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Figure 1: “Sinusoidal” variability sampled at the Nyquist frequency (Heoycle/2 seconds), and half the
Nyquist frequency (1 cycle/4 seconds).

Spectral Aliasing

Suppose that every day at noon you go outside and measure solatiorsokstter a year or so, you
could plot a time series that would show the increase in solar insolation in sunmeheiearease in winter.
But since you made your measurements at noon, the mean solar insolatilshb&ayuite a bit larger than
the true mean. You would have “aliased” the diurnal cycle into the time-aveéragan. In this case, it would
be easy to remedy the problem by measuring a few times a day. But if the raegsus have already been
collected and archived, you might not be able to eliminate aliasing after the fac

Aliasing would not be a concern if we could measure continuously. Intipealthough we can mea-
sure frequently, we always have discrete measurements rather thiamuools measurements. The Nyquist
frequency is the highest resolved frequency and is equivalent toyae every two data points. Anything
that occurs at a frequency faster than that will be aliased.

Let’s look at an example. Imagine that you make measurements at 1 Hz (1 gaeniglecond). The
Nyquist frequency will be 1 cycle per 2 seconds (but of course yoo'tndo a great job sampling at this
frequency). Figure 1 shows that although variations at the Nyquistié&ecy (1 cycle/2 seconds) and half the
Nyquist frequency (1 cycle/4 seconds) don't look very sinusoida tre clearly distinguishable. Now what
happens when the frequency of the variability exceeds the Nyquistdrery. Dashed lines in Figure 2 show
sinusoidal variations corresponding to 1 cycle/3 seconds (blue) apdid/t.5 seconds (green). Although
the curves are distinct, when they are sampled at 1 Hz (solid lines), thexactdy the same. In this case,
the variability above the Nyquist frequency is aliased into a frequencybisle Nyquist frequency that is
able to resolve it.

You can test other cases using Matlab. For example, 1 cycle/1.25 sesagmisvalent to 4 cycles/5
seconds, and it will alias into 1 cycle/5 seconds. Similarly, 1 cycle/1.1 sedemdjuivalent to 10 cycles/11
seconds and will alias into 1 cycle per 11 seconds. There’s a simple rulietermining alias frequencies.
Take the frequency of the true signal minus the Nyquist frequency,sabttact that from the Nyquist
frequency. In other wordg) f = 10 cycles/11 seconds minus 5.5 cycles/11 seconds = 4.5 cycles/1tisecon
Then the aliased frequency is the Nyquist frequency milaiis= 5.5 cycles/11 seconds minus 4.5 cycles/11
seconds = 1 cycle/ 11 seconds. Similarly, it's easy to determine that 11si@lseconds aliases into 9
cycles/20 seconds.

In other words, if you plot spectra against a linear x-axis in frequgmigf frequency variability simply
folds back around the Nyquist frequency. This is a good point to remerAlibough we often plot spectra
on log-log axes, a log-linear axis can be helpful for tracking down tigerer of aliased energy.

When spectra are red, you can often assume that spectral enemggshatantially higher in the well-
sampled frequency range below the Nyquist frequency than they ake @gbe Nyquist frequency. But if
spectra are white, then noise that occurs at frequencies above thésNfrgquency can be expected to
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Figure 2: Sinusoidal variability at 1 cycle/3 seconds and 1 cycle/1.5 dedonks the same when sampled
at 1 sample per second.

alias into resolved frequencies. That gives you a good rule of thumpeifts are white, then you should
probably assume that you're looking at noise or aliased signals.

Finally, let’s look at a very real world example. The TOPEX/Poseidonfdattometers pass over the
same ground tracks every 9.9156 days. Sea surface height is stiafhgiyced by the M2 tide, which has a
period of 12.4206 hours. What frequency does 12.4206 hours at@? In this case, the altimeter Nyquist
frequency is nowhere near the tidal frequency, and the aliased $adalback and forth along the x-axis
several times. To compute this, we first need to compute frequencies in coomiten

f _sanpling=1/(9.9156); % cycles per day

f_Mp=24/12. 4206; % cycl es per day

f _Nyqui st=f_sanpling/ 2;

M=f | oor (f_MR/f_Nyquist) % conpute the integer ratio of the two frequencies.
% I n exanpl es above, this was one.

alias = f_M2 - floor(f_M/f_Nyquist)x*f_Nyquist;

1/ alias

% Note: if Mis odd then reset
if(rem(M2)!=0) alias=f_Nyquist-alias; end

This calculation shows that/ is 38 and the tidal energy aliases into a 62.1068 day period. Note thatdf
odd, you have to do the calculation slightly differently. As an exercise,caoucheck what happens if you
round of the numbers and use 9.9 for the altimeter sampling frequency ahtbt ghe tidal cycle.



