
! nother advanta"e of a mathematical statement is that it is so deÞnite that it
mi"ht be deÞnitely wron" . . .#ome verbal statements have not this merit.
L. F. Richardson (!""! Ð!#$%).

CHAPTER&

Waves, Mean Flows and their Interaction

W!"# Ð$#!%-&'() *%+#,!-+*(% isconcernedwith how somemean ! ow, perhapsatime
or zonal average,interactswith awave-like departure from that mean, and thischapter
providesan elementary introduction to anumber of topicsin thisarea. It is ÔelementaryÕ

becauseour derivationsand discussion areobtained by direct and straightforward manipulations
of the equationsof motion, o" en in thesimplestcasethat will ill ustratetherelevant principle. It
is implicit in what we do that it isasensiblething to decomposethe! eldsinto amean plus some
departure, and one casewhen thisis so iswhen the departureisof small amplitude. Departures
from themean Ñ generically callededdiesÑ arein reality not always small; for example,in the
mid-latitudetropospherethe eddiesareo" en of similar amplitudeto themean ! ow, and chapters
??and ??will explore this from the standpoint of turbulence. However, in this chapter we will
usually assume,without any rigorousjusti! cation, that eddiesareindeedof small amplitude, and,
in particular, that eddyÐmean-! ow interaction islarger than eddyÐeddy interaction.

A waveisan eddy that satis! es, at leastapproximately, a dispersion relation. It is thepresence
of such a dispersion relation that enablesanumber of results to beobtainedthat would otherwise
beout of our reach, and that gives riseto the appellation ÔwaveÐmean-! owÕ. In mid-latitudes the
relevant wavesareusually Rossby waves, asintroducedin chapter ??, although gravity wavesalso
interact with the mean ! ow. It is implicit in de! ning waves this way that they are generally of
small amplitude, for it is this that allows the equationsof motion to besensibly linearized and a
dispersion relation to beobtained(althoughamonochromatic wavemay have! nite amplitude and
still satisfy a dispersion relation). However, thisdoesnot mean that thewavesdo not interact with
each other and with themean ! ow; wemay expect, or at leasthope,that thequalitativenatureof
such interactions, ascalculated by waveÐmean-! ow interaction theory, will carry over and provide
insights into the! nite-amplitudeproblem. ! us, onegoal of waveÐmean-! ow theory is to provide
away of qualitatively understanding morerealistic situations, and to suggestdiagnostics that might
beusedto analyze both observationsand numerical solutionsof the fully nonlinear problem. In
thischapter wewill l argely concern ourselveswith azonal mean, sincethisis thesimplestand o" en
most useful case becauseof thepresenceof simple Ñ i.e., periodic Ñ boundary conditions. We
will also bemainly concernedwith quasi-geostrophic dynamicson a! -plane. ! ereader who is
anxiousfor real examplesmight wish to ! rst look at chapter " and then come back to thischapter
asneeded.

!'#
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! ." QUASI-GEOSTROPHIC WAVEÐMEAN-FLOW INTERACTION
! ." ." Preliminaries
To ! x our dynamical system and notation, wewrite down thequasi-geostrophic potential vorticity
equation
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where& representsany non-conservativetermsand thepotential vorticity in a Boussinesq system
is
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where ) is the relative vorticity and - is the buoyancy perturbation from the background state
characterized by , 2. [In an ideal gas" = '( +) +(+0/ . ! )! " #. ! - / , 2$, where. ! isaspeci! ed density
pro! le, and mostof our derivationscan be extendedto that case.] Wewill refer to linesof constant
- asisentropes. In termsof thestreamfunction, thevariablesare

) = / 2%, - = +0
!%
!*

, " = '( + %/ 2 +
!
!*

&
+2

0

, 2

!
!*

'( %. (! .")

where / 2 ! (! 2
# + ! 2

$). # epotential vorticity equation holds in the#uid interior; the boundary
conditionson (! .") areprovided by thethermodynamic equation
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where1 representsheating terms. # evertical velocity at the boundary, 0 , iszero in the absenceof
topography and Ekman friction, and if 1 isalso zero the boundary condition isjust
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Equations(! .") and (! .") arethe evolution equationsfor thesystem and if both & and 1 arezero
they conserve both thetotal energy, )2 and thetotal enstrophy, *3 :
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where4 isavolume bounded by surfacesat which thenormal velocity iszero, or that hasperiodic
boundary conditions. # e enstrophy isalso conservedlayerwise; that is, thehorizontal integral of
" 2 isconserved at every level.

! ." .# Potential vorticity ßux in the linear equations
Let us decompose the ! elds into a mean (to be denoted with an overbar) plus a perturbation
(denotedwith aprime), and let us supposetheperturbation ! eldsareof small amplitude. (In linear
problems, such as those consideredin chapter ??, we decomposedthe#ow into aÔbasic stateÕplusa
perturbation, with the basic state! xedin time. Our approach hereis similar, but soonwewill allow
themean stateto evolve.) # elinearizedquasi-geostrophic potential vorticity equation is then
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where! ! representseddy forcing and dissipation and, in termsof streamfunction,
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If themean isazonal mean then ( */ (# = 0 and ' = 0 (because ' ispurely geostrophic) and
(! .! ) simpli" es to
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using thermal wind, , 0( " / (%= ! (/ / ($ .
Multiplying by * ! and zonally averaging gives the enstrophy equation:
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" equantity ' ! * ! is themeridional $ux of potential vorticity; thisisdowngradient (by de" nition)
when the " rst term on the right-hand side is positive (i.e., ' ! * ! ( * / ($ < 0), and it then acts to
increasethevarianceof theperturbation. (" isoccurs, for example,when the$ux isdi#usiveso
that ' ! * ! = ! 0( * / ($ , where0 may vary but iseverywherepositive.) " isargument may beinverted:
for inviscid $ow (! = 0), if the waves are growing, as for example in the canonical models of
baroclinic instabili ty discussedin chapter ??, then thepotential vorticity ! ux isdowngradient.

If thesecond term on theright-hand sideof (! .##) isnegative, asit will beif ! ! isa dissipative
process(e.g., if ! ! = 1+ 2* ! or if ! ! = ! 2*! , where1 and 2arepositive) then astatistical balance
can be achieved between enstrophy production via downgradient transport, and dissipation. If the
wavesaresteady (by which wemean statistically steady, neither growing nor decaying in amplitude)
and conservative(i.e., ! ! = 0) then wemusthave

' ! * ! = 0. (! .##)

Similar results follow for the buoyancy at the boundary; westart by linearizing thethermody-
namic equation (! .$) to give
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where3 ! isa diabatic sourceterm. Multiplying (! .#$) by / ! and averaging gives
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" usgrowing adiabatic waveshave a downgradient $ux of buoyancy at the boundary. In the Eady
problem there isno interior gradient of basic-statepotential vorticity and all thetermsin (! .##)
arezero, but theperturbation growsat the boundary. If thewavesaresteady and adiabatic then,
analogously to (! .##),

' ! / ! = 0. (! .#$)

" e boundary conditions and $uxes may be absorbedinto the interior de" nition of potential
vorticity and its $uxes by way of the delta-function boundary layer construction, describedin
section ??. In modelswith discretevertical layersor a" nitenumber of levelsit iscommon practice
to absorb the boundary conditionsinto the de" nition of potential vorticity at top and bottom.
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! ." .# WaveÐmean-ßow interaction
In linear problemsweusually suppose that themean ! ow is ! xed and in that case in thezonal
mean terms, ! and " in (" .#), would be functionsonly of # and $. However, wein reality wemight
expect that themean ! ow would change becauseof momentum and heat ! ux convergencesarising
from the eddy-eddy interactions. To calculatethese changeswe begin with thepotential vorticity
equation (" .$) and, in theusual way, express thevariablesasazonal mean plusan eddy term and
obtain
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Now, sincethemean ! ow isazonal mean, and * = 0, the! rst term iszero and themean ! ow evolves
according to
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Similarly, at the boundary themean buoyancy evolution equation is
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To obtain ! from " and +weusethermal wind balanceto de! ne astreamfunction - . # at is,
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whence,using (" .$! a), thepotential vorticity is

" (#,$,&) ! /# =
%
%$

#
. 2

0

0 2

%-
%$

$ +
%2-
%#2

. (" .$! )

If " isknown in theinterior from (" .$" ), and +(i.e., . 0%-/%$) isknown at the boundaries, then !
and +in theinterior may beobtainedusing (" .$! ) and (" .$#b).

To closethesystem wesupposethat the eddy terms themselvesevolve according to (" .#) and
(" .$%). If in those equationswewereto includethe eddy-eddy interaction termswewould simply
recover the full system,so in neglecting thosetermswehave constructed an eddyÐmean-! ow system,
commonly called awaveÐmean-! ow system because by eliminating the nonlinear terms in the
perturbation equation the eddieswill o%en bewavelike. Non quasi-geostrophic waveÐmean-! ow
systemsmay be constructedin asimilar fashion: for example,we could construct asystem using
theprimitive equationswith separate equationsfor eddy and zonal-mean temperature and velocity
! elds, and an exampleinvolving gravity wavesisgiven in chapter ! .

Notethat such systemsdo di#er from linear ones. In constructing linear systemsweposit that
the eddy termsaresmall comparedto themean ! ow and thusneglect the eddy-eddy interaction
terms. In awaveÐmean-! ow problem wesimilarly supposethe eddy termsaresmall, and weneglect
eddy-eddy interaction termswherethey produce another eddy, becausethetermsinvolving the
mean ! ow arelarger. However, in themean ! ow equation, (" .$! ), there areno larger mean ! ow
termsand wekeep the eddy-eddy termsand allow themean ! ow to evolve. Such a justi! cation
ishardly arigorousone,sinceif the eddy termsaresmall then the e#ectson themean ! ow will
besmall and so onemight supposethat themean ! ow should beheld ! xed. # ewaveÐmean ! ow
equations really can only bejusti! edon a case-by-case basiswith a detailed examination of thesize
of thetermsand therate at which they evolve, and that is thesubject of weakly nonlinear theory. It
isalso o%en the casethat in applicationsone allowsonly avery limitedset of wavetermsÑ f or
example,onemight allow the eddies to berepresented by justapair of Fourier modes. In any case,
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thewaveÐmean-! ow problem can be auseful tool to gain insight into the behaviour of the full
system. ! e equationsaresummarizedin thegrey box on page"! " .

Wenow consider somemorepropertiesof thewaves themselvesÑ how they propagate and
what they conserve Ñ beginningwith a discussion of thepotential vorticity ! ux and its relative,the
EliassenÐPalm ! ux

! ." THE ELIASSENÐPALM FLUX
! e eddy ! ux of potential vorticity may be expressedin termsof vorticity and buoyancy ! uxesas
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using ' ! = $0%*! /%&.
Similarly, the! ux of relativevorticity can bewritten
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! us themeridional potential vorticity ! ux, in thequasi-geostrophic approximation, can bewritten
as the divergenceof avector: ! ! " ! = - . E where
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A particularly useful form of thisarisesa$er zonally averaging, for then (#."#) becomes
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! evector de" ned by

F " ! , ! ! ! j +
$0

( 2 ! ! ' ! k (#."%)

iscalledthe(quasi-geostrophic) EliassenÐPalm (EP) ! ux," and itsdivergence,given by (#."$), gives
thepoleward ! ux of potential vorticity:
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where- " . " (%/%+,%/%&). is the divergencein themeridional plane. Unless themeaning is unclear,
thesubscript ) on themeridional divergencewill be dropped.
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! ." .# $ e EliassenÐPalm relation

On dividing by ! " / !# and using (! .! ! ), the enstrophy equation (! ."") becomes
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Equation (! .! #a) isknown as theEliassenÐPalm relation, and it isa conservation law for thewave
activity density A . " e conservation law isexact (in thelinear approximation) if themean $ow is
constant in time. It will be agood approximation if ! " / !# varies slowly comparedto thevariation
of " !2.

If we integrate (! .! #b) over a meridional area( bounded by walls where the eddy activity
vanishes, and if D = 0, weobtain
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" eintegral isawave activity Ñ a quantity that is quadratic in the amplitudeof theperturbation
and that isconservedin the absenceof forcing and dissipation. In thiscaseA is thenegativeof
thepseudomomentum, for reasonswewill encounter later. (ÔWave actionÕisaparticular form of
wave activity; it is the energy divided by the frequency and it isa conservedproperty in many wave
problems.) Note that neither theperturbation energy nor theperturbation enstrophy arewave
activitiesof the linearized equations, because there can be an exchangeof energy or enstrophy
between mean and perturbation Ñ indeed,this is how a perturbation grows in baroclinic or
barotropic instabili ty! " isisalready evident from (! .""), or in general take(! .$) with ' ! = 0 and
multiply by " ! to givethe enstrophy equation
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whereheretheoverbar isan average(although it neednot be azonal average). Integrating thisover
avolume) gives
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" eright-hand side doesnot, in general, vanish and so !* ! isnot in general conserved.

! ." ." $ e group velocity property for Rossby waves

" evector F describeshow thewave activity propagates. Wenotedin chapter " that in the casein
which the disturbanceiscomposedof planeor almostplanewaves that satisfy a dispersion relation,
then F = "$A , where"$ is thegroup velocity and (! .! #a) becomes
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" is is a useful property, because if we can diagnose "$ from observations we can use (! .! #a)
to determine how wave activity density propagates. Let us demonstrate this explicitly for the
pseudomomentum in Rossby waves, that isfor (! .! #a).
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! e Boussinesq quasi-geostrophic equation on the! -plane,linearized around auniform zonal
! ow and with constant static stabili ty, is
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Seeking solutionsof the form
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we" nd the dispersion relation,
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Also, if %! = Re%%exp[i (/& + 1( + 2, ! .$ )], and similarly for theother " elds, then
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! ewave activity density is then
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wherethe additional factor of %in the denominator arisesfrom the averaging.Using (" ."#) the EP
! ux, (" .%$), is
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Using (" ."#), (" ." ! ) and (" ."$) weobtain

F = (F %,F ' ) = !* A . (" ." %)

If thepropertiesof themedium areslowly varying, so that a(spatially varying) group velocity can
still be de" ned,then thisisauseful expression to estimatehow thewave activity propagatesin the
atmosphere and in numerical simulations.

! ." .# ! $ e orthogonality of modes
It isa direct consequenceof the conservation of wave activity that disturbancemodesareorthogonal
in theÔwave activity normÕ, de" nedlater on, and thusare auseful measureof the amplitudeof a
particular mode.%To explorethis, westart with thelinearizedpotential vorticity equation,
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Let usformally seek solutionsof the form ! ! = Re" exp(i#$) where" is thesum of modes,

" = !
"

"! " (%,&)e! i#$! %, (! .!! )

where' isan identi! er of themodes. ! emodes satisfy
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! eupper and lower boundary conditions(at &= 0,! / ) aregiven by thethermodynamic equation
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and if wesimplify further by supposing , ( / ,& = 0 then the boundary condition becomes
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! ere areno meridional buoyancy " uxesat the boundary. If . 2 isa constant (asimplifying but not
essential assumption) then we can let "! " (%,&) = ! " (%) cos3&, with 3 = 45/ / where4isan integer
and themode' now labelsonly themeridional modes. ! e corresponding potential vorticity modes
aregiven by
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and the boundary conditionsarethen built in to any solution we construct from (! .! ") and (! .!# ).$

Wemay then consider asinglezonal and asinglevertical wavenumber. (If thereisno horizontal
variation of theshear, themeridional modesareharmonic functions, for example! " 7 sin('5%/8)
for a channel of width 8.)

For agiven basic statewemay imaginesolving (! .! " ), numerically or analytically, and determin-
ing themodes. However, thesemodesarenot orthogonal in thesenseof either energy or enstrophy.
! at is, denoting theinner product by
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then, in general,
<* = &! " , * ( ' #= 0, <+ = &*" , * ( ' #= 0, (! ."$a,b)

for ' #= 6 , where*" = ) 2
#,, ! " . Perturbation energy and enstrophy arethusnot wave activitiesof the

linearized equations, and it isnot meaningful to talk about the energy or enstrophy of aparticular
mode. However, by thesametoken wemay expect orthogonality in thewave activity norm. To
prove thisand understand what it means, suppose that at 1 = 0 the disturbance consistsof two
modes, ' and 6 , so that at alater time* = (*" e! i#$! %+ *( e! i#$" %+ c.c.), where+( #= +" and we assume
that both arereal. ! ewave activity is

= " %A d%d&= ( *" , * -
( / *&) e! i#($! ! $" )%+ ( * ( , * -

( / *&) + ( * " , * -
" / *&) + c.c. (! ."%)

! esecond and third termson theright-hand side arethewave activitiesof each mode, and these
are constants (to seethis, consider the case when the disturbanceis just a single mode). Now,
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becaused! /d" = 0 the! rst term mustvanish if #! != #" , implying themodesareorthogonal and, in
particular,

Re !
1
$#

$! $$
" d%= 0, (! ."! )

for & != ' . " einner product weighted by 1/$# de! nes thewave activity norm. Orthogonality is
auseful result, for it means that thewave activity isaproper measureof the amplitudeof agiven
modeunlike, for example, energy. " e conservation of wave activity will l eadto a particularly
straightforward derivation of thenecessary conditionsfor stabili ty, given in section ! .#.

! ." THE TRANSFORMED EULERIAN MEAN
" eso-calledtransformed Eulerian mean, or TEM, isatransformation of the equationsof motion
that providesauseful framework for discussing eddy e#ects under awiderangeof conditions.! It is
useful because, asweshall see,it isequivalent to avery natural form of averagingthe equations
that serves to eliminate eddy " uxesin thethermodynamic equation and collect them together, in a
simple form, in themomentum equation and in so doing it highlights theroleof potential vorticity
" uxes. " eTEM also providesanatural separation between diabatic and adiabatic e#ectsor between
advective and di#usive" uxesand, in the casein which the" ow isadiabatic, apleasing simpli! cation
of the equations. In later chapters we will use the TEM to better understand the mid-latitude
troposphere and the dynamicsof the Antarctic Circumpolar Current, and asa framework for the
parameterization of eddy " uxes. Of course,there being nofreelunch, theTEM bringswith it its
own di$ culties, and in particular theimplementation of boundary conditionscan cause di$ culties,
especially in the actual numerical integration of the equations.

! ." .# Quasi-geostrophic form
For simplicity wewill usethe Boussinesqequationson the beta-plane, and thezonally averaged
Eulerian mean equationsfor thezonally averagedzonal velocity and the buoyancy may then be
written as(seesection ??)
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where / and 1 represent frictional and heating terms, respectively. Note that the meridional
velocity, , , ispurely ageostrophic. Using quasi-geostrophic scaling weneglect thevertical eddy
" ux divergencesand all ageostrophic velocitiesexcept when multiplied by * 0 or 2 2. " e above
equations then become
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" esetwo equationsare connected by thethermal wind relation,
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which isa combination of thegeostrophic ! -momentum equation (" 0# = ! $%/$&) and hydrostasy
($%/$' = ( ). Oneless than ideal aspect of (! .!! ) is that in the extratropics the dominant balanceis
usuallybetween the" rst two termsontheright-hand sidesof each equation, even in time-dependent
cases. ! us, the Coriolisforce closely balances the divergenceof the eddy momentum " uxes, and
the advection of themean strati" cation () 2* , or Ôadiabatic coolingÕ) o#en balances the divergence
of eddy heat " ux, with heating being asmall residual. ! ismay leadto an underestimation of the
importanceof diabaticheating, as thisis ultimately responsible for themean meridional circulation.
Furthermore, the link between # and ( via thermal wind dynamically couples buoyancy and
momentum, and obscures theunderstanding of how the eddy " uxesin" uencethese" eldsÑ isit
throughthe eddy heat " uxesor momentum " uxes, or some combination?

To address this issuewe combinetheterms) 2* and the eddy " ux in (! .!! b) into asingletotal
or residual (so recognizing the cancellation between themean and eddy terms) heat transport term
that in asteady stateisbalanced by the diabatic term +. To do this, we" rst notethat because! and
* arerelated by massconservation we can de" ne amean meridional streamfunction , ! such that

(! , * ) = ! !
$, !

$'
,
$, !

$&
" . (! .! " )

! evelocities then satisfy $! / $&+ $* /$' = 0 automatically. If we de" ne aresidual streamfunction
by

, " " , ! +
1

) 2 ! #( #, (! .!#a)

the componentsof theresidual mean meridional circulation arethen given by

(! " , * " ) = ! !
$, "

$'
,
$, "

$&
" , (! .!#b)

and
! " = ! !

$
$'

#
1

) 2 ! #( #$ , * " = * +
$
$&

#
1

) 2 ! #( #$ . (! .! $)

Notethat by construction, theresidual overturning circulation satis" es

$! "

$&
+

$* "

$'
= 0. (! .#! )

Substituting (! .! $) into (! .!! a) and (! .!! b) thezonal momentum and buoyancy equations then
takethesimple forms

$#
$-

= " 0!
" + ! #. # + / ,

$(
$-

= ! ) 2* " + +.

(! .#%a)

(! .#%b)

which areknown as the(quasi-geostrophic) transformed Eulerian mean equations,or TEM equations.
! epotential vorticity " ux, ! #. #, isgiven in termsof theheat and vorticity " uxesby (! .$#), and is
equal to the divergenceof the EliassenÐPalm " ux asin (! .$#).

! eTEM equationsmakeit apparent that wemay consider thepotential vorticity " uxes, rather
than theseparate contributionsof thevorticity and heat " uxes, to forcethe circulation. If weknow
thepotential vorticity " ux aswell as / and +, then (! .#! ) and (! .#%b), along with thermal wind
balance

" 0
$#
$'

= !
$(
$&

, (! .#$)
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form a complete set. ! e meridional overturning circulation is obtained by eliminating time
derivativesfrom (! ." "b) using (! ."#), giving

! 2
0

" 2#!

"$2 + %2 " 2#!

"&2 = ! 0
"
"$

' "( " + ! 0
" )
"$

+
" *
"&

. (! ."$)

! us, theresidual or net overturning circulation isdriven by the(vertical derivativeof the) potential
vorticity #uxesand the diabatic termsÑ d riven in thesensethat if weknow thosetermswe can
calculate the overturning circulation, although of course the #uxes themselves depend on the
circulation. Notethat thisequation appliesat every instant, even if the equationsarenot in asteady
state.

Useof theTEM equationsin TEM form isparticularly advantageouswhen the eddy potential
vorticity #ux arisesfrom wave activity, for example from Rossby waves. ! epotential vorticity #ux
is the convergenceof the EP#ux F , asin (! .#! ), and if the eddies satisfy a dispersion relation the
componentsof the EP#ux are equal to thegroup velocity multiplied by thewave activity density
A , as in (! .! #). ! us, knowing thegroup velocity tells usagreat deal about how momentum is
transported by waves. WeÕll usetheTEM to deducethemean #ow acceleration in sections! ." , ! ."
and, in particular, in section " .! .

Connection to potential vorticity and waveÐmean-ßow interaction

If we take the curl of (! ." "b) Ñ that is, crossdi#erentiate its components Ñ then, a$er using
theresidual masscontinuity equation (! ." ! ), werecover thezonally averagedpotential vorticity
equation namely

" (
"+

= !
"
"&

' "( " !
" )
"&

, (! ." ! a)

where

( (&,+) =
"
"$

!
! 0

%2 , " !
" -
"&

, (! ." ! b)

which isessentially thesame as(! ."! ) and (! .#! ), noting that wemay add.& to the de$nition of
zonally-averagedpotential vorticity with no e#ect.

! e corresponding equation for the evolution of eddy potential vorticity is, in its inviscid form,

!
"
"+

+ - (&,+)
"
"/

" ( " + ' " " (
"&

= 0, (! ." ")

as in (! .%). Equations (! ." ! ) and (! ." ") are a closedset of quasi-linear equations, and we have
recoveredthewaveÐmean-#ow system describedin section ! .".$.

! ." .# $ e TEM in isentropic coordinates

! eresidual circulation hasan illuminating interpretation if wethink of the#uid ascomprising
multiplelayersof shallow water, or equivalently if we cast theproblem in isentropic coordinates
(section ??). Using thenotation of ashallow water system, themomentum and massconservation
equation can then bewritten as

"-
"+

+ ! 0 1- ! !' = ) ,
"2
"+

+ 10(2! ) = *. (! ."" a,b)
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! equantity ! is thethicknessbetween two isentropic surfacesand " isathickness sourceterm.
(! e! eld ! plays thesamerole as# in section ??.) With quasi-geostrophicscaling, so that variations
in Coriolisparameter and layer thicknessaresmall, zonally averaging ina conventional way gives

$%
$&

! ' 0( = ( ! ) ! + * ,
$!
$&

+ +
$(
$,

= !
$
$,

( ! ! ! + " . (! ."#a,b)

! eoverbars in these equationsdenote averages taken along isentropesÑ i.e., they are averagesfor
agiven layer Ñ b ut areotherwise conventional, and themeridional velocity ispurely ageostrophic.
By analogy to (! ."" ), we de! netheresidual circulation by

( " " ( +
1
+

( ! ! ! , (! ." #)

where+ is themean thicknessof thelayer. Using (! ." #) in (! ."#) gives

$%
$&

! ' 0(
" = ( ! - ! + * ,

$!
$&

+ +
$( "

$,
= " , (! ." "a,b)

where

( ! - ! = ( ! ) ! !
' 0

+
( ! ! ! , (! .#! )

is themeridional potential vorticity #ux in ashallow water system. From (! ." #) weseethat the
residual velocity isameasureof thetotal meridional thickness! ux, eddy plusmean, in an isentropic
layer. ! is iso$en amoreuseful quantity than the Eulerian velocity ( becauseit isgenerally the
former, not thelatter, that isconstrained by the external forcing. What wehave done,of course,is
to e$ectively use athickness-weightedmean in (! ."" b); to seethis, de! nethethickness-weighted
mean by

( " "
!(

!
. (! .#%)

(Weuse( " to denote athickness- or mass-weightedmean, and ( " to denote aresidual velocity; the
quantitiesare closely related, aswewill see.) From (! .#%) wehave

( " = ( +
1

!
( ! ! ! , (! .#$)

then thezonal averageof (! ."" b) is just

$!
$&

+
$
$,

(! ( " ) = " , (! .#%)

which is thesame as(! ." "b) if wetake+ = ! . Similarly, if weusethethicknessweightedvelocity
(! .#$) in themomentum equation (! ."#a) weobtain (! ." "a).

Evidently, if themass-weightedmeridional velocity is usedin themomentum and thickness
equations then the eddy mass#ux doesnot enter the equationsexplicitly: theonly eddy #ux in
(! ." " ) is that of potential vorticity. ! at is, in isentropic coordinates the equationsin TEM form are
equivalent to the equations that arise from aparticular form of averagingÑ thicknessweighted
averagingÑ rather than the conventional Eulerian averaging.A similar correspondenceoccurs in
height coordinates, aswenow see.
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Fig. �.� Two isentropic surfaces,! 1 and! 2, and their mean positions,! 1 and! 2. # e depar-
ture of an isentrope from its mean position is proportional to the temperature perturbation
at the mean position of the isentrope, and the variations in thickness (" �) of the isentropic
layer are proportional to the vertical derivative of this.

�.�.� Connection between the residual and thickness-weighted circulation
It is evident from the above arguments that, in a shallow water system or in isentropic coordinates,
the residual velocity is ameasure of the total (i.e.,mean plus eddy) thickness transport. In height
coordinates, the de�nition of residual velocity, (�.��) does not lend itself so easily to such an
interpretation. However, the residual velocity in height coordinates is, in fact, also ameasure of the
total thickness transport, or equivalently of themass transport between two isentropic surfaces,
as we now discover. Speci�cally, we show that averaging the total transport in isentropic layers
is equivalent to themass transport evaluated by the TEM formalism in height coordinates, and
speci�cally that the thickness-weightedmean, #∗ is equivalent to the residual velocity, #∗ in height
coordinates. Our demonstration is for a Boussinesq system, but the extension to a compressible gas
is reasonably straightforward.�

Consider two isentropic surfaces, ! 1 and ! 2 with mean positions ! 1 and ! 2, as in Fig. �.�. (We
use $ to denote the vertical coordinate, and ! to denote the location of isentropic surfaces.) �e
meridional transport between these surfaces is given by

%= !
�1�2 #d$. (�.��)

If the velocity does not vary with height within the layer (and in the limit of layer thickness going
to zero this is the case) then %= #" where " = ! 1 ! ! 2 is the thickness of the isentropic layer. �e
zonally averaged transport is then given by

%=
1
&

! �%d' =
1
&

! � " !
�1�2 #d$# d' = !

�1�2 #d$ = #" = #" + #�" �, (�.��)

with obvious notation, and with an overbar denoting a zonal average. Letting the distance between
isentropes shrink to zero this result allows us to write

#∗ "
#( �
(

= #� + #�( ��
(

, (�.��)

where ())
�
denotes an average along an isentrope and ( = *$/ *+ is the thickness density, ameasure

of the thickness between two isentropes. Equation (�.��) is analogous to (�.��), for a continuously
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strati! edsystem. ! e averagedquantity ! ! isnot proportional to the averageof thevelocity at
constant height, or even to the average alongan isentrope; rather, it is thethickness-weightedzonal
averageof thevelocity between two isentropic surfaces, "# apart, of mean separation proportional
to $"# . Our goal is to express this transport in termsof Eulerian-averagedquantities, at a constant
height %.

Let us! rst connect an average alongan isentropeof somevariable& to itsaverage at constant
height by writing, for small isentropic displacements,

&" = &(%+ ' #)
$

! &(%) + ' #(&/ (%
$
, (! ."" )

wherethesuperscript explicitly denoteshow thezonal averageis taken, and ' # is the displacement of
theisotherm from itsmean position. ! iscan be expressedin termsof thetemperatureperturbation
at thelocation of themean isentrope by Taylor expanding #around itsvalueon that mean isentrope.
! at is,

#(' ) = #(' ) + !
(#
(%

"
$=%

(' " ' ) + ) ) ), (! ."" )

where' = ' (%), giving

' # !
" ##

( $#(' )
! "

##

( $#
$ , (! ." " )

where' # = ' " ' and ## = #(' ) " #(' ). Using (! ." " ) in (! ."" ) (and omitting thesuperscript %on ($#)
weobtain, with & = ! ,

! " = ! $ "
##( $! #

$

( $#
. (! ." ! )

Notethat if ! is in thermal wind balancewith # then thesecond term vanishesidentically, but we
will not invokethis.

Wenow transform thesecond term on theright-hand side(! ."#) to an average at constant %.
! evariationsin thicknessof an isothermal layer aregiven by

$# ! $
(' #

(%
= " $

(
(%

#
##

($#
$ , (! ."#)

using (! ." " ). ! us, neglecting terms that arethird-order in amplitude,

! #$#
"

= " $! # (
(%

#
##

($#
$

$

. (! ."$)

Using both (! ." ! ) and (! ."$), (! ."#) becomes

! ! = ! $ "
##( $! #

$

( $#
" ! # (

(%
#

##

($#
$

$

= ! $ "
(
(%

#
! ###

( $#
$

$

. (! ."%)

! eright-hand sideof the last equation is theTEM form of theresidual velocity; thus, wehave
shown that

! ! #
!$
$

= ! " +
! #$#

"

$
! ! $ "

(
(%

#
! ###

$

( $#
$ # ! ! . (! ." ! )

We seethe equivalenceof the thickness-weightedmean velocity on the le$-hand side and the
residual velocity on theright-hand side. In thequasi-geostrophic limit * 2 = ($#and $ isareference
thickness.
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! .! ! THE TEM IN THE PRIMITIVE EQUATIONS
[! is section hasbeen removed for further editing]

! ." THE NON-ACCELERATION RESULT
For the rest of this chapter we return to quasi-geostrophic dynamics, and consider further the
interpretation and application of thepotential vorticity ! ux and its relatives. We! rst consider an
important result in waveÐmean-! ow dynamics, thenon-acceleration result." ! is result shows
that under certain conditions, to bemade explicit below, waveshaveno net e" ect on thezonally
averaged! ow, an important and somewhat counter-intuitiveresult.

! ." .# A derivation from the potential vorticity equation
Consider how thepotential vorticity ! uxesa" ect themean ! elds. ! eunforced and inviscid zonally
averagedpotential vorticity equation is

! "
!#

+
! $! " !

!%
= &" . (" .#$)

Now, in quasi-geostrophic theory the geostrophically balancedvelocity and buoyancy can be
determined from thepotential vorticity via an elliptic equation, and in particular

" ! '% =
! 2(
!%2 +

!
!)

!
* 2

0

+ 2

! (
!)

" , (" .##)

where( is such that (, , - / * 0) = (! ! ( / !%, ! ( / !) ). Di" erentiating (" .#$) with respect to %weobtain

#
! 2

!%2 +
!
!)

!
* 2

0

+ 2

!
!)

"$
! ,
!#

= (. / F )##. (" .#" )

where . / F = $!" ! is the divergenceof the EP ! ux. ! is isdeterminedusing thewave activity
equation which, reprising (" .$#a), is

! A
!#

+ . 2 / F = D. (" .##)

If thewavesarestatistically steady (i.e., ! A / !# = 0) and haveno dissipation (D = 0) then evidently
. / F = 0. If thereisno acceleration at the boundaries then thesolution of (WMF.") is

! ,
!#

= 0. (" .##)

! is isanon-acceleration result. ! at is to say, under certain conditions thetendency of themean
! elds, and in particular of thezonally-averagedzonal ! ow, areindependent of thewaves. To be
explicit, those conditionsarethe following.

(i) ! ewavesaresteady (so that, using thewave activity equation A doesnot vary).

(ii) ! ewavesare conservative [i.e., D = 0 in (" .$#a)]. Given thisand item (i), the EliassenÐPalm
relation implies that . / F = 0; that is, thepotential vorticity ! ux iszero.

(iii) ! ewavesareof small amplitude(all of our analysishasneglectedterms that are cubic in
perturbation amplitude).
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(iv) ! ewavesdo not a! ect the boundary conditions(so there areno boundary contributions to
the acceleration).

! e result applies to the buoyancy and velocity " elds that are directly invertible from potential
vorticity, and not to the ageostrophic velocities. Given theway wehave derivedit, it doesnot seem
asurprising result; however, it can bepowerful and counter-intuitive, for it means that steady waves
(i.e., thosewhose amplitude doesnot vary) do not a! ect thezonal ! ow. However, they do a! ect the
meridional overturning circulation, and therelativevorticity ! ux may also benon-zero. In fact, the
non-acceleration theorem is telling us that the changesin thevorticity ! ux are exactly compensated
for by changesin themeridional circulation, and thereisno net e! ect on thezonally averagedzonal
! ow. It is irreversibili ty, o" en manifested by the breaking of waves, that leads to permanent changes
in themean ! ow.

! e derivation of this result by way of themomentum equation, which onemight expect to
bemorenatural, is rather awkward becauseonemustconsider momentum and buoyancy ! uxes
separately. Furthermore,thezonally averagedmeridional circulation comesinto play: for example,
meridional velocity, ! , is, althoughsmall becauseit ispurely ageostrophic,not zero and we cannot
neglect it becauseit ismultiplied by the Coriolisparameter, which islarge. ! us, the eddy vorticity
! uxescan a! ect both themeridional circulation and the acceleration of thezonal mean ! ow, and it
might seem impossibleto disentanglethetwo e! ectswithout completely solving the equationsof
motion. However, we can proceed by way of themomentum and buoyancy equationsif weusethe
transformed Eulerian mean and thisprovidesauseful alternate derivation, asfollows.

! ." .# Using TEM to give the non-acceleration result
Wemay usetheTEM formalism to obtain thenon-acceleration result. ! e explanation islargely
equivalent to that given above, but the explication may beuseful.

A two-dimensional case
Consider two-dimensional incompressible! ow on the" -plane, for which thereisno buoyancy ! ux.
! elinearizedvorticity equation is

#$!

#%
+ &

#$!

#'
+ ! ! #$

#(
= ) ! , (#.$! )

from which we derive, analogously to (#."$a), the EliassenÐPalm relation

#A
#%

+
#F
#(

= D, (#.$%)

whereF = ! &! ! ! , D representsnon-conservative forces, and

A =
$!2

2#" $
=

1
2

* !2 #$
#(

. (#.$")

! equantity * ! " ! $! / #" $ isproportional to themeridional particle displacement in a disturbance.
Now consider the' -momentum equation

#&
#%

= !
#&2

#'
!

#&!
#(

!
#+
#'

+ ,! . (#.$#)

Zonally averaging, noting that ! = 0, gives

#&
#%

= !
#&!
#(

= ! !$! =
#F
#(

. (#.$#)
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Finally, combining (! ."#) and (! ."! ) gives

!
!"

(# + A) = D. (! ." ! )

In the absenceof non-conservativeterms(i.e., if D = 0) thequantity # + A isconstant." Further, if
thewavesaresteady and conservativethen A isconstant and, therefore,so is#.

! e stratiÞed case
In thestrati#ed casewe can usetheTEM form of themomentum equation to derive asimilar result.
! eunforcedzonally averagedzonal momentum equation can bewritten as

! #
!"

! $0%
! = &' F , (! ." " )

and using the EliassenÐPalm relation thismay bewritten as

!
!"

(# + A) ! $0%
! = D, (! ." #)

and so again A is related to the momentum of the $ow. If, furthermore, the waves are steady
(! A / !" = 0) and conservative(D = 0), then ! #/ !" ! $0%

! = 0. However,under thesesame conditions
theresidual circulation will also bezero. ! isisbecausetheresidual meridional circulation (%! , ( ! )
arisesviathenecessity to keep thetemperature and velocity #eldsin thermal wind balance, and is
thusdetermined by an elliptic equation, namely (! ."$). If thewavesaresteady and adiabatic then,
since%") " = 0, theright-hand sideof the equation iszero and it becomes

$2
0

! 2* !

!+ 2 + , 2 ! 2* !

!- 2 = 0. (! ." " )

If * ! = 0at the boundaries, then theuniquesolution of thisis* ! = 0everywhere. At themeridional
boundarieswemay certainly supposethat * ! vanishesif these arequiescent latitudes, and at the
horizontal boundaries the buoyancy $ux will vanish if thewaves there aresteady, because from
(! .#!) wehave

%". " ! .
!-

= !
1
2

!
!"

. "2 = 0. (! ."" )

Under these circumstances, then, theresidual meridional circulation vanishesin theinterior and,
from (! ." " ), themean $ow is steady, thus reprising thenon-acceleration result.

Compare(! ." " ) with themomentum equation in conventional Eulerian form, namely

! #
!"

! $0%= %"/ " . (! .#!! )

! ere isno reason that thevorticity $ux should vanish when wavesarepresent, even if they are
steady. However, such a$ux is(under non-acceleration conditions) precisely compensated by the
meridional circulation $0%, something that ishard to infer or intuit directly from (! .#!! ); even
when non-acceleration conditionsdo not apply therewill be asigni#cant cancellation between the
Coriolisand eddy terms. ! e di$ culty boilsdown to the fact that, in contrast to %") ", %"/ " isnot the
$ux of awave activity.

Unliketheproof of thenon-acceleration result given in section ! .! .#, the above argument does
not use the invertibili ty property of potential vorticity directly, suggesting an extension to the
primitive equations, but we do not pursue that here." Various results regarding the TEM and
non-acceleration aresummarizedin theshaded box on page#! ! .



!"# Chapter" . Waves, Mean Flows and their Interaction

! ." .# $ e EP ßux and form drag

It may seem alittlemagical that thezonal ! ow isdriven by the EliassenÐPalm ! ux via(" .#! ). " e
poleward vorticity ! ux isclearly relatedto themomentum ! ux convergence, but why should a
poleward buoyancy ! ux a! ect themomentum?" eTEM form of themomentum equation may be
written as

! "
!#

=
!
!$

!
%0

& 2 ' ! ( ! " + ) " , (" .$! $)

where) " = ' ! *! + %0'
# represents forcesfrom themomentum ! ux and Coriolis force. " e" rst

term on theright-hand side certainly doesnot look like a force; however, it turnsout to be directly
proportional to theform drag between isentropic layers. Recall from section ??that the form drag,
+$, at an interface between two layersof shallow water is

+$ = ! , ! !- !

!.
, (" .$! #)

where, is theinterfacial displacement. But from (" .$#) , ! = ! ( ! /& 2 and with thisand geostrophic
balancewehave

+$ =
/ 0%0

& 2 ' ! ( ! . (" .$! %)

" us, thevertical component of the EP ! ux (i.e., themeridional buoyancy ! ux) is in fact a real
stressacting ona! uid layer and equal to themomentum ! ux caused by thewavy interface. " enet
momentum convergenceinto an in" nitesimal layer of mean thickness0 is then [cf. (??)],

) $ = 0
!+$

!$
= 0/ 0%0

!
!$

#
' ! ( !

& 2 $ , (" .$! " )

and alayer of mean thickness0 isaccelerated according to

! "
!#

= %0
!
!$

%
' ! ( !

! %(
& + ) " . (" .$! #)

" e appearanceof the buoyancy ! ux is really a consequenceof theway wehave chosen to average
the equations: obtaining (" .$! #) involved averagingthe forcesover an isentropic layer, and given
this it can only betheresidual circulation that contributes to the Coriolisforce. Onemight say that
thevertical component of the EP! ux isa forcein drag, masquerading asa buoyancy ! ux.

! .%! INFLUENCE OF EDDIES ON THE MEAN FLOW IN THE EADY PROBLEM

Wenow consider the eddy ! uxesin the Eady problem, and, in particular, how thesemight feed
back on to themean ! ow. Becauseof thesimplicity of thesetting theproblem can be fully solved
in both the Eulerian or residual frameworksand it is therefore avery instructive, albeit somewhat
algebraically complex, example.$!

! .%.& Formulation

Let us" rst distinguish between the basic ! ow, thezonal mean " elds, and theperturbation. " e
basic ! ow is the! ow around which the equationsof motion arelinearized; this! ow is unstable, and
theperturbations, assumedto besmall, grow exponentially with time. Becausetheperturbations
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are formally always small they do not a! ect the basic ! ow, but they do produce changesin thezonal
mean velocity and buoyancy " elds. In Eulerian form thisis represented by,

! "
!#

= $0%!
! " !%!

!&
,

! '
!#

= ! ( 2) !
! ' !%!

!&
, (" .#! ! )

and theTEM version of these equation is

! "
!#

= $0%
" + %!* ! ,

! '
!#

= ! ( 2) " , (" .#! " )

where in the Eady problem ! #(" !%! ) and %!* ! are both zero. We can calculate the perturbation
quantitiesfrom thesolution to the Eady problem (e.g., calculate%! ' ! ) and thusinfer thestructure
of themean ! ow tendencies! " / !# and ! ' / !# and themeridional circulation, (%,) ) or (%" , ) " ). All
of these" eldsareperturbation quantitiesand all are exponentially growing, and so in reality they
will eventually have a" nite e! ect on thepre-existing zonal ! ow, but in the Eady problem, or any
similar linear problem, such recti" cation isassumedto besmall and isneglected.

Using thethermal wind relation, $0! $" = ! ! #' to eliminatetime derivativesin (" .#! ! ) givesan
equation for themeridional streamfunction +%, namely,

, 2

, 2
&

! 2+%

!- 2 +
! 2+%

!& 2 = !
1

( 2

! 2' !%!

!& 2 , (" .#! #)

where(%,) ) = (! !+ %/ !- , !+ %/ !& ) and wehavenon-dimensionalized- with . and & with , . # e
boundary conditionsarethat +% = 0at & = 0,, and - = 0,. . Similarly, and analogously to to (" .!$),
weobtain an equation for theresidual streamfunction, +" , namely

, 2

, 2
&

! 2+"

!- 2 +
! 2+"

!& 2 = 0, (" .#! $)

wherenow the boundary conditionsarethat ( 2) " = ! %! ' ! / !& at theupper and lower boundaries,
and %= 0 at thelateral boundaries. In termsof theresidual streamfunction thisis

+" =
1

( 2 %! ' ! , at - = 0, 1, +" = 0, at & = 0, 1. (" .##! )

# eresidual and overturning circulationsarerelated by (" .$#a), and (" .#! #) and (" .#! $) are, at one
level, simply di! erent representationsof thesameproblem, connected by asimplemathematical
transformation. However, theresidual streamfunction better represents thetotal transport of the
! uid. Equation (" .#! $) isparticularly simple, becauseof the absenceof potential vorticity ! uxesin
theinterior, and it isapparent that theresidual circulation isdriven by boundary sources. We care
only about thespatial structureof theright-hand sidesof (" .#! #) and of the boundary conditionsof
(" .##! ). # e former isgiven by

!
! 2' !%!

!& 2 / !
! 2

!& 2 sin2 0&= ! 202 cos20&. (" .###)

# e eddy heat ! uxesin the Eady problem areindependent of height, asmay be calculated explicitly
from thesolutionsof chapter ??. In fact, the result followswithout detailed calculation, by " rst
noting that the eddy potential vorticity ! ux iszero becausethe basic statehaszero QG potential
vorticity and thereforenonemay begenerated. Further, becausethe basic state doesnot vary in &
there can beno momentum ! ux convergencein the&-direction, and so themomentum ! ux itself
iszero if it iszero on the boundary. # us[using for example(" .%") and (" .%#)] the eddy heat ! ux is
independent of height and the EPvectorsare directedpurely vertically (Fig." .%).

# e boundary conditionsfor theresidual circulation are

+" (&, 0) = +" (&, 1) / sin2 0&. (" .##%)
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Fig.! ." $ e EliassenÐPalm vector in the Eady problem.
! !"# $
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,-#
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! .#." Solution
! esolutions to (! ."! ! ) and (! ."! #) may beobtained either analytically or numerically. In a domain
0 < ! < 1 and 0 < " < 1 theresidual streamfunction for #= $ isgiven by:

%! =
"

!
#=1

& # sin[(2' ! 1)#!]
cosh[( $$(2' ! 1)(" ! 0.5)/( ]

cosh[( $$(2' ! 1)/2( ]
,

& # =
2

$(2' ! 1)
!

1
$(2' ! 1) ! 2#

!
1

$(2' ! 1) + 2#
.

(! .""")

! esolution isobtained by " rst projecting the boundary conditions [proportional to sin2 #!, or
(1 ! cos2#!)/2] on to the eigenfunctionsof thehorizontal part of theLaplacian (i.e., sine functions),
and thisgives the coe# cientsof & #. ! evertical structureis then obtained bysolving (( / ( $)2) 2

%%! =
! ) 2

&%! , which gives the cosh functions. ! eseriesconvergesvery quickly, and the" rst term in the
seriescaptures the dominant structureof thesolution, essentially because, for #= $, sin#! isnot
unlikesin2 #! on theinterval [0, 1].

! e Eulerian circulation isobtained from theresidual circulation using (! .$!a) and so by the
addition of a" eld independent of " and proportional to sin2 #!. ! eresulting structureisdominated
by this and the " rst term of (! .""") (proportional to sin#!) and, noting that the circulation is
symmetric about " = 0.5, weobtain a circulation dominated by a single cell, with equatorward
motion alo$ and poleward motion near thesurface(Fig.! ."). ! eheat %ux convergencein high
latitudesisleading to mean rising motion, with thepreciseshapeof thestreamfunction determined
by the boundary conditions. Althoughthisis true,theheat %ux arisesbecauseof themotion of %uid
parcels, so it may be alittlemisleading to infer, asonemight from the Eulerian streamfunction, that
theheat %ux causestheindividual parcels to riseor sink in thisfashion. ! eresidual streamfunction
isa better indicator of thetotal mass transport and, perhapsasonemight intuitively expect, these
show parcels rising in thelow latitudesand sinking in high latitudes, providing atendency to %atten
theisopycnalsand to reducethemeridional temperaturegradient.

! eresidual circulation also shows%uid entering or leaving the domain at the boundary Ñ what
does this represent? Suppose that insteadof solving the continuousproblem wehadposedthe
problem in a" nitenumber of layers (and we explicitly consider thetwo-layer problem below). As
thenumber of layers increases thesolutions to thelinear baroclinic instabili ty problem approaches
that of the Eady problem (e.g., Fig.??); however, aswesaw in section ! ." theresidual circulation is
closedin thelayeredmodel, and thesum over all thelayersof themeridional transport vanishes.
Now, in thelayeredmodel thevertical boundary conditionsare built in to therepresentation by
way of a rede" nition of thepotential vorticity of thetop and bottom layers, so that, in thelayered
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Fig.! ." %e Eulerian streamfunction (top) and the residual streamfunction for the Eady
problem, calculated using (! .#&') and (! .#&$), with! 2/ ! 2

! = 9.

version of the Eady problem there appears to be apotential vorticity gradient in thesetwo layers,
insteadof a buoyancy gradient at the boundary. ! eresidual circulation is then closed by areturn
! ow that occursonly in thetop and bottom layers, and as thenumber of layers increases this! ow is
con! nedto athinner and thinner layer, and to a delta-function in the continuouslimit. To indicate
thiswehaveplaced arrowsjustabove and below the domain in Fig." ." . (! isequivalence between
boundary conditionsand delta-function sourcesis thesame as that giving riseto the delta-function
boundary layer of section ??.)

! e e" ect on themean ! ow is inferred directly from theresidual circulation: themean ! ow
acceleration isproportional to " " and the buoyancy tendency isproportional to ! # " , and these
areplottedin Figs. " ." and " .#. Becausethereisno momentum ! ux convergencein theproblem
thezonal ! ow tendency isentirely baroclinic Ñ its vertical integral iszero Ñ and over most of
the domain is such as to reducethemean shear. Consistently (using thermal wind) the buoyancy
tendency is such as to reducethemeridional temperaturegradient; that is, theinstabili tiesact to
transport heat polewardsand so reducetheinstabili ty of themean ! ow.

! .#." $ e two-level problem
! eresidual circulation and mean-! ow tendenciescan also be calculated for thetwo-level (Phillips)
problem, with the$-e" ect. ! epotential vorticity ! uxesin each layer arenon-zero and themean
! ow equationsare, for %= 1, 2,

&' #

&(
= ) 0"

"
# + " $

#*
$
#,

&+
&(

= ! , 2# " . (" .##")
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Eady problem. Lighter (darker) shading means a positive (negative) tendency, but the units
themselves are arbitrary.
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�e vertical velocity and buoyancy are evaluated atmid-depth, and the thermal wind equation is�1 − �2 = −(�/2)��� and, bymass conservation, �∗1 = −�∗2 . If we de�ne a residual streamfunction�∗ such that �∗1 = −�∗2 = �∗, �∗ = ��∗�� , (�.���)

then eliminating time derivatives in (�.���) gives an equation for the residual streamfunction,�2�∗��2 − �2�2 �∗ = 2�0�2�2� (��1��1 − ��2��2), (�.���)

where �2�/2 = [2�0/(��)]2 and � is the total depth of the �uid, and we have non-dimensionalized
vertical scales by� and horizontal scales by �. As in the Eady problem it is only the spatial structure
of the terms on the right-hand side that are relevant, and thesemay be calculated from the solutions
to the two-level instability problem. �emain di�erence from the Eady problem is that the potential
vorticity �uxes are non-zero, even in the casewith � = 0: e�ectively, the boundary �uxes of the Eady
problem are absorbed into the potential vorticity �uxes of the two layers. Solving for the residual
circulation and interpreting themean-�ow tendencies is le� as an exercise for the reader (problem
�.??).
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Quasi-Geostrophic Wave–mean flow Interaction

�e inviscid and unforced Boussinesq quasi-geostrophic set of wave–mean-�ow equations
is ����� + ������ + �� ���� = 0, (WMF.�a)���� +

��� ���� = 0. (WMF.�b)

along with similar equations as needed for buoyancy at the boundary (seemain text). �e
eddy terms are�� = ! ∇2 +

��� "
�20�2

��� #$ ��, (��,��) = " !
����� ,
����� # . (WMF.�a,b)

�emean �ow terms are �(�, �) = �� !
���� +
��� %
�0�2�&. (WMF.�)

and ���� = � !
�2���2 !
��� "
�0�2

���� # = � !
�2���2 !
��� "
�20�2

���� # , (WMF.�)

using thermal wind. To solve for themean-�ow wemay de! ne a streamfunction � such
that

%�, 1�0�& = %!
���� ,
���� & (WMF.")

whence �(�, �) ! �� =
��� "
�20�2

���� # +
�2���2 . (WMF.�)

Given � from (WMF.�b) we solve (WMF.�) to give � and �. Equivalently, wemay derive a
single equation for the zonal wind by di#erentiating (WMF.�b) with respect to � and, using
(WMF.�), we obtain

!
�2��2 +
��� "
�20�2

��� #$
���� =
�2��2����. (WMF.�)

�e evolution of themean �owmay also usefully be written in TEM form as���� ! �0�∗ + ���� = 0, (WMF.$a)���� +�2�∗ = 0, (WMF.$b)

where �∗ and �∗ are found by solving the elliptic equation (�.��), and the value of ��/��
[for use in (WMF.�a)] is obtained using (WMF.�).
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Aspects of the TEM Formulation

Properties and features

! ! e residual mean circulation isequivalent to the total mass-weighted(eddy plus
Eulerian mean) circulation, and it is thiscirculation that isdriven by the diabatic
forcing.

! ! ere areno explicit eddy ! uxesin the buoyancy budget; theonly eddy term is the
! ux of potential vorticity, and this isdivergenceof the EliassenÐPalm ! ux; that is
! ! " ! = #" $F .

! ! e residual circulation, ! #, becomes part of the solution, just as ! is part of the
solution in an Eulerian mean formulation.

But note

! ! eTEM formulation doesnot solvetheparameterization problem, and eddy ! uxes
arestill present in the equations.

! ! etheory and practice arewell developed for azonal average, but less so for three-
dimensional, non-zonal ! ow. ! is isbecausethegeometry enforces simple boundary
conditionsin thezonal mean case.!

! ! e boundary conditionson theresidual circulation areneither necessarily simple
nor easily determined; for example, at ahorizontal boundary %# isnot zero if there
arehorizontal buoyancy ! uxes.

Examplesof theuseof theTEM and its relativesin thegeneral circulation of the atmosphere
and ocean arisein sections??, ??, " ." , " ." and ??.
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TEM, Residual Velocities, Non-acceleration, and All! at

For a Boussinesq quasi-geostrophic system, theTEM form of theunforcedmomentum
equation and thethermodynamic equation are:

! "
!#

! $0%
! = &' F ,

! (
!#

+ ) ! !
!*

( 0 = +, (T.!)

where! ( 0/ !* = , 2, + representsdiabatic e! ects, F is the EliassenÐPalm (EP) " ux and its
divergenceis thepotential vorticity " ux; that is&" ' F = %#- #. ! eresidual velocitiesare

%! = %!
!
!*

!
1

, 2 %#( #" , ) ! = ) +
!
!.

!
1

, 2 %#( #" . (T." )

Spherical coordinate and ideal gasversionsof thesetake asimilar form. Wemay de" ne a
meridional overturning streamfunction such that (%! , ) ! ) = #! !/ ! / !* , !/ ! / !. $, and using
thermal wind to eliminatetime-derivativesin (T.!) weobtain

$2
0

! 2/ !

!* 2 + , 2 ! 2/ !

!. 2 = $0
!
!*

%#- # +
! +
!.

. (T.#)

! e abovemanipulationsmayseem formal, in that theysimply transform themomentum
and thermodynamic equation from one form to another. However, theresulting equations
havetwo potential advantagesover theuntransfomedones.

(i) ! e residual meridional velocity is approximately equal to the average thickness-
weightedvelocity between two neighbouring isentropic surfaces, and so isameasure
of thetotal (Eulerian mean pluseddy) meridional transport of thicknessor buoyancy.

(ii) ! e EP" ux isdirectly relatedto certain conservation propertiesof waves. ! e diver-
genceof the EP" ux is themeridional " ux of potential vorticity:

F = ! (" #%#) j + %
$0

, 2 %#( #&k, & ' F = %#- #. (T.#)

Furthermore,the EP" ux satis" es, to second order in wave amplitude,

! A
!#

+ &' F = D, where A =
- #2

2! - / !.
, D =

0 #- #

! - / !.
. (T.#)

! equantity A isawave activity density, and D is itsdissipation. For nearly plane
waves, A and F are connected by thegroup velocity property,

F = (F $,F %) = !&A , (T.$)

where!& is thegroup velocity of thewaves. If thewavesaresteady (! A / !# = 0) and
dissipationless(D = 0) then & ' F = 0 and using (T.!) and (T.#) there isno wave-
induced acceleration of themean " ow; thisis theÔnon-accelerationÕ result. Commonly
thereisenstrophy dissipation, or wave-breaking, and &' F < 0; such wave drag leads
to " ow deceleration and/or apoleward residual meridional velocity.



! ." Necessary Conditions for Instability #$$

! ." ! NECESSARY CONDITIONS FOR INSTABILITY

! etÕs take a taxi to the Þnish line.
Chris Garrett, Ocean Science Meeting, Hawaii%&&%.

Aswenotedin chapter ??, necessary conditionsfor instabili ty, or su! cient conditionsfor stabili ty,
can bevery useful becausewhen satis" edthey obviatetheneedto perform a detailed calculation.
In theremainder of thischapter weusethe conservation of wave activitiesÑ pseudomomentum
and pseudoenergy Ñ to derivesuch conditions. In sections??and ??we derivedsuch conditions
assuming theinstabili ty to beof normal-mode form. Herewegive derivations that are both more
general and, in someways, simpler; they utili ze the fact that thepotential vorticity ! ux may be
written asa divergenceof avector and thereforevanisheswhen integratedover a domain, aside
from possible boundary contributions.

! ." .# Stability conditions from pseudomomentum conservation

Consider theperturbation enstrophy equation,

1
2

!
!"

#!2 = !
! #
!$

%" &F , (" .##! )

whereF is the EliassenÐPalm ! ux given by (" ."! ), theoverbar isazonal mean and the divergence
isin $-' plane. Dividing by ! #/ !$ and integrating over a domain ( which is such that the EliassenÐ
Palm ! ux vanishesat the boundariesgives thepseudomomentum conservation law,

!
#

!
!"

"
#!2

! $#
# d$ d' = 0. (" .###)

Equation (" .###) implies that, in thenorm $#!2/ ! $#%, theperturbation cannot grow unless! #/ !$
changes sign somewherein the domain, or at the boundaries. # is result doesnot depend upon the
instabili ty being of normal-mode form. # esimplest result of all occursin a barotropic problem
with no vertical variation. # en ! #/ !$ = ! / ! ) %$ = * ! ! 2+/ !$ 2, and demanding that thismust
changesign for an instabili ty reprises thein! ection point (RayleighÐKuo) condition. In themore
general case,if ! #/ !$ changes sign alongavertical linethen theinstabili ty iscalled a baroclinic
instabili ty, and if it changes sign alongahorizontal linetheinstabili ty isbarotropic Ñ thesemay
betaken as the de" nitionsof those terms. A mixedinstabili ty hasa changeof sign along both
horizontal and vertical lines.

! ." .$ Inclusion of boundary terms

Supposenow the! ow iscontained between two ! at boundaries, at ' = 0 and ' = , . # erelevant
equations of motion are the potential vorticity evolution in the interior, supplemented by the
thermodynamic equation at the boundary. For unforced and inviscid ! ow thesegive [cf. (" .##) and
(" .#")]

!
!"

"
1
2

#!2

! $#
# = ! - !#! , 0 < ' < , , (" .##$)

and
!
!"

&
1
2

. !2

! $.
' = ! - ! . ! , ' = 0, , . (" .#" ! )
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! epoleward ! ux of potential vorticity is

! ! " ! = !
#
#$

%!! ! +
#
#&

!
' 0

( 2 ! ! ) ! " , (" .#"#)

and integrating thisexpression with respect to both $ and &gives

#
"

! ! " ! d$ d&= $
' 0

( 2 ! ! ) !%
#

0
, (" .#"" )

assuming that themeridional boundariesare at quiescent latitudes. Integrating (" .##$) over $ and &,
and using (" .#"" ) gives

#
#*

&
1
2

" !2

#$"
d$ d&= ! $

' 0

( 2 ! ! ) !%
#

0
. (" .#"#)

Using (" .#" ! ) to eliminate! ! ) ! ! nally gives

#
#*

'(
)(
*

&
1
2

" !2

#$"
d$ d&! # +

,

1
2

' 0

( 2

) !2

#$)
-

.

#

0

d$
/0
10
2

= 0. (" .#"" )

If thisexpression ispositiveor negative de! nitetheperturbation cannot grow and therefore
the basic state is stable. Stabili ty thusdependson themeridional gradient of potential vorticity
in theinterior, and themeridional gradient of buoyancy at the boundary. If #" / #$ changes sign
in the interior, or #) /#$ changes sign at the boundary, we have the potential for instabili ty. If
these are both onesigned,then variouspossibili tiesexist, and using the thermal wind relation
(' 0#%/#&= ! #) /#$) weobtain the following.

I. A stable case:

#"
#$

> 0 and
#%
#&

33333333%=0
< 0 and

#%
#&

33333333%=#
> 0 "# stabili ty. (" .#" ")

Stabili ty also ensuesif all inequalitiesareswitched.

II. Instabili ty via interior-surfaceinteractions:

#"
#$

> 0 and
#%
#&

33333333%=0
> 0 or

#%
#&

33333333%=#
< 0 "# potential instabili ty. (" .#"$)

! e condition #"/#$ > 0 and (#%/#&)%=0 > 0 is themost commoncriterion for instabili ty
that ismet in the atmosphere. In thetropospherewe can sometimesignore contributions
of the buoyancy ! uxesat the tropopause(& = + ), and stabili ty is then determined by the
interior potential vorticity gradient and thesurface buoyancy gradient. Similarly, in theocean
contributionsfrom theocean ! oor arenormally very small.

III. Instabili ty via edgewaveinteraction:

#%
#&

33333333%=0
> 0 and

#%
#&

33333333%=#
> 0 "# potential instabili ty. (" .#"%)

(And similarly, with both inequalities switched.) Such an instabili ty may occur wherethe
troposphere acts like alid, asfor examplein the Eady problem. If #" /#$ = 0 and thereisno
lid at &= + (e.g., the Eady problem with no lid) then theinstabili ty disappears.
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One consequenceof theupper boundary condition is that it providesa condition on the depth
of the disturbance. In the Eady problem the evolution of thesystem isdetermined by temperature
evolution at thesurface,

D!
D"

= 0 at # = 0, $ , (! ."! ! )

(where! = %0&' /&#) and zero potential vorticity in theinterior, which implies that

( 2' + ) 2
! $ 2 &2'

&#2 = 0 0< # < $ , (! ."! #)

where) ! = %0/( $* ). Assuming asolution of the form ! ! sin)+ then thePoisson equation (! ."! #)
becomes

$ 2) 2
!

&2'
&#2 = ) 2' , (! ."" ! )

with solutions' = , exp(" -# )+. exp(-# ), where- 2 = ) 2* 2/%2
0 . # escaleheight of the disturbance

is thus

/ !
%00
21*

. (! .""")

where0 ! 21/ ) is thehorizontal scaleof the disturbance. If theupper boundary ishigher than
this, it cannot interact strongly with thesurface, becausethe disturbancesat either boundary decay
before reaching theother. Put another way, if thestructureof the disturbanceis such that it is
shallower than $ , thepresenceof theupper boundary isnot felt. In the Eady problem, weknow
that theupper boundary mustbeimportant, because it isonly by its presencethat the$ow can
beunstable. # us, all unstable modes in the Eady problem must beÔdeepÕin this sense,which
can beveri" ed by direct calculation. # iscondition gives riseto aphysical interpretation of the
high-wavenumber cut-o#: if 0 is toosmall, themodesaretooshallow to span the full depth of the
$uid, and from (! .""") the condition for stabili ty is thus

0 < 0" = 21
*$
%0

or 2 > 2 " =
%0

*$
= 0! 1

! . (! .""! )

where0" and 2 " are the critical length scalesand wavenumbers. Wavenumbers larger than the
reciprocal of the deformation radiusarestablein the Eady problem. If 3 isnon-zero, thiscondition
doesnot apply, becausethenecessary condition for instabili ty can besatis" ed by a combination of
asurfacetemperaturegradient and an interior gradient of potential vorticity provided by 3, asin
condition (II.) in section ! .$.! . # us, wemay expect that, if 3 #= 0, higher wavenumbers () > ) ! )
may beunstable but if so they will beshallow, and thismay be con" rmed by explicit calculation
(see Figs. ??and ??). In thetwo-level model shallow modesare, by construction, not allowedso that
high wavenumberswill bestable,with or without beta.

! ." ! NECESSARY CONDITIONS FOR INSTABILITY: USE OF PSEUDOENERGY

In this section we derive another necessary condition for instabili ty, sometimescalled an ÔArnold
conditionÕ, that isbasedon the conservation propertiesof energy and enstrophy. Such conditions
can be derivedmoregenerally by variational methods, and theseleadto somewhat stronger results
(in particular, nonlinear results that do not requiretheperturbation to besmall) but our derivations
will be elementary and direct.""
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! ." .# Two-dimensional ßow

First consider inviscid, incompressibletwo-dimensional ! ow governed by the equation of motion

!"
!#

+ $(%," ) = 0, (" .#!! )

where" = &+ ' = ( 2%+ ' is the absolutevorticity and %is thestreamfunction. In asteady state,
thestreamfunction and thepotential vorticity are functionsof each other so that

" = ) (* ) and %= * () ), (" .#! " )

where) isa di! erentiable but otherwise arbitrary function of itsargument, and * its functional
inverse. Equation (" .#!! ) is then

!"
!#

= !
d)
d%

$(* , * ) = 0 (" .#! ")

and all steady solutionsareof the form (" .#! " ). Weshall provethat if d* /d) > 0 then the! ow is
stable,in asenseto bemade explicit below. Consider the evolution of perturbationsabout such a
steady state,so that

" = ) + " ! , %= * + %!, (" .#!" )

and we suppose that the perturbation vanishes at the domain boundary or that the boundary
conditionsareperiodic. # epotential vorticity perturbation satis#es, in thelinear approximation,

!" !

!#
+ $(%! , ) ) + $(* , " ! ) = 0. (" .#!$)

Now, becausepotential vorticity isconservedon parcels, any function of potential vorticity isalso
materially conserved, and in particular

D* (" )
D#

=
!*
!#

+ $(%,* ) = 0. (" .#! $)

Linearizing this using (" .#!" ) gives

d*
d)

!" !

!#
+ $(%! , * ) + $! * ,

d*
d)

" ! " = 0. (" .#! $)

We now form an energy equation from (" .#!$) by multiplying by ! %! and integrating over the
domain. Integrating the#rst term by parts we#nd

d
d#

#
1
2

((%!)2 d+ = # %!$(* , " ! ) d+ . (" .#"! )

Similarly, from (" .#! $) weobtain

d
d#

#
1
2

d*
d)

" !2 d+ = ! # $" !$(%! , * ) + " !$! * ,
d*
d)

" ! "% d+. (" .#"#)

# esecond term in square bracketsvanishes. # isfollows using theproperty of Jacobians, obtained
by integrating by parts, that

, -$(. , / )0= , .$(/ , - )0= , /$(- , . )0= ! , /$(. , - )0, (" .#"%)
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wherethe angle bracketsdenotehorizontal integration. Using thiswehave

! ! ! "" #,
d#
d$

! !#$ = ! !
d#
d$

! ! "(#, ! ! )$ = !
1
2

!
d#
d$

"(#, ! !2)$

= !
1
2

! ! !2""
d#
d$

,# #$ = 0.
(! ."! ! )

Adding (! ."! ! ) and (! ."!" ) theremaining nonlinear termscancel and weobtain the conservation
law,

%% =
1
2

& ' (&' ! )2 +
d#
d$

! !2( d( ,

d %%
d)

= 0.

(! ."!! )

" equantity %%isknown as thepseudoenergyof the disturbance and becauseit isa conservedquantity,
quadratic in thewave amplitude,it is (likepseudomomentum) awave activity. Its conservation
holdswhether the disturbanceisgrowing, decaying or neutral.

If d# /d$ ispositive everywherethepseudoenergy isapositive-de�nitequantity, and thegrowth
of the disturbanceis then largely prevented and the basic state is said to bestable in the sense of
Liapunov. " is means that the magnitude of the perturbation, as measured by some norm, is
bounded by its initial magnitude. In the caseherewe de�nethenorm

||' ||2 " & ' (&' )2 +
d#
d$

(&2' )2( d( , (! ."! �)

so that
||' ! ())||2 = ||' ! (0)||2. (! ."! #)

If d# /d$ > 0 then, althoughthe energy of the disturbance can grow, its�nal amplitudeisbounded
by the initial valueof thepseudoenergy, becauseif perturbation energy is to grow perturbation
enstrophy must shrink but it cannot shrink pastzero. Normal-modeinstabili ty, in which modes
grow exponentially, iscompletely precluded.

If thepseudoenergy isnegative de�nite then stabili ty isalso assured, but thisisa lesscommon
situation for it demands that d# /d$ besu�ciently negativeso that the(negativeof the) enstrophy
contribution isalwayslarger than the energy contribution, and thiscan usually only besatis�ed
in asu�ciently small domain. To seethis, supposethat ! ! = &2' ! , and that in the domain under
consideration theLaplacian operator haseigenvalues! *2 where

&2' ! = ! * 2' ! (! ."! $)

and thesmallesteigenvalue, by magnitude,is*2
0. " en, using PoincarŽÕsinequality,

&(&2' ! )2 d( # *2
0 &(&' ! )2 d( , (! ."! �)

asu�cient condition to make %% negative de�niteis that

d#
d$

< !
1
*2

0
. (! ."!# )

As the domain getsbigger, *0 diminishesand thiscondition becomesharder to satisfy."%
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Parallel shear flow and Fjørtoft’s condition
Consider the stability of a zonal �ow (i.e., a �ow in the �-direction), that varies only with �. �e
�ow stability condition is then

d�
d� = d�/d�d�/d� = − � − ��� − ��� > 0, (�.���)

where �� is a constant, representing an arbitrary, constant, zonal �ow. �e last equality follows
because the problem isGalilean invariant, and we are therefore at liberty to choose�� arbitrarily. To
connect this with Fjørto�’s condition (chapter ??) multiply the top and bottom by (�−���), whence
we see that a su�cient condition for stability is that (� − ��)(� − ���) is everywhere negative. �e
derivation here, unlike our earlier one in section ??,makes it clear that the condition does not only
apply to normal-mode instabilities.

�.�.� � Stratified quasi-geostrophic flow
�e extension of the pseudoenergy arguments to quasi-geostrophic �ow ismostly straightforward,
but with a complication from the vertical boundary conditions at the surface and at an upper
boundary, and the trusting readermay wish to skip straight to the results, (�.���)–(�.���).�� For
de�niteness, we consider Boussinesq, �-plane quasi-geostrophic �ow con�ned between �at rigid
surfaces at � = 0 and � = �. �e interior �ow is governed by the familiar potential vorticity equation
D�/D� = 0 and the buoyancy equation D�/D� = 0 at the two boundaries, where� = ∇2� + �� + ��� ��(�)���� � , � = �0 ���� , (�.���)

and �(�) = �20 /�2 is positive. �e basic state (� = �, � = �, � = �1,�2) satis�es� = �(�), 0 < � < �,� = �1(�1), � = 0 and � = �2(�2), � = �. (�.���)

Analogous to the barotropic case, we obtain the equations ofmotion for the interior perturbation����� + �(��,�) + �(�, ��) = 0, (�.���a)

d�
d� ����� + �(��,�) + ���, d�d���� = 0, (�.���b)

and at the two boundaries ����� + �(��,��) + �(��, ��) = 0, (�.���a)

d��
d�� ����� + �(��,��) + ����, d��d�� ��� = 0, (�.���b)

for � = 1, 2. (By d��/d�� wemean the derivative of �� with respect to its argument, evaluated at ��.)
From these equations, we form the pseudoenergy bymultiplying (�.���a) by −��, (�.���b) by ��, and
(�.���a) by ��, (�.���b) by ��. A�er somemanipulation we obtain the pseudoenergy conservation
law: �� = E+Z + B1 + B2 ,

d ��
d� = 0, (�.���)
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where

E = 1
2
�(!" ! )2 + #�$" !

$%
�2� , Z = 1

2
�d&

d'
( !2� ,

B1 = 1
2
�#(0)

) 0

d&1

d* 1
+! (0)2� , B2 = !

1
2
�#(, )

) 0

d&2

d* 2
+! (, )2� .

(! ."! ! )

where the curly brackets denote a three-dimensional integration over the #uid interior, and the angle
brackets denote a horizontal integration over the boundary surfaces at 0 and , . " e pseudoenergy�, is positive-de" nite, and therefore stability is assured in that norm, if all of the following conditions
are satis" ed:

d&
d'

> 0,
1
) 0

d&1

d* 1
> 0,

1
) 0

d&2

d* 2
< 0. (! ."! #)

If the #ow is compressible, the potential vorticity is ( = ! 2" + -. + / ! 1
" $#(/ " #$#" ), where / " = / " (%),

but the " nal stability conditions are unaltered. If the upper boundary is then removed to in" nity
where / " (%) = 0 then only the lower boundary condition contributes to (! ."! #). In the layered form
of the quasi-geostrophic equations the vertical boundary conditions are built in to the de" nitions of
potential vorticity in the top and bottom layers. In this case, a su# cient condition for stability is that
d&/d' > 0 in each layer. Indeed, an alternate derivation of (! ."!! )–(! ."! #) would be to incorporate
the boundary conditions on buoyancy into the de" nition of potential vorticity by the delta-function
construction of section ??.

Zonal shear ßow
Consider now zonally uniform zonal #ows, such as might give rise to baroclinic instability in a
channel. " e " elds are then functions of . and %only, and the su# cient conditions for stability are:

d&
d'

= $&/$.
$' / $.

= !
0

d' / d.
> 0,

d&1

d* 1
= d&1/d.

d* 1/d.
= 0 (0)

d0 (0)/d%
> 0,

d&2

d* 2
= d&2/d.

d* 2/d.
= 0 (, )

d0 (, )/ d%
< 0.

(! ."!$)

using the thermal wind relation, and setting ) 0 = 1 (its value is irrelevant). " ese results generalize
Fjørto$’s condition to the strati" ed case,"! and as in that case we are at liberty to add a uniform
zonal #ow to all the velocities.

! ." .# ! Applications to baroclinic instability
Wemay use the stability conditions derived above to provide a fewmore results about baroclinic
instability, including an alternate derivation of theminimum shear criterion in two-layer #ow, and a
derivation of the high-wavenumber cut-o%to instability. In what follows we do not derive any new
criteria; rather, the derivationsmake it apparent that the criteria are not restricted to perturbations
of normal-mode form.

Minimum shear in two-layer ßow
We consider two layers of equal depth, on a #at-bottomed - -plane with basic state

&1 = ! 01. , &2 = ! 02. (! ."! %a)

' 1 = -. !
12

$

2
(02 ! 01). , ' 2 = -. !

12
$

2
(01 ! 02). . (! ."! %b)
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! is stateischaracterized by ! ! = "!#! where

"1 = !
($ + %2

"
!&)

(& + !&)
, "2 = !

($ ! %2
"
!&)

(& ! !&)
, (! ."" ! )

with & = (&1+&2)/2 and !& = (&1! &2)/2. ! e barotropic#ow doesnot a! ect thestabili typroperties,
so without lossof generality wemay choose& < ! !&, and thismakes"1 > 0. ! en "2 isalso positive
if $ > %2

"
!&/2. ! us, asu" cient condition for stabili ty is that

!& <
$
%2

"

, (! ."" ")

asobtainedin chapter ??. However, wenow seethat thestabili ty condition doesnot apply only to
normal-modeinstabili ties."#

Useof pseudomomentum conservation providesan alternative derivation of thesameresult.
! e#ow will also bestableif in both layers '! / '( > 0, for then the conservedpseudomomentum
will bepositive de$nite. If &1 > &2 then, from (! ."#$) d! 1/ d( > 0. ! e #ow will bestable if
d! 2/ d( > 0, and thisgives

!& =
1
2

(&1 ! &2) <
$
%2

"

, (! .""#)

asin (! ."" ").

! e high-wavenumber cut-o" in two-layer baroclinic instability
We can use apseudoenergy argument to show that thereisahigh-wavenumber cut-o! to two-layer
baroclinic instabili ty, with the basic state(! ."#$). ! e conservedpseudoenergy analogous to (! ."##)
and (! ."#" ) is readily found to be

!) = " (*+ #
1)

2 + (*+ #
2)

2 +
1
2

%2
" (+#

1 ! +#
2)

2 +
, #2

1

"1
+

, #2
2

"2
# = 0. (! .""$)

Let us choose (without lossof generality) the barotropic #ow to be& = $/%2
" . We then have

"1 = "2 = ! 1/%2
" , and thepseudoenergy is then just the actual energy minus%! 2

" times the total
enstrophy. If we de$ne+ = (+#

1 + +#
2)/2 and - = (+#

1 ! +#
2)/2 then, using (??) and (??), (! .""$) may

be expressed as

!) = $(*+ )2 + (*- )2 + %2
" - 2 ! %! 2

" %(* 2+)2 + &(* 2 ! %2
" )- '

2
() . (! ."" ! )

Now, let usexpress the$eldsasFourier sums,

(- ,+) = *
$,%

(+-$,%, ++$,%)e
i($&+%'). (! .""#)

(! isexpression assumesa doubly-periodic domain; essentially thesame end-result isobtainedin
a channel.) ! epseudoenergy may then bewritten as

!) = *
$,%

&. 2 ++2
$,%(%

2
" ! . 2) + . #2+- 2

$,%(%
2
" ! . #2)' (! .""" )

where. 2 = %2 + /2 and . #2 = . 2 + %2
" . If the deformation radiusis su" ciently large(or the domain

su" ciently small) that . 2 > %2
" , then thepseudoenergy isnegative-de! nite,so the#ow is stable,

no matter what theshear may be. Such asituation might ariseon aplanet whose circumference
wasless than the deformation radius, or in asmall ocean basin. In thelinear problem, in which
perturbation modesdo not interact, horizontal wavenumberswith %2 > %2

" arestable and thereis
thusahigh-wavenumber cut-o! to instabili ty, aswasfound in chapter ??by direct calculation.



Notes !"#

Notes
! AfterEliassen & Palm(!$"! ).

%Andrews & McIntyre(!$&"),Ripa(!$'! ) andHeld(!$'( ). See also problem) .??.

# * ese restrictions on the basic state are not necessary to prove orthogonality, but they make the
algebra simpler. Also, we pay no attention here to the nature of the eigenvalues of () .)( ), which, in
general, consist of both a discrete and a continuous spectrum. SeeFarrell(!$') ) andMcIntyre &
Shepherd(!$'& ).

) * e TEM was introduced byAndrews & McIntyre(!$&", !$&' ) andBoyd(!$&"b). A precursor is the
paper ofRiehl & Fultz(!$(&), who noted the shortcomings of zonal averaging in uncovering the
meaning of indirect cells in laboratory experiments, and by extension the atmosphere.

( * is problem can be worked around in some cases (Plumb!$$+,Greatbatch!$$' ).

" * e main result of this subsection was originally obtained byMcIntosh & McDougall(!$$"). I thank
A. Plumb for a discussion about the derivation given here. See also de Szoeke & Bennett (!$$#) for
related earlier work, andJuckes(%++!) and Nurser & Lee (%++)) for generalizations.

& Non-acceleration arguments have a long history, with contributions from Charney & Drazin (!$"! ),
Eliassen & Palm(!$"! ),Holton(!$&)) andBoyd(!$&"b). Andrews & McIntyre(!$&' ) put these
results in the context of the EP ßux and the TEM formalism, andDunkerton(!$'+ ) reviews and
provides examples.

' Conservation laws of this ilk, their connection to the underlying symmetries of the basic state
and (relatedly) their Þnite-amplitude extension, are discussed by McIntyre & Shepherd (!$'& ) and
Shepherd(!$$+). Conservation of momentum is related to the translational invariance of the
medium whereas conservation ofA is related to the translational invariance of the basic state, and
hence the appellation ÔpseudomomentumÕ.

$ SeeAndrews & McIntyre(!$&' ).

!+ Steve Garner and Ra, aele Ferrari both provided very helpful input to this section.

!! * e original papers areArnold(!$"( , !$"" ), with a number of results being subsequently developed
byHolmet al.(!$'( ). SeeShepherd(!$$+) for a review.

!% * e stability criterion is sometimes referred to as ÔArnoldÕs second conditionÕ. More discussion,
especially with regard to boundary conditions, is given in McIntyre & Shepherd (!$'& ).

!# Blumen(!$"' ), but the method we use is more direct.

!) Pedlosky(!$") ) derived these conditions by a normal-mode approach.

!( Pierini & Vulpiani(!$'! ) andVallis(!$'( ) further consider the Þnite-amplitude case.

Further reading
Andrews, D. G., Holton, J. R. & Leovy, C.B.,!$'& . Middle Atmosphere Dynamics.

Provides a discussion of a number of topics in wave dynamics and waveÐmean-ßow interaction,
including the TEM, mainly in the context of stratospheric dynamics.

Buhler, O.%++$. Waves and Mean Flows.
* is book provides a comprehensive and readable discussion of waves, mean ßows and their interac-
tion, including the Transformed Eulerian Mean, the Generalized Lagrangian Mean, and more.


