits to observations by Pa-
canowski (1995).

The model is spun up from an initial resting state.
Kinetic energy reaches equilibrium after about 1500
model days, as shown in Fig. 4. For comparison, the

spinup timescale due to a frictional surface Ekman layer
2H/ 2ny f (Pedlosky 1987) is estimated to be 450 days.Ï
Thus, the equilibrium energy appears to represent a state
that has spun up the surface Ekman layer.

The wind-forced flow in a channel evolves into a
strong zonal-velocity jet (Fig. 5a) with correspondingly
sloping isotherms (Fig. 5b). The most energetic zonal
wavenumber is five wavelengths per channel, as indi-
cated in Fig. 1.

4. Examining the role of eddies

In this section we examine how eddies affect the two
model runs described above. The analysis is based on
the transformed Eulerian-mean equations originally de-
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FIG. 6. Meridional streamfunctions c for the Eady instability case
represented with solid contours and shading, calculated from zonally
and time-averaged velocity and density fields, with y 5 2cz and w 5
cy. Dotted contours indicate isopycnals from Fig. 3b. Panels show
(a) c corresponding to the zonal-mean velocity u (with contour in-
terval 1.67 3 1024 m2 s21), (b) c* 5 y9r9 /r z corresponding to u*
as defined in (8) (with contour interval 1.67 3 1022 m2 s21), (c)

(with contour interval 1.67 3 1022 m2 s21) found by least squaresc*opt

fitting to minimize Gz (see text), and (d) cGM 5 2KIr y /r z, theu*opt

parameterized streamfunction suggested by GM90, with KI 5 60 m2

s21 and contour interval 1.67 3 1022 m2 s21. Negative streamfunction
values are shaded gray, and by definition the streamfunctions are zero
on the boundaries.

veloped for the atmosphere (see Andrews et al. 1987)
and adopted by Gent and McWilliams (1996) and by
Tandon and Garrett (1996) to interpret oceanic eddy
effects. The power of this approach is that it clarifies
how eddies can have two rather distinct roles in the
resolved-scale dynamics: an eddy-induced advection
and an eddy flux through mean isopycnals. In the trans-
formed Eulerian-mean equations, the tracer balances (2)
and (4) are written as

D*r ]r
5 1 U · =r 5 2G 1 R(r), (7)zDt ]t

U 5 u 1 u*

u9r9 y9r9 u9r9 y9r9
5 u 1 2 , 2 , 1 ,1 2 1 2 1 2 1 2[ ]r r r rz z z zz z x y

(8)
1

G 5 =r · u9r9 ,
r z

(9)

where Gz is the vertical derivative of G.
The eddy-induced transport velocity u* is nondiv-

ergent, and the sum of u 1 u* is the residual mean
circulation U . The term G depends on the component
of the eddy flux that is diapycnal relative to the mean,
that is, the flux through mean isopycnals. In this form
of the Eulerian-mean equations, the eddy terms (4) have
been separated into two components:

S(u, r) 5 u9 · =r9 5 u* · =r 1 Gz. (10)

The eddy-induced total derivative D*/Dt, representing
advection of r by U , cannot change the volume of water
within any given filtered density range (r1 , r , r2).
The term Gz, on the other hand, is the eddy-flux di-
vergence in the ‘‘mean diapycnal’’ direction; although
locally density advection is confined within isopycnal
surfaces, relative to r Gz can produce or destroy filtered
density. In this section, we will use the term ‘‘diabatic’’
to refer to processes that are diabatic in zonally averaged
coordinates (though they are locally adiabatic), ‘‘adia-
batic’’ to refer to processes that neither create nor de-
stroy zonal-mean density, and ‘‘diapycnal’’ to refer to
motions across zonal-mean isopycnals. Here G differs
from the mean diapycnal component of the eddy flux
only by the factor r z/|=r|, which is nearly unity.

The merit of the transformed Eulerian-mean equa-
tions, originally developed by Andrews and McIntyre
(1976) to describe the effect of atmospheric waves, is
the separation of eddy effects into the advecting com-
ponent u* in (8) and the diabatic component Gz of (9).
There are, of course, myriad ways to partition S(u, r)
into adiabatic and diabatic components, but the partic-
ular form selected is unique in associating all the effects
of Gz with the diapycnal eddy flux, which is believed
to be small in the atmosphere and ocean.

Although the processes due to Gz are strictly diapyc-
nal, it does not follow that the eddy transport velocity

u* advects tracers along isopycnals. In many quasi-equi-
librium scenarios in which the low-resolution density
field is approximately steady the effects of diapycnal
advection by the Eulerian-mean u and eddy-induced
transport velocity u* compensate to make D*r /Dt small.
If the eddy-induced and Eulerian-mean advection were
directed along isopycnals, then the meridional over-
turning streamfunctions c and c* corresponding to u
and u* would be parallel to isopycnals. Figures 6a,b
and 7a,b show streamfunctions for the Eady and wind-
forced cases, respectively. Isopycnals are superimposed
in dotted lines. In neither case is c or c* parallel to
isopycnals. In the wind-forced case, which is in quasi
equilibrium, the two processes tend to compensate to
minimize net diapycnal advection.
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FIG. 7. Meridional streamfunctions c for the wind-forced case,
calculated from zonally and time-averaged velocity and density fields
(solid contours and shading), as in Fig. 6. Dotted contours indicate
isopycnals from Fig. 5b. Panels show (a) c (with contour interval
0.5 m2 s21), (b) c* 5 y9r9 /r z (with contour interval 1.25 m2 s21),
(c) (with contour interval 1.25 m2 s21; values within 0.01 m2 s21c*opt

of zero are plotted as positive values), and (d) cGM 5 2KIr y /r z, (with
KI 5 2.5 3 102 m2 s21 and contour interval 1.25 m2 s21).

FIG. 8. Eady model density balance (in kg m23 s21 3 106) averaged
over 15 model realizations, zonally and temporally at 5-day intervals
from day 110 to 135 for (a) level 2, (b) level 5, and (c) level 8.
Because of the vertical symmetry of the Eady problem, balances
below 750 m are similar to those above 750 m. The terms from the
density balance (7) are eddy-induced advection y*r y 1 w*r z (black
solid line); mean advection y r y 1 w r z (black dotted line); Gz (black
dashed line); negative diffusion 2kH r yy 2 ky r zz (gray solid line);
and density tendency ]r /]t (gray dotted line).

The terms in the density balance equation (7) are
shown at three depths for the Eady case in Fig. 8 and
for the wind-forced case in Fig. 9.

At all depths in the Eady instability case, the domi-
nant balance is between density advection due to eddy
effects (u* · =r) and the time evolution (]r /]t): Gz is
the next largest term, substantially exceeding advection
by the Eulerian-mean velocity. This suggests that Gz

may be important when Eady instabilities are growing.
To test the role of Gz, the Eady instability scenario was
rerun with an additional fictitious, zonally invariant
buoyancy source that exactly cancelled the zonally av-
eraged Gz in the density equation. In this run the kinetic
energy evolved as in the original case, but potential
energy remained nearly constant. In addition, the wave-
number spectral peak was broader than what is shown
in Fig. 1 and was less clearly dominated by the predicted
most unstable mode. This shows that the small but sig-

nificant values of Gz seen in Fig. 8 play a critical role
in the growth of Eady-type instability.

At the wind-forced case’s deeper levels (Figs. 9b,c)
the advective effects due to mesoscale eddies (u*)
roughly balance advection by the Eulerian-mean veloc-
ity (u). This is analogous to the Ferrel cells in the at-
mosphere (Plumb and Mahlman 1987) and the Southern
Ocean Deacon cell (Döös and Webb 1994) that are ev-
ident when the mean circulation is averaged in z co-
ordinates but diminish when eddy effects are considered
by averaging in pressure or density coordinates. The
next most important contribution is from Gz. Nearer the
top of the model domain (Fig. 9a) eddy advection, rep-
resented by y*r y 1 w*r z, is balanced primarily by Gz,
while mean-flow advection plays a comparatively small
role.

Since Gz is nonzero in both model cases considered,
even a perfect parameterization of u* · =r alone may
be inadequate, and parameterization of G may be re-
quired. Andrews and McIntyre (1976) based their ne-
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glect of the role of Gz on analysis of a linearized balance
equation for density variance r92 in which the diapycnal
flux appears to work against the mean gradient =r to

produce variance. The full variance budget, obtained by
multiplying the r9 evolution equation by r9 and aver-
aging zonally, is

2 2 21 ]r9 u · =r9 = · u9r9
u9r9 · =r 5 2 2 2 1 k r9r9 1 k r9r9 1 C(r)r9 5 Gr , (11)H yy y zz z2 ]t 2 2

where the diffusive processes R(r) are here expressed
as they are used in the numerical model, as horizontal
and vertical diffusion and convective adjustment C(r).

In the case of the linearizable wave motions consid-
ered by Andrews and McIntyre (1976), time change of
variance was the dominant term on the right of (11).
Alternatively, McDougall and McIntosh (1996) pro-
posed that within the oceanic general circulation ad-
vection by the mean flow, u · =r92 , would dominate.
Many observational inferences of the diapycnal flux are
based on the Osborn–Cox model (Osborn and Cox
1972), which posits an approximate balance between
production and the dissipation terms. This dissipation
can be expressed by manipulating the terms involving
kH and ky in (11) to yield a positive quantity repre-
senting dissipation of variance by explicit diffusion plus
a divergence term that is generally small. As discussed
by Davis (1994), hypotheses such as these depend on
both the physical circumstances being studied (atmo-
spheric waves versus oceanic fine scales) and the way
fluctuations like r9 are separated from mean or resolved
components like r . The Osborn–Cox model, for ex-
ample, implicitly puts internal waves in the resolved
field, whereas in the present model only the zonal mean
passes through the averaging operation. Davis (1994)
suggested that the turbulent flux of variance, u9r92 , may
become important in problems where the fluctuating
field spans a broad range of scales and terms of very
different scale are involved in the average triple product.
Thus, past studies have reached no consensus about pre-
dicting the relative sizes of the terms in (11).

In light of the foregoing discussion, it is perhaps not
surprising that our model runs show no simple descrip-
tion of the variance budget that could serve as a basis
for parameterizing G. The terms represented in (11) are
shown in Fig. 10 for the Eady instability case and in
ig. 11 for the wind-forced model. In the Eady case, the
system is not in steady state, and the time-dependent
changes in r92 exceed the mean-flow advection of den-
sity variance, more or less the situation envisioned by
Andrews and McIntyre (1976). In the wind-forced case,
near the surface the nonlinear influence of convective
adjustment can contribute to the variance budget (Fig.
11a). Below the surface u9r9 · =r is balanced by
u · =r92 /2 around 1000-m depth, as suggested by Mc-
Dougall and McIntosh (1996). Deeper in the ocean a

combination of the triple eddy correlation term and the
mean-flow advection of density variance balance
u9r9 · =r . The diversity of possible balances and of our
results indicates that Gz is unlikely to be easily param-
eterized.

An alternative to parameterizing Gz is to find a way
to make it small by forcing S(u, r) to be nearly com-
pletely advective. We considered this alternative by
seeking the optimal advective velocity required tou*opt

minimize the diabatic component of (7) represented by
Gz. This was done by finding the nondivergent thatu*opt

provided the least square error solution to · =r 5u*opt

S(u, r) and had no flow through the boundaries. The
corresponding streamfunctions are shown in Figs.c*opt

6c and 7c. In neither case is aligned with isopycnals.c*opt

For the Eady model, where Gz is smaller than the other
advective terms at all depths, shown in Fig. 6c close-c*opt

ly resembles c* from the Andrews and McIntyre (1976)
separation (8) and (9) shown in Fig. 6b. The wind-forced
case shows less apparent correlation between the inc*opt

Fig. 7c and c* in Fig. 7b.
The results of these model analyses indicate that me-

soscale eddies are a major factor controlling the large-
scale density field. Not only are the adiabatic effects
defined by u* · =r important, but the diabatic influence
of Gz also matters. Thus, parameterizing both will be
an important aspect of building a reliable time-evolving
climate model. Since many existing subgrid-scale pa-
rameterizations (e.g., GM90; Visbeck et al. 1997) have
been developed using the assumption that the cross-
isopycnal advection represented by Gz is zero, the find-
ings of this study suggest that further thought about
basic parameterization requirements may be necessary
in order to design models that evolve correctly in time.

5. Seeking an optimal subgrid-scale
parameterization

The preceding section showed the significant influ-
ence of mesoscale processes on large-scale flow in both
the baroclinically unsteady Eady problem and a wind-
forced channel. In this section, we examine whether any
commonly used subgrid-scale parameterizations can ad-
equately represent the eddy-flux terms from the meso-
scale models introduced in section 3. A perfect param-
eterization would allow the time evolution of coarse-
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FIG. 9. Wind-forced model density balance (in kg m23 s21 3 105)
zonally and time-averaged from model output at quarter-day intervals
from day 3000 to 7000 for (a) level 4, (b) level 8, and (c) level 12.
Terms of (7) are shown as in Fig. 8. Also included is the net influence
of convective adjustment.

FIG. 10. Eady model density variance evolution as in (11) (in
kg 2 m26 s21 3 10) averaged zonally and temporally for 15 model
realizations from model snapshots at 5-day intervals from day 110
to 135 for (a) level 2 and (b) level 5. Terms represented are from
(11) and show r y9r9 1 w9r9r z (black solid line); the eddy tripley

correlation term (y9/2)]r92/]y 1 (w9/2)]r92/]z (black dotted line);
advection of density variance by the mean flow (y /2)]r92 /]y 1 (w /
2)]r92 /]z (gray solid line); and the time evolution of density variance
]r92 /]t (gray dotted line). Friction and convective adjustment are
negligible.

resolution model prognostic variables to track precisely
the spatially filtered variables (u , r) of a high-resolution
model. A more modest goal is that the low-frequency
part of a low-resolution model match the low-frequency,
spatially filtered high-resolution model.

a. Diffusive parameterizations

One of the simplest subgrid-scale parameterizations
is eddy diffusion, in which

2] r
22u9 · =r9 5 K ¹ r 1 KH H y 2]z

5 horizontal 1 vertical diffusion, (12)

where is the horizontal Laplacian operator and KH
2¹H

and Ky are constant horizontal and vertical eddy dif-
fusion coefficients. Note the distinction between k,
which represents the diffusion coefficients set in the
numerical models, and K, which represents the coeffi-
cient best estimated to represent the eddy flux as a dif-
fusive process. In analogy with molecular diffusion, KH

and Ky should be positive. If they are not, diffusion
creates local maxima, a process that is incompatible with
the original physics.

Does (12) adequately represent the influence of me-
soscale eddies? The time-averaged eddy-flux divergence
terms on the left side of (12) are shown in Figs. 12a
and 13a. For the Eady case, the horizontal Laplacian of
the density fields in Fig. 12b is of opposite sign and has
a slightly different spatial structure from the eddy-flux
divergence terms. Similarly, in Fig. 13b, horizontal dif-
fusion captures some of the large-scale structure of the
time-averaged eddy fluxes. The vertical second deriv-
atives of the density field in Figs. 12c and 13c are not
closely related to the eddy-flux divergences.

For a quantitative comparison, we use a least squares
fitting technique (see the appendix) to estimate optimal
values of KH and Ky . The effectiveness of the fit will
be judged using the skill index Z, the percentage of the
mean-squared eddy-flux divergence terms explained by
the fit.

In addition to the diffusive parameterization in (12),
we also consider a variety of other common parame-
terizations. Diffusion is often assumed to occur pre-
dominantly along isopycnals. Since density is constant
along isopycnals, the isopycnal component of diffusion
is zero, and (12) can be rewritten in terms of diapycnal
diffusion:

2] r
2u9 · =r9 5 K 5 diapycnal diffusion, (13)d 2]h

where h is perpendicular to isopycnal surfaces and Kd

is the diapycnal diffusion coefficient.
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FIG. 11. Wind-forced model density variance (in kg2 m26 s21) zon-
ally and time-averaged at quarter-day intervals from day 3000 to 7000
for (a) level 4, (b) level 8, and (c) level 12, which has been scaled
up by 103. Terms represented are based on (11) as in Fig. 10, but
convective adjustment (gray dashed line) is also included.

FIG. 12. Eddy flux divergences, diffusion terms (12), and GM90
parameterization (18) for the Eady instability case, averaged over 15
realizations and time-averaged from samples taken every 5 days from
day 110 to day 135. Panels show (a) the eddy-flux divergence term
2u9 · =r9 with contour interval 2.6 3 1028 kg m23 s21, (b) the hor-
izontal eddy diffusion r with contour interval 3.7 3 10212 kg m25,2¹H

(c) the vertical eddy diffusion ]2r /]z2 with contour interval 1.9 3
1028 in kg m25, and (d) 2u* · =r /KI using the GM90 parameterization
of u*, with contour interval 3.7 3 10212 kg m25. Gray regions indicate
negative values, and boundary values for the diffusion terms are not
shown.

As an alternative to the constant vertical diffusion in
(12), some numerical models have used a Richardson-
number-dependent vertically varying value of Ky de-
signed to respond to varying background stratification.
As a proxy for that, we will also allow Ky to vary as a
function of depth z:

] ]r
22u9 · =r9 5 K ¹ r 1 K (z)H H y[ ]]z ]z

5 horizontal 1 varying vertical diffusion.

(14)

In analogy with (13), we also consider a depth-varying
diapycnal diffusion in which Kd varies with depth:

] ]r
2u9 · =r9 5 K (z)d[ ]]h ]h

5 vertically varying diapycnal diffusion.

(15)

In place of diffusion, some investigators have con-
fined eddy effects to higher wavenumbers by using bi-
harmonic diffusion:

2] r
42u9 · =r9 5 A ¹ r 1 KH H y 2]z

5 biharmonic 1 vertical diffusion (16)

(e.g., Semtner 1986). We fit for AH, the biharmonic dif-
fusion coefficient, which should be negative for nu-
merically stable downgradient diffusion, and Ky , the
vertical diffusion coefficient.

Finally, we test the quasi-adiabatic GM90 parame-
terization in which the eddy-induced transport velocity
u* represented in (8) is parameterized directly:

u9 · =r9 5 u* · =r 5 GM90 parameterization (17)GM

with

rr ¹ryxu* 5 K , K , 2= · K , (18)GM I I H I1 2 1 2 1 2[ ]r r rz z zz z
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FIG. 13. Terms in (12) and (18) for the wind-forced model, time-
averaged from samples taken every quarter-day from day 3000 to
day 7000. As in Fig. 12, results show (a) 2u9 · =r9 with contour
interval 5.0 3 1027 kg m23 s21, (b) r with contour interval 1.4 32¹H

1029 kg m25, (c) ]2r /]z2 with contour interval 7.1 3 1025 kg m25,
and (d) 2u* · =r /KI using the GM90 parameterization of u* with
contour interval 1.4 3 1029 kg m25.

where KI has the units of a diffusion coefficient. As in
(8), is by definition nondivergent. Danabasoglu etu*GM

al. (1994) and McWilliams and Gent (1994) have im-
plemented this parameterization to show substantial im-
provements in the ability of coarse-resolution models
to simulate large-scale aspects of the general circulation.

Estimates of the meridional streamfunction 5c*GM

2KIr y/r z corresponding to are shown in Figs. 6du*GM

and 7d. Like the other streamfunctions shown in Figs.
6 and 7, the GM90 streamfunction is not directed along
isopycnals. In addition, in neither case is there a close
spatial similarity between and either c*, the zonalc*GM

average of the eddy-induced transport streamfunction
from (8) (Figs. 6b and 7b), or , the streamfunctionc*opt

that most nearly describes u9 · =r9 (Figs. 6c and 7c), in-
dicating that the parameterization does not capture the
full advective processes.

The GM90 parameterization for the advective terms
· =r /KI is shown in Figs. 12d and 13d. In the Eadyu*GM

instability case, there is a close resemblance between

the spatial structures of the GM90 parameterization
terms (Fig. 12d) and of the horizontal diffusion terms
(Fig. 12b). This is not surprising since the GM90 pa-
rameterization and horizontal diffusion are indistin-
guishable to leading order in Rossby number when stan-
dard quasigeostrophic scalings are applied. In the wind-
forced case (Figs. 13b, d), the fields do not resemble
each other as closely but show the same large-scale
features.

In addition to the GM90 parameterization, we have
also considered a variation proposed by Visbeck et al.
(1997) that draws on ideas outlined by Green (1970)
and Stone (1972) to predict the spatial structure of KI.
For a zonally averaged scenario, they suggest

|r |y 2K 5 a Nl , (19)I r z

where a is constant and l is a characteristic length scale
over which particles are transferred. In regions of small
growth rate, l is determined by the Rossby radius; where
the growth rate is larger, l increases to approach the
width of the high-growth rate region.

We evaluate the success of these parameterizations at
representing the zonal and time-averaged eddy-flux di-
vergences in section 5b. In section 5c we assess the
effectiveness of the parameterizations at representing
the model output when less averaging is allowed.

b. Parameterization results

For each of the parameterizations, we sought coef-
ficients K, A, or a that minimized the least square error
in Eqs. (12)–(17) for time-averaged and zonally aver-
aged fields. For the Eady case, presented in Table 2,
time snapshots spaced at 5-day intervals from day 110
to 135 were averaged, and fits were calculated for each
of 15 model realizations. Table 3 shows least squares
fits of the various parameterizations of u9 · =r9 sampled
at quarter-day intervals and time-averaged over 4000
days for the wind-forced case.

For the Eady instability, the fraction Z of mean-
squared u9 · =r9 explained by the least squares fit ap-
proaches 60%, its largest value, for horizontal diffusion,
GM90, and the Visbeck et al. (1997) parameterization.
However, as we might have anticipated from Fig. 12,
all three of these parameterizations produce diffusion
coefficients of the wrong sign. Negative coefficients K
and a imply that eddies tend to concentrate tracer dis-
tributions into narrower regions. In a practical model
implementation, using diffusion coefficients to achieve
upgradient density transfers is unstable and will lead to
unphysical model behavior. Thus, if we constrain our-
selves to stable positive values of K, for Eady’s pro-
totypical example of baroclinic instability, the instan-
taneous effects of eddies are diametrically different from
both horizontal diffusion and from the GM90 parame-
terization, which was designed to represent instability.
For the other Eady examples, Z is less than 1%, indi-
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TABLE 2. Eady model fits for K, A, and a calculated for time-averaged model output sampled at 5-day intervals from day 110 to 135.
Mean coefficients and uncertainties are based on 15 model runs. Values of K and A are in MKS units. The quantity Z and its standard
deviation, here expressed as percentages, represent the fraction of the mean-squared flux divergence, (u9 · =r9 )2 explained by the parame-
terization (see appendix). Vertically varying cases are not included for the Eady model, since the small derivatives of the vertical density
shear make the calculations unreliable.

Case Coefficient Mean beat fit Uncertainty Z

Horizontal 1 vertical diffusion KH 25.5 3 103 5.9 3 101 57% 6 2%
Ky 6.1 3 1022 2.0 3 1023

Diapycnal diffusion Kd 2.6 3 1021 7.7 3 1023 0.8% 6 0.1%
Biharmonic 1 vertical diffusion AH 21.8 3 10216 7.7 3 10218 0.8% 6 0.1%

Ky 2.6 3 1021 7.7 3 1023

GM90 KI 25.5 3 103 5.9 3 101 57% 6 2%
Visbeck et al. a 28.2 3 104 7.7 3 102 57% 6 2%

TABLE 3. Wind-forced channel model fits for K, A, and a calculated by averaging over days 3000 to 7000 in the model run. Means and
uncertainties are based on averages over eight blocks of 500 days that were treated as uncorrelated parameter estimates.

Case Coefficient Mean best fit Uncertainty Z

Horizontal 1 vertical diffusion KH 1.0 3 102 1.1 3 101 10% 6 2%
Ky 3.9 3 1023 7.4 3 1024

Diapycnal diffusion Kd 5.4 3 1023 7.1 3 1024 1.8% 6 1.1%
Horizontal 1 varying vertical diffusion KH 9.8 3 101 9.9 3 100 14.3% 6 1.6%

^Ky (z)& 2.0 3 1021 3.9 3 1022

Vertically varying diapycnal diffusion ^Kd (z)& 1.2 3 1022 3.5 3 1024 6.2% 6 2.1%
Biharmoic 1 vertical diffusion AH 4.5 3 10217 1.6 3 10217 1.8% 6 1.1%

Ky 5.4 3 1023 7.1 3 1024

GM90 KI 1.4 3 102 3.5 3 100 43% 6 5%
Visbeck et al. a 3.0 3 103 1.4 3 102 43% 6 5%

cating that the least squares fits capture a negligibly
small fraction of the eddy-flux divergence. The failure
of the parameterizations to represent the average Eady
instability is not surprising. Because the Eady instability
has only a single growing mode, all eddies transfer den-
sity in the same direction, and an ensemble of eddies
will not balance each other out to provide a net diffusive
flux.

In the wind-forced time-averaged case, the most suc-
cessful of the parameterizations shown in Table 3 are
the quasi-adiabatic parameterizations based on GM90
and Visbeck et al. (1997). Both of these capture 43%
6 5% of the spatial variance in u9 · =r9 , substantially
more than would be represented using horizontal and
vertical diffusion or any of the other parameterizations.
Not surprisingly, given the similarities between hori-
zontal diffusion and the GM90 parameterizations, the
coefficients KI and KH are nearly the same within error
bars, and the increased skill in the GM90 case apparently
comes from the improved relationship it allows between
horizontal and vertical diffusion. These findings are con-
sistent with those of Visbeck et al. (1997), who also
found that horizontal diffusion was less successful than
the GM90 parameterization or any of its variations.

Although one might hope to find universally valid
diffusion coefficients, the best fits for the Eady insta-
bility and wind-forced cases differ by several orders of
magnitude. As shown in both Tables 2 and 3, those
parameters that are effective in describing the flux di-
vergence are reasonably well determined. Uncertainty

in the Eady case is particularly small because the grow-
ing instability is essentially deterministic in form, if not
phase. Nonetheless, for the Eady problem, the fitted
coefficients are not universal parameters: changing the
background stratification by 30% results in substantially
different coefficients.

Even for long time averages, the parameterizations
are unable to capture the entire eddy-flux divergence.
Although Gz is large in the upper ocean, below 300 m
over 90% of the time-mean u9 · =r9 is explained by
u* · =r , with u* computed based on (8). In contrast, in
the same depth range · =r can explain only aboutu*GM

40% of the time-mean u9 · =r9 . Thus, the parameterized
appears to model u* incompletely, and this mayu*GM

explain why Z is as small as 40%.

c. Parameterizing time-varying phenomena

Subgrid-scale parameterizations are intended primar-
ily to represent the spatially and temporally averaged
effects of mesoscale eddies. An ideal parameterization
would accurately duplicate the effects of eddies over
small spatial and temporal scales. We now examine how
well the parameterizations discussed above apply to
shorter timescales. The Eady problem represents an evo-
lution far from equilibrium, and averaging flux poten-
tials over shorter intervals does not change the results.
However, without changing the zonal averaging of the
wind-forced case, we can vary the degree of temporal
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FIG. 14. The skill index Z as a function of averaging time, for days
3000 to 5000 of the wind-forced run for (gray line) horizontal and
vertical diffusion, (dotted line) biharmonic diffusion, (solid line)
GM90 parameterization, and (dashed line) Visbeck et al. (1997). Error
bars represent standard deviations of Z divided by the square-root of
the number of samples. Error bars for the Visbeck et al. case are
approximately the same as GM90 error bars and are not shown.

averaging to see how the success of the parameteriza-
tions changes.

Figure 14 shows Z as a function of averaging time
for horizontal diffusion, biharmonic diffusion, the
GM90 parameterization, and the Visbeck et al. param-
eterization for the wind-forced case. Regardless of the
parameterization selected, Z is small for short averaging
times and asymptotes to its maximum value at long
averaging times, with an e-folding scale of about 100
days. Over the shorter time periods indicated in Fig. 14,
the density field undergoes greater variability, and eddy-
flux divergences are less well represented by the pa-
rameterizations.

Ultimately the success of subgrid-scale parameteri-
zations depends on the timescales of the processes stud-
ied. For this model, the frequency spectrum of density
is red for time periods shorter than 200 days and then
levels off. Apparently the parameterizations are most
successful when applied to fields that have been aver-
aged over time periods that are long compared with the
decorrelation time of the detailed field. This suggests
that parameterization of cases like the Eady problem
may be effectively impossible because the average state
evolves significantly over the the minimum averaging
time required for parameterizations to be effective. For
a system that has an inherently red frequency spectrum,
without a low-frequency cutoff the minimum averaging
time required for parameterizations to be effective may
be too long to be useful.

For these model runs, parameterizations appear con-
sistently better able to represent low-frequency effects
than high-frequency fluctuations. Similarly in a different
idealized model, Lee et al. (1997) found that only after
many years of model integration did tracer distributions
appear to be controlled by the eddy-induced advective
velocity u*, which the GM90 parameterization is de-

signed to represent. In a more realistic high-resolution
North Atlantic model, Rix and Willebrand (1996)
binned upper-ocean data into 48 boxes and temporally
averaged over 19 years in order to obtain accurate sta-
tistical moments, but they did not consider the temporal
evolution of their model. Their equivalent to Z, the
squared correlation coefficient between and u*u*GM

computed based on the eddy thickness flux, was between
38% and 52%, about the same as Z for the GM90 pa-
rameterization in Table 3.

A number of variations to the GM90 parameterization
have been suggested but were not considered here. In
these least squares fits, we avoided the domain bound-
aries where the second derivatives required for diffusion
are ill-defined. However, Treguier et al. (1997) treated
the eddy-flux divergence as diffusion of potential vor-
ticity in the ocean interior and as diffusion of buoyancy
at the boundaries; their analysis of the energetics and
boundary requirements suggested constraints on the
horizontal and vertical structure of the diffusivity. Kill-
worth (1997) has also considered top and bottom bound-
ary conditions along with the b effect, but in the sim-
plified boundaryless f -plane examples used here, his
parameterization is the same as the GM90 parameteri-
zation. Gent and McWilliams (1996) have argued that
climate models would produce better results if the eddy-
induced transport velocity u* were also included in the
momentum equations, but exploration of this effect is
beyond the scope of the current study.

The results shown here do not offer definitive evalu-
ations of eddy parameterizations for all possible situa-
tions. We have not included topography and the related
physical process of form stress, which would alter the
impact of mesoscale eddies and the corresponding eddy
parameterizations. In addition, one might expect the dy-
namics of closed basins with clear continental boundaries
to be somewhat different from the conceptually simple
channel models examined in this paper. Finally, passive
tracers, such as oxygen or nutrients, might show different
types of eddy–mean flow interactions than the dynami-
cally active density examined in this study and might
have different parameterizations. What these results do
show is that common parameterizations do not capture
the instantaneous character of unstable eddies even when
extensive zonal averaging is applied, but parameteriza-
tions that conserve the volume of water between iso-
pycnal pairs, as suggested by GM90 or Visbeck et al.
(1997), can sometimes credibly represent a portion of the
time-averaged eddy-flux divergence.

6. Summary

Numerical models of slowly evolving climatic pro-
cesses are typically run at coarse resolution and rely on
parameterizations to represent the effects of mesoscale
eddies. In this study two time-evolving model cases
have been run in a zonal channel with sufficient reso-
lution to examine the influence of mesoscale effects on
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the larger scale. The first case, an Eady model, is un-
stable; the second, a wind-forced channel, evolves to a
statistically steady state. The zonal average of the model
variables was used to represent the coarse-resolution
mean field, and the deviations from the zonal average
were used to examine the influence of eddies on the
mean density field. We specifically examined whether
these eddy advective terms are adiabatic in the zonal
mean (so that they conserve mean density) and whether
they can be represented by any common eddy param-
eterizations.

The results show that eddy density fluxes dominate
the zonal-mean density flux. Most eddy density advec-
tion neither creates nor destroys zonal-mean density.
However a portion of the advection, Gz, is determined
by the local deviations of the density field from the
zonal-mean isopycnals, and at coarse resolution it ap-
pears diabatic. Thus, a reliable parameterization of sub-
grid-scale processes must account for the high-resolu-
tion eddy processes represented by Gz. As suggested by
Tandon and Garrett (1996) these processes might in-
clude eddy diffusion over short length scales as well as
interactions of small-scale features with the large-scale
field. Although Gz can be determined from the variance
budget, in the examples that we have considered, there
is no simple dominant balance in the variance budget
that might allow us to predict Gz.

Efforts to represent the eddy-flux processes using a
number of common eddy parameterizations indicated
that for averages over time periods long enough to filter
out the most energetic fluctuations, the GM90 and Vis-
beck et al. (1997) parameterizations have skill indices
of about 40%, in comparison with the 10% skill index
of simple horizontal and vertical diffusion. Thus, for
the modeling scenarios examined here, the quasi-adia-
batic formulation suggested by GM90 is not perfect, but
it represents an improvement over more traditional sub-
grid-scale parameterizations, for steady-state long-term
model runs that do not depend on time-varying pro-
cesses to represent any critical portion of their physics.
In contrast, even with optimally selected diffusion co-
efficients, no parameterization reliably captures instan-
taneous or short time period eddy-induced processes.
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APPENDIX

Fitting Diffusion Coefficients

In order to evaluate parameterizations like (12), spa-
tially invariant coefficients KH and Ky are determined
by fitting the parameterizations to the zonally averaged

eddy-flux terms u9 · =r9 . For the vertical–horizontal
diffusion model (12) this leads to finding a least square
misfit solution to

2] r 
2¹ r H 2 K u9 · =r9H]z AK 5 5 5 b, (A1)  1 2[ ]K _y_ _ 

where the elements of the matrix A are the horizontal
and vertical Laplacians of r at all interior points in the
model’s zonally averaged y–z plane, and b contains the
zonally averaged eddy-flux terms at the same y–z points.
Only interior points are used because boundary values
can dominate the least squares fit without being rep-
resentative of domain-wide conditions. This is partic-
ularly true for the GM90 parameterization (Gent et al.
1995). Here A is column-weighted so that horizontal
and vertical second derivatives of r have comparable
influence on the solution.

A statistical measure of the results is the fraction of
u9 · =r9 explained, Z, which is closely related to the
correlation of the eddy-flux terms to the model terms
in A:

Z 5 fraction squared flux explained

2M

Y 2 K XO i i 21 2i51 ˜ ˜YY YY
5 1 2 5 5 , (A2)

2 2 2 2˜Y Y Y Y

where Y represents the observed eddy-flux terms
u9 · =r9 , Xi are columns of A fit to Y with coefficients
Ki, and Ỹ is the total functional fit. (If Y and Ỹ had zero
mean, Z would be the correlation coefficient between Y
and Ỹ.) For comparison, if Y and Xi were statistically
independent variables with zero mean and normal dis-
tribution, then the mean of Z would be M/N, where M
is the number of parameters used in the fit (here 2) and
N is the number of independent samples over which the
fit is tested (here 780). Our data are correlated in time
and space so estimating the effective value of N is dif-
ficult. In practice, the samples are not independent, and
we expect Z to be greater than M/N.

To estimate the uncertainty in coefficients, we assume
that the independently initialized Eady runs are statis-
tically independent and that averages over 500-day seg-
ments of the wind-forced run are effectively indepen-
dent. Thus, we can estimate the uncertainty of the av-
erage values from the variability. Standard error de-
creases as 1/ P where P is the number of assumedÏ
independent samples included in the average.
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