Oceanic wave-balanced surface fronts and filaments

by Jim McWilliams and Baylor Fox-Kemper
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Craik-Leibovich-Huang theory

predicts wave-averaged modifications to the Boussinesqg equations

U+ (f2 + @) x w+u)=-V@ + lu*) +b'z,
ob" +w+u,) Vb =0, V.u=0

“state O ‘state 1°

an exact steady solution:

. wave-modified balance?
ordinary waveless balance

f”U() = Pozx
> geostrophic what happens when
/o = poy we add waves?

po. = bp —— hydrostatic



Wave-averaged Boussinesg equations

o+ (f2+w) x (uw+u,)=—-V(@@ + %uz) +b'Z,
b+ w+u)-Vb'=0, V.u=0

def -
b= b —b,
. def _
define p=a -7 —u-u,
v VY def v VY
u’ §u+us.
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o7 FfZXu +Vp—bz—(V><u)><u + u; .

b, + u"-Vb+ wtN? =0




Traditional balance (state 0)

take u> =0 and u- = UO(SC, z)y

DEuk
Dt

FfExut+Vp—0b2=(Vxu’)xu"+u).

b, + u"-Vb+ wtN? =0




Traditional balance (state 0)

take u> =0 and Uu- = Uo(iﬁa z)y

a steady solution is Jvo = Pox and o> = by

K 1. geostrophic balance >
2. hydrostatic balance
Dla™ 3. balance

note that =0 for parallel flow

fZxu"+Vp—>12=

wN? =0
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Wave-modified balance (state 1)

D .
note that il =0 still
Dt
a new term.




Wave-modified balance (state 1)

the steady solution fui=p| and | p=0b—viv | |lll

[ 1. geostrophic balance S
2. not hydrostatic balance

LuL

note that =0 still

(V X 'u,S) x u” = —vdv, 2.




Wave-modified balance (state 1)

def + _ g
p = 7' — 77 — U .u)
: . fvl — Pix and P1z — bl — ?)S’Ul
compare with (2.6) using
_f(U + Uy ) — —8x:rc -+ vsaxva
N~ N——
SC SV
0,7t = b 4+ v,0,v
N——
SV (V X uS) x u” = —vdv, 2.




Ihe big question

how do we get from

f?]() — Pox
here o
Poz = 0o
fvl — Pix
to nere b o




Conservative adjustment

consider a transient adjustment for which

Dq DL
— =0 d — ()
Dt ’ o Dt
%
Let’s solve the adjustment problem for small déf f_L

with one little twist. ..



A special scaling
for oceanic wave-balanced flows

. _ 2 2 (?(U,b)
. v, b,
Ordinary QG (f , N2> ~ X




A special scaling
for oceanic wave-balanced flows

PV: q=fN2+N2%+sz+a(v’b)
d(x, 2)
Ordinary QG b L LN
y f ) N2 y fN2
v2b,
here, assume N> ¥4
Vs h V
€ — V h_ f—L ; € > 4%
@B = — N =~ = strong and shallow
fL def | defy  defy, drift fields




Potential vorticity

. O(v, b)
equation (2.5) ¢ = fN?+ N*v, + fb. A 5z 2
use v =ov"—1°
L
g=fN*> + NZL+fb, + 5b, + o=, b)
d(x, 2)
0(1) O(%) O(e %) O(%?)

if € > %, we should consider this term!
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FIGURE 1. (Colour online) Estimated ratio € /% ~ (|u, - u|h) /(|u|*h,) governing the relative
importance of Stokes effects versus nonlinearity. Eulerian velocity (u) 1s taken as the
AVISO weekly satellite geostrophic velocity or —u, (for anti-Stokes flow) if |u,| > |u|. The

if € > %, we should consider this term!




Conservative adjustment with particle displacements

X << 1 implies small displacements

‘ iy Q(ZE,Z) :qo(fUOaZO)
£(w,2) T+ 6L

qo(o, 20) bl (z,2) = b(‘;(xo, 20)
b(JS (20, 20) wave-balanced
waveless

waveless



Conservative adjustment with particle displacements

X << 1 implies small displacements

6](33,2’) — QO(CUO,ZO)

qo(o, 20) bl (z,2) = b(‘;(azo, 20)
b(T) (20, 20) wave-balanced
waveless

conservation of buoyancy
bg(x()v ZO) — bT(aja Z) T gbi: T Cbi(iE, Z) T

= b(x, 2) + by + (N? + O(%?)

1
. b=bo +(N"+O(F)  — | (=150b=b) O

(turn the page)



Conservative adjustment with particle displacements

X << 1 implies small displacements

Q(%Z) — QO(fUOaZO)

QO(ZCO?ZO) bT(CE,Z) = b(];(aﬁo,ZO)
bg (0, 20) wave-balanced
waveless 1
¢ = ﬁ(b —bo) | (1)
potential vorticity
qo(20; 20) = qo(T,2) + §Gox + Cqoz + -+
= [N? 4 0o + fbo- + ¢ (fN?), + O(%”)
2
Go(w0, 20) = fN? + v, + N (%) + fb(]]\:[g)z +O(%") (2)

(turn the page)



Conservative adjustment with particle displacements

X << 1 implies small displacements

Q(%Z) — QO(fUOaZO)

C]O(3307 ZO) bT(az, z) = b(];(ajo, 20)
bg (70, 20) wave-balanced
waveless 1
(= ﬁ(b —bo) | (1)
b N?),
qo(0, 20) = fN? + vo, + N? (%) Jrfb(]\m) +O(%*) (2)
b b, b
next, observe that Vs + (f_2 . U]zvz — v + (%)
q= fN?+ v, + fb, +v°b, + O(%?) N - _ - g ,
déf@ d:efQ(J




Section 4: constant N and small ¢
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propose
v = vy + eV’

b=by+ eb

. v;+<

next, use “imbalance” conditions to obtain elliptic equation

V300,
) = fUEUO:I:a: — <f;[20 )

v =paff
b=p. + vovy + Ofe)

simplified
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A way that was easier for me.

Exact _ 2 2 1 S o(v", b)
N—— N — — N——
O(1) O(Z%) O(%")
PV equation buoyancy equation
g +u-Vqg=0, by +u" Vb 4+ w"N? =0

PV and buoyancy combine in the same way as ordinary
QGPV, except there is an extra term in the PV. We get:

fb S, adjustment problem is posed by
low Rossby PV © k4 (ﬁ) X v;f; | equating initial and final PV:

S
imbalance fv — Pe Q== Ve (ﬁ) " N2
conditions h — D, + USUL /« 2

SOUTEe elliptic problem for b or p




Oceanic wave-balanced fronts

initial buoyancy initial velocity
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Oceanic wave-balanced fronts

initial buoyancy initial velocity
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Oceanic wave-balanced fronts

initial buoyancy initial velocity
Y —— -1
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Oceanic wave-balanced fronts

particle displacement

G — —.
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Oceanic wave-balanced fronts

velomty perturbatlon

(€) 0 e

particle dlsplaoement
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Oceanic wave-balanced fronts

buoyancy perturbation

cos[6] X

/

sin[0] AB'?z
~ — v

9
r r? r r?

far field b

wave-averaging effectively introduces an inhomogeneous
boundary condition into the elliptic problem.

fb, S fUSUOZ
/ z
xTx _|_ <N2 — fvz Voxx — N2




Oceanic wave-palanced filaments

iNnitial velocity
(b) 0 v N (b) 0
v gt Vo 3
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wave-averaging effectively introduces an inhomogeneous
boundary condition into the elliptic problem.
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Generalization

sia.

9,9.v0 + 2
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The importance of sanity
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Boccaletti, Ferrari, Fox-Kemp

Sanity”?!
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McWilllams and Kemper's conclusions

waves disturb hydrostatic balance

wave-averaged terms contribute to potential
vorticity balance

important for strong, shallow Stokes drift fields
effect of the waves resembles
Inhomogeneous boundary condition at
surface

weaker stratification implies deeper response

with a mixed layer, response is trapped

fur = pia

bl — D1z + f—lvgplx

. Y\ oSh,
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Greg’s questions

wave field forced by strongly intermittent
storms. r2p Fr 7o Fr 8o Fr 10p Fr 2a  Fr 4a Fr ‘?af

Is spatially uniform wave field realistic? ’ A T N

why isn't there a second paper

“Oceanic frontal- and filamental modulation of ‘
surface waves”?

Can we generalize to 3D?
“‘Wave-imbalanced” quasigeostrophic flow?

S
Q:ULJr(fb) —USJrvsz

McWilliams and Kemper mention several N? N?

times that adjustment radiates internal waves.

Does radiated energy come from waves or
balanced flow?
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(Generalization?

effect of the waves resembles inhomogeneous
boundary condition at surface

IS It possible to derive this effective boundary condition?

in 3D, the “strong, infinite wave” CL-QG theory generalizes to

where

imbalance conditions

definition of potential vorticity

U =Yy,
def 1 1, (b vb,  ulb, ol =
- x_“y+(zv2)z+N2_N2' .
S S




(Generalization?

effect of the waves resembles inhomogeneous
boundary condition at surface

IS It possible to derive this effective boundary condition?

in 3D, the “strong, infinite wave” CL-QG theory generalizes to

Qi+, Q)=0.

where

def

Q = A+ L + P, Lv° — ap,Lu® — w®

2 (20 + (S0)e — (50,)2) + 15 ((@52), — (653), )

S
U,
N2



Two branches in the solution

[;(Z) — L+ 2—|_ 2% (e\/ﬁz . e(l—l-)»)z) ,
(14+A) —2%

1+ 1425 Vo 2+ A (402
V2B((1 + 1)* —25B) (1412 —2%

V(7)) =



B Deriving the PV equation

When the Stokes drift field is u® = u°(z) & + v°(2) 9, the exact PV and buoyancy equations
are

(O +u"-V)g=0, (O +u"-V)b+w"N?=0. (96)
where
g N2+ N2+ fb. +03by —ulb, +&- Vb (97)
~~~ e e
O(1) 0(%) O(%2)

To leading-order in Rossby number, the momentum equations yield the “imbalance” condi-
tions,

for =p,, (98)
—fuL = Py, (99)
b=rp, +viv" —udut. (100)

The balance conditions imply the leading-order velocity has no divergence. Note also that
we can define a geostrophic streamfunction in terms of which the entire problem can be
formulated. At O(1) the buoyancy equation implies that w; = 0 (“g” for geostrophic). At
O(Z) we get

wy = (0, + u"- V) (101)

b

N2’
where we can move the N? around because w = 0.
therefore

The leading-order PV equation is

(8, +u"- V) (N*& + fb, + vJb, —ulby) +wy (fN?) =0. (102)

We can then use the buoyancy equation to eliminate wY. After dividing by N?, we have a
nice result:

Qe+ J(,Q) =0, (103)

with , 5 5
déva—u{;+<f—) g e By (104)

! N2 N2 N2’



Qe +J(¥,Q) =0, (103)

o b v3b,  ub
et UCIL,‘ — uIyJ + (%) -+ ;72 — ]’;Qy : (104)

with

We insert these balance conditions into the expression for q to yield an expression solely in
terms of . We get

q S S S
QY Ay + Ly + (f?vzb> + (flzbv;by) B (28)
S S
= A+ L+ (f?jvw - (ﬁfvﬂ -t
S
b (Foe + @30 — (50, 2
S
2 (Foe + (502), — (6594,
= AP+ L + 4 Lo® — g Lu® — w”
v S S u> (s S (30
b (2 S0)a = (50 ) + 15 ((050), — (1535),)



Wave-averaged quasigeostrophy

e b Vb,
(8t+uL-V)Q:O, where d:fvi‘Jr(%) | ]Z\ﬁ'

Initial waveless state @ €¢=——p Final wavy state

QO = Vop + (@) Q, = U%:I: + (&) | USblx |

N2 N2 N2
prescribed, with - unknown!
fUO — Pox | f?}% — Pizx

0 = 1
bo = Po- ﬂ M Q : Q b1 = D1 _|_f_1v,§p1:v-




Wave-averaged quasigeostrophy

e b Vb,
(8t+uL-V)Q:O, where d:fvi‘Jr(%) | ]Z\ﬁ'

Initial waveless state @ €¢=——p Final wavy state

QO = Vop + (@) Q, = U%:I: + (&) | USblx |

N2 N2 N2
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