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QG mean flow  ⇔   inertia gravity waves

based on the Lagrangian        L = LQG ψ ,α,β[ ] + LIG ξ,η,B[ ] + LC ψ ,ξ,η[ ]
where:
LQG  =  Lagrangian for QG motion in the absence of IG waves
LIG   =  Lagrangian for IG waves in the absence of QG flow
LC    = coupling between QG and IG

Plan of the talk:
1.  Explain this result.
2.  Describe its genesis.
3.  List the steps in between.

Full details: Salmon, JFM 2014;  and Salmon, submitted (my website).



Lagrangian for QG flow

LQG = dx∫∫∫ dz dt 1
2
∇ψ ⋅∇ψ +

1
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ψ z

2 −αβt +ψ J α,β( )⎛
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⎞
⎠⎟
, J α,β( ) ≡ ∂ α,β( )

∂ x, y( )
δα : βt + J ψ ,β( ) = 0
δβ : α t + J ψ ,α( ) = 0

δψ : ∇2ψ +
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∂ψ
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= J α,β( ) ≡ q

Jacobi identity  ⇒    qt + J ψ ,q( ) = 0

ψ =   QG streamfunction
α, β =   fluid particle labels that measure QG potential vorticity



Lagrangian for IG waves

LIG = dx∫∫∫ dz dt 1
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ξt
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δξ : ξtt − f0ηt = −Bx

δη : ηtt + f0ξt = −By
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= ξx +ηy

ξ,η = fluid particle displacements
B = Bernoulli function



Coupling Lagrangian

LC ψ ,ξ,η[ ] = dx∫∫∫ dz dt ψ M + T + S( )

where:

M ≡ −∇ × ξx +ηy( ) ξt ,ηt( )

T ≡
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recovers:
Wagner & Young (2015), Xie and Vanneste (2015), Buhler & McIntyre (1998)

depends on ψ  and the fluid particle displacements (ξ,η) caused by the waves



WKB limit (scale separation with respect to x, y, z,t)

T - and S-terms are negligible;  M = −∇ × p, p ≡ ξxξt , ηyηt( )

L = LQG + LIG + dx dz dt∫∫∫ ψ ∇ × p( )

δψ : ∇2ψ +
∂
∂z
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∂ψ
∂z

⎛
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− ∇ × p = q

δα, δβ : qt + J ψ ,q( ) = 0
δp : dispersion relation,  action conservation



MIDPOINT OF THE TALK:
Lagrangian for hydrostatic, Boussinesq dynamics

L ψ ,γ ,B,α,β[ ] =

dx dz dt∫∫∫
1
2
Bz
2

N 2 +
1
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−ψ y + γ xt( )2
1− ∇2γ( ) +

1
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ψ x + γ yt( )2
1− ∇2γ( ) + f0∇ψ ⋅∇γ + B∇2γ

⎛

⎝
⎜
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⎟
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+ dx dz dt∫∫∫ −αβt +ψ
∂ α,β( )
∂ x, y( ) − γ y

∂ α,β( )
∂ y,t( ) + γ x

∂ α,β( )
∂ t, x( )

⎛
⎝⎜

⎞
⎠⎟

δψ : equation relating velocity to potential vorticity
δγ :     divergence equation
δB :     hydrostatic equation
δα, δβ :    equation for potential vorticity advection



Non-rotating shallow water dynamics

ut +∇ c2ĥ + 1
2
u ⋅u⎛

⎝⎜
⎞
⎠⎟
= ζ −v,u( ), ĥ ≡ h / h0 , c

2 ≡ gh0

ĥt +∇ ⋅ ĥu( ) = 0

⇔
dF
dt

= F,H{ } H =
1
2

dx∫∫ ĥu2 + ĥv2 + c2ĥ2( )

Approximate:  H →
1
2

dx∫∫ u2 + v2 + c2ĥ2( )

ut +∇ c2ĥ( ) = ζ −v,u( )
ĥt +∇ ⋅u = 0



Close analogy with electrodynamics

ĥt +∇ ⋅u = 0 ⇔ (∂t ,∂x ,∂y ) ⋅ ĥ,u,v( ) = 0

⇒ ĥ,u,v( ) = (∂t ,∂x ,∂y ) × φ,A,B( )
Note: φ,A,B( )  →  φ,A,B( ) + (∂t ,∂x ,∂y ) λ   causes no change in the physical variables.

Assume ζ = Γ i
i
∑ δ x − xi (t)( )

 

Lorentz gauge: φt − c
2∇ ⋅A = 0

⇒

∂tt − c
2∇2( )φ = c2 Γ i

i
∑ δ x − xi (t)( )

∂tt − c
2∇2( )A = Γ i

i
∑ δ x − xi (t)( ) xi (t)

Bx − Ay( ) xi (t) = φy − Bt , Bx − Ay( ) yi (t) = At −φx



 

Derivable from:

L= 1
2

dx dt∫∫∫ c2 Bx − Ay( )2
− At −φx( )2 − Bt −φy( )2( )

+ dt∫ Γ i
i
∑ φ xi (t),t( ) + xi (t) A xi (t),t( ) + yi (t) B xi (t),t( )( )

Analogous to: L =
1

16πc ∫ FµνF
µνdΩ +

1
c2 ∫ A µ j

µdΩ +∑ ∫ mc ds

 

Without the term ∑ mc∫ ds,     you get: 0 = qi E + xi × B( )
instead of: mixi = qi E + xi × B( )

Fµν ≡
∂Aµ

∂xν
−
∂Aν

∂xµ , ds2 = dt 2 − dx ⋅dx



Generalizations needed to get the hydrostatic Boussinesq Lagrangian:

1.  Satisfy the exact  continuity equation with  ĥ, ĥu, ĥv( ) = (∂t ,∂x ,∂y ) × φ,A,B( )

2.  Make the vorticity continuous: Γ i
i
∑ δ (x − xi )→

∂ α,β( )
∂ x, y( )

3.  Add the rotation  f0 .

4.  Adopt the Coulomb gauge instead of the Lorentz gauge:

Ax + By = 0 ⇒ A,B( ) = −γ y ,γ x( )

5.  Generalize from shallow water to hydrostatic Boussinesq dynamics.



SUMMARY

 

Exact SWE with point vortices:

L= 1
2

dx dt∫∫∫ c2 Bx − Ay( )2
−

At −φx( )2

Bx − Ay( ) −
Bt −φy( )2

Bx − Ay( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

+ dt∫ Γ i
i
∑ φ xi (t),t( ) + xi (t) A xi (t),t( ) + yi (t) B xi (t),t( )( )

 

Electrodynamics in 2+1 dimensions:

L= 1
2

dx dt∫∫∫ c2 Bx − Ay( )2
− At −φx( )2 − Bt −φy( )2( )

+ dt∫ Γ i
i
∑ φ xi (t),t( ) + xi (t) A xi (t),t( ) + yi (t) B xi (t),t( )( )

+ dt∫ mi
i
∑ 1−

xi ⋅ xi
c2


