
The intrinsic dispersion relation is ω̄(k) and the intrinsic group velocity is ω̄kk̂kk.

r̈rr = ∇∇∇
(

1
2
|uuu|2

)

+ ζẑzz × ṙrr + β̇ (ṙrr −uuu) , (11)

where

β(k)
def
= ln

(

ω̄k

k

)

. (12)

Equation (??) is the wave analog of aaa = m−1fff . It is amusing that 1
2
|uuu|2 appears as a

potential energy.
Our goal was to eliminate the wavenumber kkk and write everything in terms of rrr and

time derivatives of rrr . In (??) we came close, but did not succeed: |kkk| still appears in the
terms involving dβ/dt. This is only a matter of determination — after some suffering
we can express dβ/dt in terms of rrr etc if.

Intrinsic coordinates

Now consider the ray using intrinsic coordinates, rrr(s), with s the arclength along the
ray. Then

ṙrr = ṡτ̂ττ (13)

where τ̂ττ is the unit tangent to the ray and the speed is

ṡ
def
= |ṙrr | =

√

|uuu|2 + 2ω̄kuuu ··· k̂kk+ ω̄
2
k . (14) accel5

We can represent the tangent as

τ̂ττ = cosα x̂xx + sinα ŷyy , (15)

where α(s) is the “heading”.
The acceleration is then

r̈rr = s̈τ̂ττ + χṡ2n̂nn , (16) accel7

where

n̂nn
def
= ẑzz × τ̂ττ , and χ

def
=

dα

ds
(17)

are the normal and curvature.

χṡ2 = ζ ṡ + n̂nn ···∇∇∇
(

1
2|uuu|

2
)

− β̇ n̂nn ···uuu . (18) curve1

The final two terms on the right of (??) are second order in uuu, and also ṡ = ω̄k +O(uuu).
Thus we obtain Dysthe’s formula for the ray curvature

χ =
ζ

ω̄k
+O

(

uuu

ω̄k

)2

, (19) curve2

where we’ve used

ṡ = ω̄k +O

(

uuu

ω̄k

)

. (20)
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