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QG mean flow < 1nertia gravity waves

based on the Lagrangian L=L,; [1//,05,[3] + L, [ﬁ,n,B] + L, [1/1,5,77]
where:

L,; = Lagrangian for QG motion in the absence of IG waves

L,. = Lagrangian for IG waves in the absence of QG flow

L. = coupling between QG and IG

Plan of the talk:
1. Explain this result.
2. Describe its genesis.

3. List the steps in between.

Full details: Salmon, JEM 2014; and Salmon, submitted (my website).



Lagrangian for QG flow

v = QG streamfunction
o, B = fluid particle labels that measure QG potential vorticity
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Lagrangian for IG waves

&, n = fluid particle displacements

B = Bernoulli function
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Coupling Lagrangian

depends on y and the fluid particle displacements (&,17) caused by the waves

L.|w.En|= Mclx dzdt w(M+T+S)

where:

M =-V X <(5x + ny) (ét’nf)>
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IeCOVers:
Wagner & Young (2015), Xie and Vanneste (2015), Buhler & McIntyre (1998)



WKB limit (scale separation with respect to x,y,z,t)

T- and S-terms are negligible;, M =-VXxp, p= (<§x§;>’<77y77;>)

L=Ly,+Lyg+ [[[dxdzdt y(Vxp)

Sy : Vy+ J (f(’z A4

_Vxp=
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So,88: q,+J(v.,q)=0

op : dispersion relation, action conservation



MIDPOINT OF THE TALK:

Lagrangian for hydrostatic, Boussinesq dynamics

Lly.y.B.o.f]=
H dx dz dt LB +l(_%+y’”)2+l(%+yyt)2+fv -Vy + BV*®
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Oy : equation relating velocity to potential vorticity
oy : divergence equation
OB : hydrostatic equation

oo, 0p : equation for potential vorticity advection



Non-rotating shallow water dynamics
or ] , 2
ut+V(c h+5u-uj=§(—v,u), h=h/lh,, ¢ =gh,

ﬁt+v-(ﬁu):()

o —-=1F.H] H=%J dx(fzu2+flv2+czﬁz)
Approximate: H — %”dx (u2 N czﬁz)

u V(CZ}A’) = g(—V,u)
l;t +V-u=0



Close analogy with electrodynamics

h+Vou=0 o  3,.0,.9,) (huv)=0
= (h.u.v)=@,.0,.9,)x(¢.A.B)
Note: (qZ),A,B) — ((Z),A,B) + (0, ,ax,ay) A causes no change in the physical variables.

Assume ( = 21“1. 5(x—x,(1))

Lorentz gauge: ¢ —c’V-A=0
=

(an - 02V2)¢ = czzri 5(x—x,(1))
(9, - *V?)A= YT, 8(x—x,() %,(1)

(B,—A,)x()=0,-B,, (B,—A)50=A4 -9,



Derivable from:
L:ljj dx dt (02(3 —Ay)z—(Al—(Z)x)z—(Bt—%)z)
+| ar Zr (x,(1).) + %,(8) A(X,(1),) + 3,(1) B(x,(1).t))

Analogous to: L= JF F™"dQ +—I A jrdQ +2 J mc ds
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Without the term Z jmc ds, you get: 0=gq, (E +X; X B)
instead of: mX. =q, (E + X, X B)



Generalizations needed to get the hydrostatic Boussinesq Lagrangian:

1. Satisfy the exact continuity equation with (/./u.iiv)=(d,.0,.0,) % (¢.A.B)

d(a.B)
d(x,y)

2. Make the vorticity continuous: ZFZ. o(xX—X,)—

3. Add the rotation f,.

4. Adopt the Coulomb gauge instead of the Lorentz gauge:
A+B =0 = (AB)=(-7,7.)

5. Generalize from shallow water to hydrostatic Boussinesq dynamics.



SUMMARY

Exact SWE with point vortices:

L= ([[axar | (B -A 2—(Af_¢x)2_(3f_¢y)2
A ffaar | (- ) -t o0

+jdz2r (%, (0),) + %,(1) A(x,(0),1) + 3,(1) B(x,(0),1))

Electrodynamics in 2+1 dimensions:
L=ljj dx dt (02(3 ~A) -(4-0.) (B —¢y)2)
+| [ 1 Zr (0(x,).1)+ %) A(x,(1).1) +3,(1) B(x,(1).1))
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