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Outline 



Source: Invitation to oceanography, by Paul R. Pinet. 

Ø  Gerstner waves: 

Ø  Stokes waves: 

Particle Motions 



Ø  For shallow-water waves: 

Ø  For deep-water waves: 

Source: http://en.wikipedia.org/wiki/Stokes_drift. 

Particle Motions 



 

uL ≡ !x,

= ε 2u2 + ε
2ce2kz .

�  Particle displacement in the wave field:  

     (periodic, infinite plane wave) 

�  The Lagrangian mean velocity is: 

 

 

 

!x = εccos(kx −ωt)ekz+ ε 2u2 (x, z,t)+",
!z = εcsin(kx −ωt)ekz+ ε 2w2 (x, z,t)+".

c ≡ ω
k
,

ε ≡ ak.

Particle Motions 



US = a
2ωk exp(2kz)

US = 0.0186(gLW10
−2 )0.03W10

(1) Single wave (Stokes, 1847) 

(2) Wave field (Jenkins, 1989) 

(3) Parameterization by wind speed (Wu, 1983) 

US(x,t) = 4 p fke2kc∫∫ E( f ,q)dfdq

Stokes Drift 



Laboratory Observations  

Source: Monismith et al. (2007). 



u(x,t) = u(x0,t)+ Δx ⋅∇u(x0,t) ,

Δx = u(x0,t)
t0

t

∫ dt  ,

Ø  For a particle oscillating in the  
neighborhood of  its original position,  

Ø  Taking the mean value over x and t, 

Ø  The Stokes velocity is defined as 
Mass 

transport 
velocity 

Stokes 
velocity 

Longuet-Higgins, 1969 

u(x,t) = u0 (x,t)+ u0 (x,t)dt∫ ⋅∇u(x0,t) ,

U = u+ udt∫ ⋅∇u ,

Us = udt∫ ⋅∇u .

(periodic, infinite plane wave) 



Ø  “The mass transport past any fixed point does not depend solely on the 
mean velocity measured at that point.”  

Ø  “In determining the origin of water masses, it is the Lagrangian mean 
which is most relevant.” 

 

•  Particle velocities are calculated from the governing equations, 

•  Total Stokes transport are calculated from definitions.  

Longuet-Higgins, 1969 

Du
Dt

+ f × u = −g∇ζ ,    ∇⋅(hu) = − ∂ζ
∂t

.

Us = udt∫ ⋅∇u ,   M (0) = uζ = u wdt∫ = Us
−h

0

∫ dz.



M (z0 ) = (uζ )z0
= Us

−h

z0

∫ dz,    Us =
dM
dz0

= ∂
∂z

(uζ )z0
 .

The total mass flux below the 
surface is due to Stokes drift: 
(only if  Eulerian = 0) 
 



Ø  He found that:  M = − gσ k
f 2 −σ 2 ζ 2

−∞

∞

∫ dy  < 0.

Ø  The total Stokes flux could be opposite to the direction of  wave propagation.  
Ø  “They (the Lagrangian and the Eulerian mean velocity) may easily be in opposite 

direction, perhaps leading to false conclusion as to the origins of water masses.” 

(σ 2 < f 2 )



Ursell and Deacon, 1950 

-z 

x 

f

y 

 

C = u ⋅dl!∫ = ∇×
A
"∫∫ u ⋅ n̂dA,

d
dt

(∇×
A
"∫∫ u+ f ) ⋅ n̂dA = 0,

C + fA = const.

A 

Ø  There is no transport along the crests. 
Ø  There is NO transport in the direction of  propagation.  

Ø  Circulation: 

 

Ø  Kelvin’s Theorem: 



Another proof  that 

f ≠ 0  ⇒   u +Us = 0.

We assume an infinite plane wave e.g. the Stokes wave.  



The Anti-Stokes Flow 
Ø  Governing equations (no y gradient, incompressible, steady): 

ut + uux +wuz − fv = − px ,
vt + uvx +wvz + fu = 0,
wt + uwx +wwz = − pz ,

ux +wz = 0.
(1) if  there is no rotation,  (2) if  there is rotation, 

f = 0,

wu = 0,    v = 0

∴u = 0.

u = −
(wv)z
f
.

ut + (wu)z − f v = 0,

vt + (wv)z + f u = 0.
Taking the mean 

value over x:  

The Eulerian mean velocity 
is NOT zero.   

 

Lagrange = Stokes. 



Details of  the Algebra 
�  Linearized governing equations (with rotation): 

vt + fu = 0,
ξt = u,

ξx +ζ z = 0.

v = − fξ

u = − 1
f
(wv)z = (wξ )z ,

= (ζ tξ )z = −(ζξt )z
= −(ζu)z
= −Us.



Source: slides from W. Young’s talk.  



Source: slides from W. Young’s talk.  



Ø  Vertically integrated, no net transport induced by waves. 
Ø  But there still might be a net Lagrangian drift : 

No net  
Lagrangian drift 

 Lagrangian 
drift 

Stokes transport Transport of 
Stokes-Coriolis 

Stokes-Coriolis force (Hasselmann, 1970) 

Mean Current Stokes drift 

Case of a long swell Case of a wind sea 

+ vertical 
mixing 



1.  Surface drift due to the wind: 2 to 3% of  U10 (Huang, 1979). 
2.  Wave-induced Stokes drift at the surface: 1 to 3% of  U10 (Kenyon, 

1969). 
3.  Ekman currents at the surface strongly depend on the vertical 

mixing: 0.5 to 4% of  U10. 
4.  Affects the upper few tens meters.  

Which one dominates the surface drift ? 


