I nother advantse of a mathematical statement is that it is so debnite that it
mi" ht be debnitely wrbn.#ome verbal statements have not this merit.

L. F. Richardsot'( Di#$%.

CHAPTER

Waves, Mean Flows and their Interaction

or zona average,interadswith awave-like degparture from that mean, and this chapter

provides an eementary introduction to anumber of topicsin thisarea It is @ementaryO
becaise our derivationsand discusson are obtained by dired and straightforward manipulations
of the equations of motion, 0" en in the smplest case that will ill ustrate the relevant principle. It
isimplicit in what we do that it isasensiblething to demmpasethe! eldsinto amean plus ©me
departure, and one cae when thisis © iswhen the departureisof small amplitude Departures
fromthemean N genericdly cdlededdesN arein redity not always snall; for example,in the
mid-latitudetropospherethe eddesare 0" en of smilar amplitudeto themean ! ow, and chapters
??and ??will explore this from the standpoint of turbulence However, in this chapter we will
usually assume,without any rigorousjusti! caion, that eddesareindeedof small amplitude, and,
in particular, tha edd/Pmean-! ow interadion islarger than edd/bedd interadion.

A waveisan eddy that satidl es, a least approximately, a dspersion relation. It is the presence
of such a dspersion relation that enabdesanumber of resuts to beobtainedthat would otherwise
beout of our read, and that gives riseto the gpelation avebmean-! owQin mid-latitudes the
relevant waves are usually Rossy waves, asintroducedin chapter ?7 dthough gavity wavesalso
interad with themean ! ow. It isimplicit in de! ning waves thisway that they are generally of
small amplitude, fr it is this that allows the equations of motion to besensibly lineaized and a
dispersion relation to beobtained (although amonochromatic wave may have! nite anplitude and
still satisfy a dspersion relation). However, this does not mean tha the waves do nat interad with
ead other and with the mean ! ow; we may exped, or at leasthope, that the qualitative nature of
such interadions, ascdculated by waveBmean-! ow interadion theory, will carry over and provide
insghtsinto the! nite-amplitude problem.! us onegoal of waveBmean-! ow theory is to provide
away of qualitatively understanding moreredistic situations, and to suggestdiagnaostics that might
beusedto analyze hoth observations and numericd solutions of the fully nonlinea problem. In
this chapter we will | argely concern ourselveswith azonal mean, sincethisis thesmplestand 0" en
most useful case becase of the presenceof smple N i.e, periodic N boundary conditions. We
will also bemainly concenedwith quasi-geostrophic dynamicsona! -plane.! ereade who is
anxiousfor red examplesmight wish to ! rstlook at chapter " and then come ba& to this chapter
asneeded

W"# BB#19%-&'() *%+#,!-+*(% isconcernedwith how some mean ! ow, perhapsatime
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" QUASI-GEOSTROPHIC WAVEDMEAN-FLOW INTERACTION
L Preliminaries
To ! x our dynamicd system and notation, we write down the quasi-geostrophic potential vorticity
equation
" "
o rs%n =6, (1)

where & represents any non-conservative termsand the potential vorticity in a Boussnesq gstem
is

"= +)+!!T!—2-", ()

where) is therdative vorticity and - is the buoyancy perturbaion from the ba&ground state
charaderized by, 2. [Inanidedgas" ='( +)+(+/.,)!. #,-/, *$ where., isasped! ed dasity
pro! le, and mostof our derivationscen be extendedto that case] We will refe to lines of constant
- asisentropes. In termsof the streanfunction, thevariabesare
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where/ 21 (1Z+12). # epotential vorticity equation holdsin the #uid interior; the boundary
conditionson (! .") are provided by thethermodynamic equation

!!;#+$(%-)+o, =1, (1)

wherel representshedingterms. # everticd velocity a the boundary, 0, iszero in the atsenceof
topogaphy and Ekman friction, and if 1 isalso zero the boundary condition isjust

!!;#+$(%-)=0- ()

Equations(!.") and (! .") arethe evolution eguationsfor the system and if both & and 1 arezero
they conserve hoth thetotal energy, 2 and thetotal enstrophy, 3:

2 2

Q:o, 31, (/%)2++_0!%" d4,

d# 27w BERNT 09
d3 1. ., h
i ==+ "2qa.

il 3 >t d

where 4 isavolume bounded ty surfaces at which the normal velocity is zero, or tha has periodic
boundary conditions. # e enstrophy isalso conservedlayerwise; that is, the horizontal integral of
"2 jsconserved d every level.

" # Potential vorticity Bux in the linear equations

Let us demmpose the ! elds into amean (to be denoted with an overba) plus a perturbation
(denotedwith aprime), and let us suppaosethe perturbaion ! edsare of small amplitude (Inlinea
problems, such as those mnsideredin chapter 22 we deompaosedthe#ow into a @asic staelplusa
perturbation, with the baic state! xedin time. Our approach hereis smilar, but soonwewill alow
themean stateto evolve.) # elineaizedquasi-geostrophic potential vorticity equation is then
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where! ' represents eddy forcing and disspation and, in termsof streamfunction,

0'0°

""(#,$,%&,-!(#,$,%&":#!(?,(? , (1 13)
dsug=+? v Luo0 g (1 1b)
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If themean isazona mean then (¥/(# = 0and ™ = 0 (becaise' ispurely geostrophic) and
(r.)dmpli"esto
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usng thermal wind,, o( ™/ (%=!(/ /$.

Multiplying by *' and zonally averaging gives the enstrophy equation:

}LW:IW(?+I Tl (1 #

2(& ' &

equantity ' '*" is the meridional $ux of potential vorticity; thisisdowngradent (by de" nition)
when the "rst term on theright-hand side is positive (i.e, ' '*'(*/($ < 0), and it then ads to
increase the varianceof the perturbation. (" isocaurs, for example,when the $ux isdi#usive so

that ' '*' =1 0(*/($ , where 0 may vary but iseverywhere positive) " isargument may beinverted:

for inviscid $ow (! = 0), if the waves are growing, as for example in the canonicd modds of
baoclinicinstablity discusedin chapter 27 then thepaential vortidty ! ux isdowngradent.

If the semnd term on theright-hand sideof (! #¥#isnegative, @it will beif ! ' isa dsdpative
process(eg,if! ' = 1+%' orif! ' =12* wherel and 2arepositive) then astatisticd baance
can be abieved baween enstrophy production via downgradent transport, and disspation. If the
waves are stead (by which we mean statisticdly steady, neither growing nor decging in amplitude)
and conservative(i.e,! ' = 0) then we musthave

=0, (! #

Smilar resuts follow for the huoyancy at the boundary; we start by lineaizing the thermody-
namic equation (! .$) to give

.0,

1
2=3"' I
(& # @ *#)
where3 ' isa dabaic sourceterm. Multiplying (! #) by /' and averaging gives
1(-+ —(7 —
2=yt AN I
2(& ©® ¢4

' usgrowing adabadic waves have a dwngradent $ux of buoyancy a the boundary. In the Eag
problem thereisno interior gradent of basic-state potential vorticity and al thetermsin (! #%
are zero, but the perturbation growsat the boundary. If thewaves are stead/ and adabdic then,
analogoudy to (! .#),

=0, (! #)
e boundary conditions and $uxes may be atsorbedinto the interior de' nition of potential
vorticity and its $uxes by way of the ddta-function boundary layer construction, describedin
sedion ?? In moddswith discrete verticd layers or a" nite number of levelsit iscommon radice
to absorb the boundary conditionsinto the dé' nition of potential vorticity a top and bottom.
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" # Wavebmean-Row interaction

In linea problemswe usually suppose that themean ! ow is! xed and in that casein the zonal
mean terms, T and ™ in (" #), would be functionsonly of # and $. However, wein redity we might
exped that themean ! ow would change becase of momentum and hed ! ux convergencesarising
from the edd-eddy interadions. To cdculate these dhanges we beagin with the potential vorticity
equation (".9 and, in theusual way, express hevariadesasazona mean plusan eddy term and

obtain -
0 _ J—
—F' (M=)
e (A=) "9)
Now, sincethemean ! owisazonal mean, and* = 0, the! rst term iszero and themean ! ow evolves
acordingto
% Y% —
_ + _*[n[ = . ". 1
%& Yot ) %)

Smilarly, a& the boundary the mean buoyancy evolution equation is

% % —
EAANR AT
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To obtain T from™ and +we use thermal wind bdanceto del ne astreanfunction - . # at is,
snce B
% % 1 %- %-,

AN I T = 2 2 "
0068 | U then ”’-o+ " v (".$18,0

whence,usng (" .4 ), thepotential vorticity is

% 2% %
#,58 M= —#-L$+
(#$.8 % 02 %8 T vl

%)
If ~isknown in theinterior from (".$'), and +(i.e., . (%-/ %$ isknown a the boundaries, then T
and +in theinterior may beobtainedusing (".$! ) and (" .$#).

To closethe system we suppose that the edds terms themselves evolve acording to (" .#) and
(".®%. If in those eguationswe wereto includethe edd-eddy interadion termswe would simply
recver the full system, so in negleding thosetermswehave onstructed an eddybmean-! ow system,
commonly cdled awaveBnean-! ow system becaise by iminating the nonlinea termsin the
perturbation equation the eddeswill 0%en bewavelike. Non quasi-geostrophic waveBmean-! ow
systems may be @nstructedin asmilar fashion: for example,we culd construct a system using
the primitive equationswith separate equationsfor eddy and zonal-mean temperature and velocity
I dds, and an exampleinvolving gravity wavesisgiven in chapter ! .

Notethat such systemsdo di#er from linea ones. In constructing linea systemswe posit that
the edd termsare small comparedto themean ! ow and thusnegled the edd-eddy interadion
terms. In awaveBmean-! ow problem wesimilarly supposethe edd termsaresmall, and we negled
eddy-eddy interadion termswherethey produce another eddy, becasethetermsinvolving the
mean ! ow arelarger. However, in themean ! ow equation, (.4 ), there aeno larger mean ! ow
terms and we kegp the edd-eddy termsand dlow the mean ! ow to evolve. Such ajust! caion
ishardly arigorousone,sinceif the edd termsare small then the eteds on the mean ! ow will
besmall and so one might supposethat the mean ! ow should beheld ! xed # ewavebnean ! ow
equations redly can only bejusti! edon a cae-by-case baiswith a deailed examination of the size
of thetermsand therate a which they evolve, and that is the subjed of wekly nonlinea theory. It
isalso o%en the caethat in applicaions one dlows only avery limited set of wavetermsN f or
example,one might alow the eddes to berepresented by justapair of Fourier modes. In any case,
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the waveBinean-! ow problem can be auseful tool to gain insght into the bénaviour of the full
system.! e guationsare sunmarizedin thegrey box on page"!".

We now consider some more properties of the waves themselves N how they propagate and
what they conserve N beginningwith a dscusson of the potential vorticity ! ux and its relative, the
EliasenbPalm ! ux

" THE ELIASSENDPALM FLUX
I e edd ! uxof potentia vorticity may be expresedin terms of vorticity and buoyancy ! uxesas

el =1y gt z' o . #""
%& (2
I ese@nd term ontheright-hand side ca bewritten as
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usng' ' = $,%*/%&
Smilarly, the! ux of relative vorticity cen bewritten

1%, 1, 12 "
=1 _— 1“1
' % 0+( )+ [y)( ) (#."#)
Using (#"") and (#."#), (#."") be@mes
$o 1 1% 12 12 112 "
o 2 I — I (1°<1 I —
.%( )+0/&(2 '$+ 2%)( (2. #"#H
I us themeridional potential vorticity ! ux, in the quasi-geostrophic gpproximation, can bewritten
as the dvergenceof avedor: !'"' = -. E where
WL, oy, R $o 11 "
—1( |  [— | I [ |
E 2.(. I, ).(2 il )]+#( $ k. #")
A particularly useful form of thisarises aber zonally averaging, for then (#."#) be@mes
TIul Yo7 1 $0 Tl "
Pt ! =0 #.
%ot " % %& (2 O (#3)
I evedor de'ned by
F "1 ,ITJ + ($£|_k (#.H%

is cdledthe (quasi-geostrophic) EliasgnBPalm (EP)! ux, and itsdivergence,given by (#."$), gives
thepoleward ! ux of potential vorticity:

=, F, (#"#)

where-.. " (%%+%%4& is the dvergencein the meridional plane. Unless he meaning is undea,

thesubscript ) on the meridional divergencewill be dopped



I"# Chaptest. Waves, Mean Flows and their Interaction

I"# $ eEliassenbPalm relation
Ondividing by ! "/% and udng (! .!'!), the enstrophy equation (! ."") be@mes

A
?4‘%& :D, (ll#a)
where
= = 11
207y D A (.1#0)

Equation (! .! #a) isknown as the EliasenBPalm rdation, and it isa mnservation law for the wave
adivitydensty A." e onservation law isexad (in thelinea approximation) if themean $ow is
constant in time. It will be agoad goproximation if ! "/ # varies dowly comparedto thevariation
of "'2,
If we integrate (! .! #b) over a meridiona area( bounded ty walls where the edd adivity

vanishes, and if D = 0, we obtain

i | = |

d$'-vAd( 0. (r4#)
' eintegral isawave adivity N a quantity that is quadratic in the anplitude of the perturbation
and that is conservedin the alsenceof forcing and disspation. In thiscase A is the negative of
the pssudomonentum, for reasonswe will encounter later. (Wave ationQs aparticular form of
wave acivity; it is the energy divided by the frequency and it isa cnservedproperty in many wave
problems.) Notethat neither the perturbation energy nor the perturbaion enstrophy are wave
adivities of thelineaized ejuations, becaise there can be an exchange of energy or enstrophy
between mean and perturbation N indeed,this is how a perturbation grows in barodlinic or
barotropicinstakility! " isisalread evident from (! ."), or in general take (! .$) with* ' = 0and
multiply by "* to give the enstrophy equation

1 " 12 1]_ 0 I : | ,
_K+2 &% +1' & M=0, (1 #)
where herethe overbar isan average (although it neednot be azonal average). Integrating this over
avolume) gives
da*!' . d . 1. |
— 1 = =#Il 1° fa! I #1
& @2 d) # 1" & %d) . (A

' eright-hand side dbesnot, in general, vanish and so * ! isnot in general conserved

1" $ egroup velocity property for Rossby waves

" evedor F describeshow the wave agivity propagates. We notedin chapter " that in the caein
which the dsturbanceis composed of plane or amost plane waves that satisfy a dspersion reation,
then F ="gA, where" is thegroup velocity and (! .! #a) bemmes

2 +9%4A%) =0, (1 4

" isisauseful property, becaise if we can diagnose "y from observations we can use (! .! #a)
to determine how wave ativity density propagates. Let us demonstrate this explicitly for the
pseudomomentum in Rossy waves, that isfor (! .! #a).
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! e Boussnesq quasi-geostrophic equation on the! -plane,lineaized aound auniform zonal
I ow and with constant stetic stahility, is

# g ¢
where# =) 2+ (*2/+?)"?/", ?]- ' and, if %asconstant, "#"( =!.! uswehave
" " W oxk2w ! w_ !
!@+V/QE"#)2-!+T!+—°2f"$ +log =0 ")
Seking solutions of the form
! = ReYg(#HE 10) (" "#)
we" nd the dspersion relation,
=% !é—z. )
where0? = (/ 2+ £+ 2 2*2/+ 2), and the group velocity comporents:
$- %’ 5 = 2!/2*04§/+2. ¢
Also, if % = Re%ex(i(/& + 1(+2, ! .$)], and similarly for the other " elds, then
%=!Reil% %= Reil %
%= Rei2* % #= | Re0’% -4
I ewave agivity dendity is then o
PR L] @

wherethe addtional fador of %in the denominator arisesfrom the averaging. Using ("."#) the BP
Lux, (".%% is

%o ohT = L/ S Ty T
F%=109% _2/1|°/8|, Fr=275 2+2/2|°/5|. "9
Using ("."#), ("."!) and ("."$) we obtain
F=(F%F)=1LA, "%

If the properties of the medum are dowly varying, so that a (spatially varying) group velocity can
still be dé ned,then thisisauseful expresson to estimate how the wave adivity propagatesin the
atmosphere and in numericd smulations.

1" # $ eorthogonality of modes

Itisa dred consequenceof the onservation of wave adivity that disturbancemodesareorthogorel
in the Wave ac¢ivity normQde' nedlater on, and thusare auseful measure of the anplitudeof a
particular mode*To explorethis, we start with thelineaizedpotential vorticity equation,

g g+ =0 ()
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Let usformally seek solutionsof the form ! ' = Re" exp(i#$) where" is the sum of modes

"=l I (%&)e Y (1D

where' isan identi! er of themodes.! emodes stisfy
O G+l =) 4, ()

where

N

2

244 00 gy e
,%2+,&#_ ,&$.#2. (R}
I eupper and lower boundary conditions(at &= 0,! / ) aregiven by the thermodynamic equation

)%=

ol

o' o' .0
+—+2 ==
11 (1$ l%

and if we smplify further by syppasing, /,& = 0then the boundary condition be@mmes

0, (114

| 1

| |
Il = 1
1 +(“,$ 0. ((E:]
| ere aeno meridional buoyancy " uxesa the boundary. If . 2 isa onstant (asimplifying but not
esential assumption) then we can let ', (% &) = ! . (% cos3&, with 3 = 45/ where4isan integer
andthemode' now labdsonly themeridional modes.! e mrresponding patential vorticity modes
are given by
2
w=)50 )k =38! (-¢l. %621 #, (1)
and the boundary conditions arethen built in to any solution we @nstruct from (! .1 ") and (! .1#).®
We may then consider asingle zonal and asingle verticd wavenumber. (If thereisno horizontal
variation of the shea, the meridional modes are harmonic functions, for example! . 7 sin('5%/ 8)
for a channe of width 8.)
For agiven basic state we may imagine solving (! .! "), numericdly or analyticdly, and deermin-
ing the modes. However, these modes are not orthogorsl in the sense of either energy or enstrophy.
I ais, denoting theinner product by

9,0 " (28)' 1%:0 d% ()
)

then, in generd,
S =87 =, S =& x0T =, ('."®,b

for' =#6,where*. =) i,, I'.. Perturbaion energy and enstrophy arethusnot wave acivities of the
lineaized eguations, and it isnot meaningful to talk about the energy or enstrophy of a particular
mode. However, by the same token we may exped orthogorelity in the wave adivity norm. To
prove this and understand what it means, supposethat a 1 = 0 the dsturbance onsstsof two
modes,' and 6, sothat at alater time* = (*.& %+ & % cc), where4 =# and we ssume
that both arered. ! ewave adivity is

=" %A d%d&= (*. '*i /73'&) e i#$!$ )%, (*( '*i /ar&) + (*",*:/w&) +cC ("%

I esea@nd and third termson theright-hand sde aethewave ativities of eat mode, and these
are mnstants (to seethis, consider the cae when the dsturbanceisjustasingle mode). Now,
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becaised! /d" = Othe! rst term mustvanish if # =# , implying themodes are orthogorel and, in
particular,

Rel 144 doe=0, (1)
for &=!I" ." einner product weighted by 1/$, de! nes the wave ativity norm. Orthogorglity is
auseful resut, for it means that the wave adivity isaproper measure of the anplitude of agiven

mode unlike, or example, energy. " e mnservation of wave adivity will | eadto a particularly
straightforward derivation of the necessary conditionsfor stahility, given in sedion ! #

I THE TRANSFORMED EULERIAN MEAN

' eso-cdledtrandormed Eilerian mean, or TEM, isatransformation of the equations of motion
that providesauseful framework for discussng eddy efteds under awiderange of conditions.’ Itis
useful becaise, awe shall see,it isequivalent to avery natura form of averagingthe equations
that serves o diminate edd " uxesin the thermodynamic equation and colled them together, in a
smple form, in the momentum equation and in so doing it highlights therole of potential vorticity
"uxes." eTEM aso providesanatura separation beween diabdic and adabdic efedsor beween
advedive and di#udve" uxesand, in the caein which the" owisadabadic, apleaing smpli! caion
of the equations. In later chapters we will use the TEM to beter understand the mid-latitude
troposphere and the dynamicsof the Antarctic Grcumpolar Current, and asa framework for the
parameterization of eddy " uxes. Of course,there beng nofreelunch, the TEM bringswith it its
own di$ culties, and in particular theimplementation of boundary conditionscen cause d$ culties,
espedaly in the a¢ual numericd integration of the eguations.

" # Quasi-geostrophic form

For simplicity we will usethe Boussnesqequationson the bea-plane, and the zonally averaged
Eulerian mean equationsfor the zonally averaged zonal velocity and the buoyancy may then be
written as (seesedion ?9

Owman-2=0 _u Ciwoe (g0, 7 "
(_ —((_) —(6_l|( o\ ( [} T "
(-.‘+’(%+-( ) (%’/00/ (._/@%4_1’ (t."!b)

where/ and 1 represent frictional and heding terms, respedively. Note that the meridional
velocity, 7, is purely ageostrophic. Using quasi-geostrophic scding we negled the verticd eddy
" ux divergences and al ageostrophic velocities except when multiplied by *,or 2 2. " e alove
equations then bemme

e Ly, ¢

"2 &,"_@m 1 (1" b)

~
=|OI =|\-1

' esetwo equationsare mnneded by thethermal wind reation,

O _.

*0(._ =

I
[

)

~—
o
>
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which isa combination of the geostrophic ! -momentum equation (" ;# = ! $%$&) and hydrostasy
($%$' = (). Oneless han ided asped of (! .I! ) is that in the extratropics the dominant baanceis
usuelly beween the" rst two termson theright-hand sidesof ead equation, even in time-dependent
caxs. ! us the Coriolisforce dosdy bdances the dvergenceof the eddy momentum " uxes, and
the advedion of themean strati" caion () 2* , or @dabaic molingdoten baances the dvergence
of eddy hea " ux, with heding beng asmall residual. ! ismay leadto an underestimation of the
importanceof diabdic heding, as thisis utimately responsible for the mean meridional circulation.
Furthermore, the link between # and ( via therma wind dynamicadly couples buoyancy and
momentum, and obscures the understanding of how the edd " uxesin" uencethese" eldsN isit
throughthe edd hed " uxes or momentum " uxes, or some mmbination?

To address hisissiewe mmbinetheterms) % and the edg "uxin (! .I! b) into asingletotal
or resdual (so remgnizing the cancdlation between the mean and eddy terms) hed transport term
that in asteady stateisbaanced ly the dabdic term +. To do this, we" rst notethat becaise T and
* arerelated by massconservation we can de' ne amean meridional streanfunction , , such that

$, 8,

T =1 - - " K
™) e wm (D]
I eveocities then satisfy $T/$& + $/$' = 0 automaticdly. If we dé ne aresdual streanfunction
by
Con 1w | 14
’ [ + )_2 #( ] ( . a)
the omporents of the resdual mean meridional drculation arethen given by
C $,° %,
T )= == " I I#b
and $ 1 $,1
T =Tl g /%, = =% 4 2 g 1##g, 1
Notethat by construction, theresidual overturning circulation satis' es
$ros
Z_+ I _=0. I #l
% ¢ ¢.#)

Sibstituting (! .!'$) into (! .I! @ and (! .!I! b) the zonal momentum and buoyancy equations then
takethesmple forms

"or 1A ELT (1 #%)

Rk

Ny 43 (! #%)

©“

which areknown as the(quasi-geostrophic) tranormed Eulerian mean equations or TEM equations.
I epotentia vorticity " ux, ! . # isgiven in terms of the hea and vorticity " uxesby (! $#), and is
equal to the dvergenceof the HiasenBPalm " ux asin (! .$#).

I e TEM equations makeit apparent that we may consder the potential vorticity " uxes, rather
than the separate cntributions of the vorticity and hed " uxes, to forcethe drculation. If we know
the potential vorticity "ux aswell as/ and + then (! #) and (! #%), dong with thermal wind
bdance B

" $_# =1 $_( !
05 T & (' #9
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form a complete set. | e meridional overturning circulation is obtained by diminating time
derivativesfrom (! .""b) usng (! ."#), giving

..2#! ..2#! " - "
I(? ,.$2 +%2 "&2 :!Og' ( +!O%+E' (l .||$)

I us theresidual or net overturning circulation isdriven by the (verticd derivative of the) potentia
vorticity #uxes and the dabdic termsN d riven in the sensethat if we know thosetermswe can
cdculate the overturning circulation, dthough o course the #uxes themsalves depend on the
circulation. Notethat thisequation appliesat every instant, even if the equationsarenot in astead/
state.

Use of the TEM equationsin TEM form is particularly advantageouswhen the edd potential
vorticity #ux arisesfrom wave acivity, for example from Rosdy waves. ! e potential vorticity #ux
is the mnvergenceof the BP#ux F , asin (! # ), and if the eddes stisfy a dspersion relaion the
componrents of the BP #ux are equal to the group velocity multiplied by the wave adivity density
A,ain (! .1#).! us knowing the group velocity tells usagrea ded about how momentum is
transported by waves. Wel usethe TEM to decucethe mean #ow accéeration in sedions! ", ! ."
and, in particular, in sedion".!'.

Connection to potential vorticity and wavebBmean-ow interaction

If we take the airl of (1.""b) N that is, crossdi#erentiate its comporents N then, aber using
theresidua masscontinuity equation (! ."!), werewver the zonally averagedpotentia vorticity
equation namely

_E:'E_(' g (1"1a)
where
TR )
((&ﬁ=@-#, !E’ (1."1b)

which isesentially thesame as(! ."! ) and (! # ), noting that we may add.& to the debnition of
zondlly-averaged potential vorticity with no effed.
! e corresponding equation for the evolution of eddy potential vorticity is, in itsinviscid form,

| — 4= N = |

tapt (&*)../ (+ ) ; (")
asin (!.9%. Equations (! ."!) and (! ."") are a dosed s&t of quas-linea equations, and we have
rewveredthe waveBmean-#ow system describedin sedion ! .".$.

" # $ eTEMinisentropic coordinates

I eresidud circulation hasan illuminating interpretation if wethink of the#uid ascomprising
multiple layers of shallow water, or equivaently if we cat the problem in isentropic cordinates
(sedion ?7. Using the notation of a shallow water system, the momentum and massconservation
equation can then bewritten as
41011t =), 2 y10(21) =+, (" ah
Il+ '+
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I equantity! is thethicknessbetween two isentropic surfacesand " isathickness surceterm.
(! eldd! playsthesamerole &s# in sedion ??) With quasi-geostrophic scding, so that variations
in Coriolisparameter and layer thicknessare small, zonally averaging in a mnventional way gives

=!$§ TR (!."#a,b

I eoverbasin these equations denote averages taken along isentropes N i.e, they are averagesfor
agiven layer N b ut are otherwise mnventional, and the meridional velocity is purely ageostrophic.
By analogy to (! .""), we dé netheresidual circulation by

(G ES=IGR (1.4
where+ is themean thicknessof thelayer. Using (! ."#) in (! ."#) gives
$% T4 o, 8 s !
§8L' 0(. - + 1 $&++ $, - ( aib
where
T Ty o7
(=00 ~C, ()

is the meridional potential vorticity #ux in ashallow water system. From (! ."#) we seethat the
resdual velocity isameasure of thetotal meridional thidkness! ux, eddy plusmean, in an isentropic
layer.! isiso$en amoreuseful quantity than the Eilerian velocity T becaiseit isgenerdly the
former, not thelatter, that is constrained by the external forcing. What we have done, of course,is
to ebedively use athicknessweightedmean in (! ."" b); to seethis, dé nethethicknessweighted
mean by

( (* #%

.1
s

(Weuse(. to denote athickness or massweightedmean, and { to denote aresidual velocity; the
quantitiesare dosdly related, a&wewill see) From (! .#%we have

15+
(|,:(+|:(-!-, (' #9
then the zonal averageof (! ."" b) isjust
$ %~ =
—+—(10)=", I #9
se" 5 () (1 4%
which is thesame as (! .""b) if wetake+ = 1. Smilarly, if we use the thicknessweightedvelocity

(! #9 in the momentum equation (! ."#a) weobtain (! .""a).

Evidently, if the massweighted meridional velocity is ugdin the momentum and thickness
equations then the eddy mass#ux does not enter the equations explicitly: the only eddy #ux in
(!."") is that of potential vorticity. ! a is, in isentropic cordinates the equationsin TEM form are
equivalent to the equations that arise from aparticular form of averagingN thicknessweighted
averagingN rather than the mnventional Eulerian averaging. A smilar correspondenceocaursin
height coordinates, aswe now see
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Fig. 4.1 Two isentropic surfacésand! ,, and their mean positions,andr,. # e depar-

ture of an isentrope from its mean position is proportional to the temperature perturbation
at the mean position of the isentrope, and the variations in thickfesfiie isentropic

layer are proportional to the vertical derivative of this.

4.3.3 Connection between the residual and thickness-weighted circulation

It is evident from the above arguments that, in a shallow water system or in isentropic coordinates,
the residual velocity is a measure of the total (i.e., mean plus eddy) thickness transport. In height
coordinates, the definition of residual velocity, (4.58) does not lend itself so easily to such an
interpretation. However, the residual velocity in height coordinates is, in fact, also a measure of the
total thickness transport, or equivalently of the mass transport between two isentropic surfaces,
as we now discover. Specifically, we show that averaging the total transport in isentropic layers
is equivalent to the mass transport evaluated by the TEM formalism in height coordinates, and
specifically that the thickness-weighted mean, &, is equivalent to the residual velocity, # in height
coordinates. Our demonstration is for a Boussinesq system, but the extension to a compressible gas
is reasonably straightforward.®

Consider two isentropic surfaces, ! ; and !, with mean positions T, and T, as in Fig. 4.1. (We
use $ to denote the vertical coordinate, and ! to denote the location of isentropic surfaces.) The
meridional transport between these surfaces is given by

1
%=1 #dS. (4.74)
2
If the velocity does not vary with height within the layer (and in the limit of layer thickness going
to zero this is the case) then %= #" where" =1, ! !, is the thickness of the isentropic layer. The
zonally averaged transport is then given by

_ 1 1 m T L
%==1 %d ==1 "1 #d$# d =! #dA$S=#"=F" +#"/, (4.75)
& &1 oy 2
with obvious notation, and with an overbar denoting a zonal average. Letting the distance between

isentropes shrink to zero this result allows us to write

b T
7" #TT =7+ #J((_ : (4.76)

—b N
where () denotes an average along an isentrope and " = *$/*+ is the thickness density, a measure
of the thickness between two isentropes. Equation (4.76) is analogous to (4.72), for a continuously
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strati! edsystem. ! e averaged quantity T, isnot proportional to the average of the velocity at
constant height, or even to the average dongan isentrope; rather, it is the thicknessweightedzonal
average of the velocity baween two isentropic surfaces, "# apart, of mean separation proportional
to$"#. Our godl is to express this trangport in terms of Eulerian-averaged quantities, & a mnstant
height %

Let us! rstconned an average dong an isentrope of somevariabe & to its average & constant
height by writing, for small i sentropic displacenents,

& = &% ) | &Oh+ &I (%, (.

wherethe superscript explicitly denoteshow the zonal averageis taken, and ' #is the dsplacement of
theisotherm from itsmean position. ! iscan be expresedin termsof thetemperature perturbation
at thelocaion of themean isentrope by Taylor expanding # around its value on that mean isentrope.

I ais,
szt Eo ) (1)
(% g=5
where™ = "(%, giving
g - L ﬁg ()
GO (o

where' =" " ~and # =#()" #(' ). Using (' ."") in (! ."") (and omitting the superscript %on (#)

weobtain, with & =1,

P PG
(s

Notethat if ! isin thermal wind bdancewith #then the second term vanishesidenticdly, but we

will not invokethis.

We now transform the seand term on theright-hand side (! ."#) to an average @ constant %
I evariaionsin thicknessof an isothermal layer are given by

P (L G .
$!$%- $@#@$, (RE: )

usng (!."").! us negleding terms that arethird-order in amplitude,
TN
1AgH =" B1Ff ——$ . 1"$
o (19

D)

Usingboth (! ") and (! ."$), (! ."#) beomes

R .
T :1__$" CL._" |#(_#ﬂ$ :1-$u ( #I###$

! ! — ! —H— 1."9
| (#F % (F (%" (H# ks
I eright-hand side of the last equation is the TEM form of the resdual velocity; thus we have
shown that
r.#Ezr'#!W !r$"(—#@$#r!. (D)
3 3 (% (#

We seethe equivalence of the thicknessweighted mean velocity on the le$-hand side and the

residual velocity on theright-hand side. In the quasi-geostrophic limit * # = ((#and $isarefaence
thickness
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#$

e THETEM IN THE PRIMITIVE EQUATIONS
[!' is ®dion hasbee removed for further edting]

" THE NON-ACCELERATION RESULT

For the rest of this chapter we return to quasi-geostrophic dynamics, and consider further the
interpretation and gopplicaion of the potential vorticity ! ux and its relatives. We! rst consider an
important resut in waveBean-! ow dynamics, the non-accéeration resut.” ! is resut shows
that under certain conditions, to bemade eplicit bdow, waves have no net €' ed on the zonally
averaged! ow, an important and somewhat counter-intuitive result.

I."# Aderivation from the potential vorticity equation

Consder how the potential vorticity ! uxesa' ed themean ! dds.! eunforced and inviscid zonally
averagedpotential vorticity equation is

AN

E + % = &. (" #$

Now, in quasi-geostrophic theory the geostrophicdly badancedveocity and buoyancy can be
determined from the potential vorticity via an dliptic equation, and in particular

2 * 2
gzt oG
2!)

R 1)+ (" )

where(is siehthat (7,-/*) = (1 1 T/1%,! T/1) ). Di" erentiating (" #9) with resped to %we obtain

2 * 2 —
| | _OI |

#W+T! +2T"$ ﬁ:(./ F ). " #)

where./ F = $"'is the dvergenceof the BP ! ux. ! isisdeterminedusing the wave acivity
equation which, reprising (" .$#a), is
TA "
H"‘.Z/F:D. (##9
If thewaves are statisticdly stead (i.e, ! A/'# = 0) and have no disspation (D = 0) then evidently
./ F =0. If thereisno accéeration at the boundaries then the solution of (WME") is
' "
i 0. (" #9)
I isisanon-accéxationresut.! ais to say, under cetain conditions the tendency of the mean
I elds, and in particular of the zonally-averaged zonal ! ow, are independent of the waves. To be
explicit, those @nditionsare the following.

(i) ' ewavesarestead (so that, usng the wave adivity equation A doesnot vary).
(i) ! ewavesare mnservaive [i.e, D = 0in (".$#3)]. Given thisand item (i), the HiasenbPalm
reation impliesthat ./ F = 0; that is, the potential vorticity ! ux iszero.
(i) ! ewavesareof small amplitude(all of our analysis has neglededterms that are abicin
perturbation amplitude).
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(iv) ! ewavesdo nat a ed the boundary conditions (so there ae no boundary contributions
the acckeration).

I eresut applies o the buoyancy and velocity " dds that are dredly invertible from paential
vorticity, and not to the ageostrophic velocities. Given the way we have deivedit, it doesnot seem
asurprising resut; however, it can bepowerful and counter-intuitive, for it means tha stead/ waves
(i.e, thosewhose anplitude doesnot vary) do nat a ed thezona ! ow. However, they do a ed the
meridional overturning circulation, and thereative vorticity ! ux may also benon-zero. In fad, the
non-accéeration theorem is dling us that the dangesin thevorticity ! ux are exadly compensated
for by changesin themeridional circulation, and thereisno net el ed on thezonally averaged zonal
ow. Itisirrevershility, 0" en manifested by the treing of waves, that leads to permanent changes
in themean ! ow.

! e deivation of this resut by way of the momentum equation, which one might exped to
bemorenatural, is rather avkward becaise one mustconsider momentum and buoyancy ! uxes
separately. Furthermore,the zonally averaged meridional circulaion comesinto play: for example,
meridional velocity, T, is, dthough small becaiseit is purely ageostrophic, not zero and we cannot
negled it becaise it ismultiplied by the Coriolis parameter, which islarge. ! us the edd vorticity
' uxescan a ed both the meridional circulation and the acckeration of the zonal mean ! ow, and it
might seam impossbleto disentangle thetwo e edswithout completely solving the equations of
motion. However, we can proceed ly way of the momentum and buoyancy equationsif weusethe
transformed Rilerian mean and this providesa useful alternate deivation, asfollows.

I."# Using TEM to give the non-acceleration result

We may usethe TEM formalism to obtain the non-accéeration resut.! e eplanation islargey
equivalent to that given above, hut the explicaion may beuseful.

A two-dimensional case

Consder two-dimensional incompresshle! ow on the" -plane, or which thereisno buoyancy ! ux.
I elineaizedvorticity equation is

#e #$ H#S
+1'—=)" |
o S « =), #3$!)
from which we deive, analogoudy to (#." $a), the HiasenbPam relation
#A #F
#% e =D, (#3%

whereF =1 &!", D represents non-conservative forces, and

- —1'*!_ !
A=——=2 . #3$")

| equantity*' " ! $/# $isproportional to themeridional particle dsplacenent in a dsturbance
Now consider the' -momentum equation

i S L A (#54)
% # O H O #

Zondlly averaging, noting that T = 0, gives

(#3$%
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3

Finally, combining (! ."#) and (! ."! ) gives
%4#+A):D. (1.

In the alsenceof non-conservativeterms (i.e, if D = 0) thequantity # + A isconstant.” Further, if
thewaves are steady and conservativethen A isconstant and, therefore, so is#.

I e stratibed case

In the strati#ed caewe can usethe TEM form of the momentum equation to derive asmilar resut.
I eunforcedzonally averaged zonal momentum equation can bewritten as

|
},—,#! $% =&'F, (]
and usng the HiasenBEPalm relation thismay bewritten as
_(#+A)! $% =D, ("%

and so again A is rdlated to the momentum of the $ow. If, furthermore, the waves are stead/
(Y A/!" =0)and conservetive(D = 0),then! #1" ! $,% = 0. However, under thesesame cnditions
theresidual circulation will also bezero.! isisbecaisetheresidua meridional circulation (%,7")
arisesviathe necessty to kegp thetemperature and velocity #eldsin thermal wind bdance, ad is
thusdetermined by an dliptic equation, namely (! ."$). If thewavesare stead/ and adabdic then,

since%)” = 0, theright-hand side of the eguation iszero and it beomes

24! 241
5! 5!

Szt T =0 (D)

If*! = Oat the boundaries, then theuniquesolution of thisis* ' = O everywhere. At themeridional
boundarieswe may cetainly supposethat * ' vanishesif these ae quiescent latitudes, and a the
horizontal boundaries the tuoyancy $ux will vanish if the waves there ae stead;, becase from
(! #) we have B
o1 —
% |__ - I EI— - 0 (I ' )

Under these drcumstances, then, theresidual meridional circulation vanishesin theinterior and,

from (! .""), themean $ow is skad, thus reprising the non-accéeration resut.
Compare(!."") with the momentum equation in conventional Eulerian form, namely

?!%%ﬁ?. (1 #)

I ereisnoreason that the vorticity $ux should vanish when waves are present, even if they are
stead. However, such a$ux is (under non-accéeration conditions) predsely compensated by the
meridional circulation $,% something that ishard to infer or intuit diredly from (! A! ); even
when non-accéeration conditionsdo naot apply therewill be asigni#cant cancdlaion beween the
Coriolisand eddyterms. ! e d$ culty boils down to the fad that, in contrast to %) ", %/ " isnot the
$ux of awave adivity.

Unlikethe proof of the non-accéeration resut given in sedion ! .! # the alove agument does
not use the invertibility property of potential vorticity diredly, suggesting an extension to the
primitive equations, but we do not pursue that here” Various resuts regarding the TEM and
non-accéeration are sunmarizedin the shaded lox on page# ! .
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" # $ eEPRBuxandformdrag

It may seam alittle magicd that the zonal ! ow isdriven by the HiasenbPam ! ux via(" #)." e
poleward vorticity ! ux is clealy rdatedto the momentum ! ux convergence, tut why should a
poleward buoyancy ! ux a ed themomentum?" e TEM form of the momentum equation may be

written as

Im_ 1 %

L=y BB . "
where). =""*' + 9 represents forces from the momentum ! ux and Coriolisforce " e"rst

term on theright-hand side cetainly doesnot look like a brce however, it turnsout to be dredly
propartional to the form drag beween isentropic layers. Recdl from sedion ??that the form drag,
+;, & an interface béween two layers of shallow weter is

=1, L)
where, is theinterfadal displacement. But from (".$#) ,' =! (‘/&? and with thisand geostrophic
baancewe have

- .
= 1o 39

" us theverticd comporent of the BP ! ux (i.e, the meridional buoyancy ! ux) isin fad ared
stressading ona! uid layer and equal to the momentum ! ux caused tylhewawyinterface " end
momentum convergenceinto an in" nitesimal layer of mean thicknessO is then [cf. (?7],

I+ _ | TIer
o =00t =0l #58 (8"

and alayer of mean thickness0 isaccéerated acording to

b ' "
E_O/QE%§&+)... ¥4

" e gpeaanceof the uoyancy ! ux is redly a cnsequenceof the way we have chosen to average
the ejuations: obtaining (" .4 #) involved averagingthe forces over an isentropic layer, and given
thisit can only betheresidual circulation that contributes to the Coriolisforce One might say that
the verticd comporent of the BP ! uxisa forcein drag, masquerading asa buoyancy ! ux.

1'% INFLUENCE OF EDDIES ON THE MEAN FLOW IN THE EADY PROBLEM

We now consder the edd/ ! uxesin the Eag problem, and, in particular, how these might feed
bad ontothemean ! ow. Becaise of the smplicity of the setting the problem can be lly solved
in both the Bilerian or resdual frameworksand it is therefore avery instructive, dbat somewhat
agetraicdly complex, example®

1 9% Formulation

Let us" rstdistinguish beween the basic! ow, the zonal mean " ds, and the perturbation. " e
basc! owis the! ow around which the equations of motion arelineaized this! owis unstalde, and
the perturbaions, assunedto besmall, grow exponentialy with time. Becaise the perturbaions
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#$

are formally always snall they do nat a ed the baic! ow, but they do produce tangesin the zonal
mean velocity and buoyancy " dds. In Eulerian form thisis represented by,

I 1o 1T 1% .
E_$°% 5 E_!()_! % (G20
and the TEM version of these equation is
I y ' . -
E::1sot70+0/o*-, E:!(ZT’ )

wherein the Eay problem ! ,("'%) and %*' are both zero. We can cdculate the perturbation
quantitiesfrom the solution to the Eag problem (e.g, cdculate% ') and thusinfer the structure
of themean ! ow tendencies! ™/!# and ! * /1# and the meridional circulation, (%)) or (%,)" ). All
of these" ddsare perturbation quantitiesand all are exponentialy growing, and so in redity they
will eventually have a" nite € ed on the pre-existing zonal ! ow, but in the Eag problem, or any
smilar linea problem, such redi” caion isassunedto besmall and isnegleded

Using thethermal wind relation, $,! ¢ =! 1" to diminatetime deivativesin (" #!) givesan
equation for the meridiona streanfunction +,, namely,

2,2 2 21

T "
22 w2 (2.2 " #%

where (%)) = (! 1+ 4/ !- , !+ 4/ !&) and we have non-dimensionalized- with. and &with, .# e
boundary conditionsarethat +,= 0 &=0,, and- = 0,. . Imilarly, and analogaudytoto (".!$),
we obtain an equation for theresidual streanfunction, + , namely
22t g2yt ~ §
7;!—2+ gz O 49
where now the boundary conditionsarethat ( 2~ =1!9% '/1& at the upper and lower boundaries,
and %= O a thelateral boundaries. In termsof theresidual streanfunction thisis

= (—12%_' a-=0,1, + =0,a&=0, 1. (" ##)

# eresdual and overturning circulationsarerdated by (" .$#a), and (" A #) and (" # $) are, d one
level, smply di! erent representations of the same problem, conneded by asmple mathematicd
transformation. However, theresidual streanfunction better represents thetotal transport of the
Iuid. Equation (" # $) isparticularly Smple, becase of the atsenceof potential vorticity ! uxesin
theinterior, and it isapparent that theresidual circulation isdriven by boundary sources. We cae
only about the spatial structure of theright-hand sides of (" # #) and of the boundary conditions of
(" ##).# eformer isgiven by

+..

l!zm,ﬂ.z_lé .
.!&—2/ .!&—Zsmo&—.z €0s20& ("
# e edd hea ! uxesin the Eag problem areindependent of height, as may be cédculated eplicitly
from the solutions of chapter ?2 In fad, the resut follows without detailed caculation, by " rst
noting that the edd potential vorticity ! ux iszero becaise the basic state haszero QG paentia
vorticity and therefore none may begenerated Further, becaisethe baic state doesnot vary in &
there can beno momentum ! ux convergencein the &diredion, and so the momentum ! ux itself
iszero if it iszero onthe boundary. # us[using for example (".%) and (" .9%)] the edd/ hed ! uxis
independent of height and the BP vedors are drededpurdly verticdly (Fig.".%.

# e boundary conditionsfor theresidual circulation are

+'(&0)=+" (& 1)/ sif0& ¢ 45
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I #" Solution

I esolutionsto (1."!'1) and (! ."l #) may beaobtained ather anayticdly or numericdly. In a domain
0<! <land0<" < 1ltheresdual streanfunction for #= $ isgiven by:

. o cosh( $(2 ! 1)(" ! 0.5)(]
%=l &Sl DM i S@ | D2
&y = 2 | 1 | 1

TSR L) $@ L) 2# $@2 ! 1)+2#

(1)

| esolution isobtained by " rst projeding the boundary conditions [proportional to sin® #, or
(1! cos2#)/2] onto the egenfunctionsof the horizontal part of the Lapladan (i.e, sine functions),
and thisgives the me# cientsof & .| everticd structureis then obtained by solving ((/( ¢)%) 2% =
! )g% , Which gives the msh functions. ! eseriesconvergesvery quickly, and the" rst term in the
series cgotures the dominant structure of the solution, esentially becaise, or #= $, sin#! isnot
unlike sin®# on theinterval [0, 1].

! e Bulerian circulation isobtained from theresidual circulation usng (! .$!a) and so by the
addtion of a" ed independent of " and propartional to sin#. | eresulting structureisdominated
by this and the "rst term of (! ."™) (proportiona to sin#) and, noting that the drculation is
symmetric alout " = 0.5 we obtain a drculation dominated by asingle cdl, with equatorward
motion alo$ and poleward motion nea thesurface(Fig.! .").! ehea %ux convergencein high
latitudesisleadng to mean risng mation, with the predse shape of the streanfunction determined
by the boundary conditions. Althoughthisis true,the hea %ux arisesbecase of the motion of %uid
parcds, so it may be alittle mideadng to infer, asone might from the Eilerian streanfunction, that
thehed %ux causestheindividual parcds toriseor sink in thisfashion.! eresdual streanfunction
isa beter indicaor of thetotal mass trangport and, perhaps as one might intuitively exped, these
show parcds rising in thelow latitudesand sinking in high latitudes, providing atendency to %tten
theisopycnalsand to reducethe meridional temperature gradient.

I eresidual circulation also shows %uid entering or leaving the domain at the boundary N what
does this represent? Sypose that insteadof solving the ontinuous problem we had posedthe
problem in a" nite number of layers (and we explicitly consder thetwo-layer problem bdow). As
the number of layersincreases the solutions to thelinea baroclini c instahility problem approades
that of the Eag problem (e.g, Hg.?7; however, aswe saw in sedion ! ." theresidual circulation is
closedin thelayeredmodé, and the sum over all the layers of the meridional transport vanishes.
Now, in the layeredmodd the verticd boundary conditionsare kuilt in to the representation by
way of aredé nition of the potential vorticity of thetop and bottom layers, so that, in thelayered



1" InBuence of Eddies on the Mean Flow in the Eady Problem

#$

! HS%E )+

|-

I "283(4%)%+

T T T
4—
e

Y ,-0/

5)6(6$48&IHH+

7&(896!%" %

78(896!8"%

Fig.!." %e Eulerian streamfunction (top) and the residual streamfunction for the Eady

problem, calculated using#&’) and ( #&$, with! ?/1% = 9.

version of the Eag problem there gpeas to be apotentia vorticity gradent in thesetwo layers,
insteadof a buoyancy gradent at the boundary. ! eresdual circulation is then closed by areturn
I ow that ocaursonly in thetop and bottom layers, and as the number of layersincreases this! owis
con! nedto athinner and thinner layer, and to a ddta-function in the wntinuouslimit. To indicae
thiswe have placed arowsjustabove and bdow the domain in Fig.".". (! isequivalence béween
boundary conditionsand ddta-function sourcesis the same & that giving riseto the ddta-function
boundary layer of sedion ??)

I eéedonthemean! owisinferred dredly from theresidua circulaion: themean ! ow
accéeration isproportional to™ and the buoyancy tendency ispropartional to ! # , and these
areplottedin Figs."." and " #. Becaisethereisno momentum ! ux convergencein the problem
the zonal ! ow tendency isentirdly baroclinic N its verticd integral is zero N and over most of
the domain is sich as o reducethe mean shea. Consstently (usng thermal wind) the buoyancy
tendency is sich as to reducethe meridional temperature gradent; that is, theinstahilitiesad to
trangport hed polewardsand so reducetheinstaklity of themean ! ow.

IL#" $ etwo-level problem

I eresidual circulation and mean-! ow tendenciescan also be céculated for thetwo-leve (Phillips)
problem, with the $-€'ed.! epotential vorticity ! uxesin eat layer are non-zero and the mean
I ow equationsare, or % 1,2

=1, % . (" ##)
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Fig. 4.4 The tendency of the zonal mean flow (9%/0t) and the buoyancy (9b/dt) for the
Eady problem. Lighter (darker) shading means a positive (negative) tendency, but the units
themselves are arbitrary.
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Fig. 4.5 (a) The tendency of the zonal mean flow (0%/0t) just below the upper lid (dashed)
and just above the surface (solid) in the Eady problem. The vertically integrated tendency is
zero. (b) The vertically averaged buoyancy tendency.
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The vertical velocity and buoyancy are evaluated at mid-depth, and the thermal wind equation is
u, —u, =—(D/ 2)ayb and, by mass conservation, 7" = -0, . If we define a residual streamfunction
y* such that

e . _. oy”
Uy =y =y, w = 3y (4.115)

then eliminating time derivatives in (4.114) gives an equation for the residual streamfunction,

aZW* ﬁ *_szLZ

5 2¥ T %D (v1q) — v4q5) (4.116)

where kf{ /2 =1[2f,/(NH )]? and D is the total depth of the fluid, and we have non-dimensionalized
vertical scales by D and horizontal scales by L. As in the Eady problem it is only the spatial structure
of the terms on the right-hand side that are relevant, and these may be calculated from the solutions
to the two-level instability problem. The main difference from the Eady problem is that the potential
vorticity fluxes are non-zero, even in the case with 8 = 0: effectively, the boundary fluxes of the Eady
problem are absorbed into the potential vorticity fluxes of the two layers. Solving for the residual
circulation and interpreting the mean-flow tendencies is left as an exercise for the reader (problem
4.2?).
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Quasi-Geostrophic Wave-mean flow Interaction

The inviscid and unforced Boussinesq quasi-geostrophic set of wave-mean-flow equations
is

= +v/ 2 =0, (WMF.la)
%, iu'_q' =0. (WME.1b)

along with similar equations as needed for buoyancy at the boundary (see main text). The
eddy terms are

Oy 0
oiyee 20 o0y, ’ o oy WME2a,b
4 0z N?0z #$y, (v = ay ox ( )
The mean flow terms are
ou foz
1) = By! —+—°/ 5b&. WME3
=Pt 305, ( )
and
_ 2 2_
% _ g, a—”!—" So b, _ !a_!_,, Jo 0@ (WME4)
oy 0y> 0z NZ20y 0y2 0z NZ20z
using thermal wind. To solve for the mean-flow we may de! ne a streamfunction ¥ such
that
%1, Lre =0 ¥ a—lp& (WME")
fo dy’ oz
whence

_ 2. foov, oV
1) ! =—"=S—#+_—. WME.6
Q()’ ) ﬁy az N2 az ayz ( )
Given g from (WME1b) we solve (WME6) to give % and b. Equivalently, we may derive a
single equation for the zonal wind by di#erentiating (WME1b) with respect to y and, using
(WMFE.4), we obtain

. f3 #$aﬁ_a_21ﬁ

. WME7
ay az N2oz ot a2 ( )

The evolution of the mean flow may also usefully be written in TEM form as

g—’: | fo" +v'q =0, (WME$a)
% +N%w" =0, (WME$b)

where v* and w” are found by solving the elliptic equation (4.63), and the value of 0g/ oy
[for use in (WMEla)] is obtained using (WME.4).
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#3$%

Aspects of the TEM Formulation

Properties and features

I 1 ereddual mean circulation isequivaent to the total massweighted (eddy plus
Eulerian mean) circulation, and it is thiscirculation that is driven by the dabaic
forcing.

I 1 ere aenoexplicit eddy ! uxesin the buoyancy budget; the only eddy termis the
I ux of potential vorticity, and thisis divergenceof the HiasenBPalm ! ux; that is

™ =4 95

I | eresidua circulation, T, beomes part of the solution, justasT is part of the
solution in an Eulerian mean formulation.

But note

I 1 eTEM formulation does not solve the parameterization problem, and eddy ! uxes
arestill present in the equations.

I 1 etheory and pradice aewell developed for azonal average, hut less ® for three
dimensional, non-zonal ! ow. ! isisbecaisethe geometry enforces sSmple boundary
conditionsin the zonal mean case’

I 1 e boundary conditionson theresidual circulation are neither necessrily smple
nor ealy determined for example, @ ahorizontal boundary %' isnot zero if there
are horizontal buoyancy ! uxes.

Examplesof theuse of the TEM and its relativesin thegeneral circulation of the amosphere
and ocea arisein sedions??2??2".","." and ??
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TEM, Residual Velocities, Non-acceleration, and All

For a Boussnesq quasi-geostrophic system, the TEM form of the unforcedmomentum
equation and the thermodynamic equation are:

1" , C - -
E'$0%:& F, E‘l‘)_ !T(Oz-'-’ (T')
where! (o/!* =, 2, +representsdiabaic € eds, F is the HiasenBbPalm (EP) " ux and its
divergenceis the potential vorticity " ux; that is& 'F =9%-*.! ereddual velocitiesare

b Lilwe, poreliiwe. @

Shericd coordinate and ided gasversions of these take asmilar form. Wemay de' ne a
meridional overtur ning streanfunction swh that (%%, ) =# !/ ' /1* 1/ */1. $ and using
thermal wind to eiminatetime-derivativesin (T.!) we obtain

12 12! T

$§!*—2+, ZL—2:$0!T%#+T- (T#)

I e almvemanipulationsmay seem formal, in that they smply transform themomentum
and thermodynamic eguation from one form to another. However, the resuting equations
have two patential advantages over the untransfomedones.

(i) ! eresdua meridional velocity is approximately equal to the average thickness
weightedvelocity between two neighbouring isentropic surfaces, and so isameasure
of thetotal (Eulerian mean pluseddy) meridional transport of thicknessor buoyancy.

(i) ' eBP"uxisdiredly rdaedto cetain conservation propertiesof waves.! e dver-
genceof the BP " ux is the meridional " ux of potential vorticity:

F =1 (B + %60k~ &'F =97 (T4#)

Furthermore,the BP " ux satis' es, to semnd order in wave anplitude,

1A =3 0*#
E"‘&F:D, the A:ﬁ, D:W (T#)

I equantity A isawave ativity dendty, and D isitsdisspation. For nealy plane
waves, A and F are mnneded by the group veodity property,

F =(F%F%=1,A, (T$)

where!, is the group velocity of the waves. If the wavesare stead/ (! A/!1# = 0) and
disspationless(D = 0) then &' F = 0 and using (T.!) and (T.#) thereisno wave-
induced accleration of themean " ow; thisis the @on-accéerationOesut. Commonly
thereis enstrophy disspation, or wave-bre&ing, and &' F < 0; such wave drag leads
to " ow decéeration and/or apoleward residual meridional velocity.
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"1+ NECESSARY CONDITIONS FOR INSTABILITY

I etOs take a taxi to the Pnish line.
Chris Garrett, Ocean Science Meeting, HA&&io

Aswenotedin chapter ?7 necessary conditionsfor instakility, or sul cient conditionsfor stahility,
can bevery useful because when satis' edthey obviatethe needto perform a deailed caculation.
In theremainder of this chapter we usethe mnservation of wave adivitiesN pseudomomentum
and pseudoenergy N to derive such conditions. In sedions ??and ?2we deivedsuch conditions
assuning theinstahlity to be of normal-mode form. Herewe give deivations that are both more
general and, in some ways, smpler; they utilize the fad that the potential vorticity ! ux may be
written asa divergenceof avedor and therefore vanisheswhen integrated over a domain, aside
from possble boundary contributions.

" # Stability conditions from pseudomomentum conservation
Consder the perturbation enstrophy equation,

%!!TW:! g%&:, (" #HA)

whereF is the HiasenbPalm ! ux given by ("."! ), the overbar isazonal mean and the dvergence
isin $-' plane. Dividing by ! #$ and integrating over a domain (- which is sich that the Hiasenb
Palm ! ux vanishes at the boundaries gives the pseudomomentum conservation law,

o, #2 . .
I =2 _#d$d =0. (" #)
PR

Equation (" ##) implies that, in the norm $#2/! s#%the perturbéion cannot grow unless! # '$
changes sgn somewherein the domain, or a the boundaries. # is resut doesnot depend uponthe
instahility bang of normal-mode form. # esmplest resut of all ocaursin a baotropic problem
with no verticd variation. # en 1 #1$ = 1/1),$ = * | 12¥1$ 2 and demanding that this must
change sign for an installity reprises thein! edion point (RayleighBEXuo) condition. In the more
general case,if | #1$ changes sgn along averticd linethen theinstahlity iscdled a baodlinic
instaklity, and if it changes sgn along ahorizontal linetheinstaklity isbarotropic N these may
betaken as the dé nitions of those terms. A mixedinstahlity has a change of sign along both
horizontal and verticd lines.

I'"$ Inclusion of boundary terms

Sipposenow the! owiscontained béween two ! a boundaries, a' =0and' =, .# erdevant
equations of motion are the potential vorticity evolution in the interior, supplemented by the
thermodynamic equation at the boundary. For unforced and inviscid ! ow these give [cf. (" #¥and

" #]
vz g =Y 0<' <, , (" ##P
and

!!T&%'—_' =1 '=0,, . " #1)
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I epoleward ! ux of potential vorticity is

= %W+;&! (_gW , (" #4)

and integrating this expresson with resped to both $ and &gives
- v #
# !!"!d$d&=$(—°2!!)!%, " #")
" 0

assuming that the meridional boundariesare a quiescent latitudes. Integrating (" ##¥$over $ and &,
and udng (" #") gives
# 1772

& -— =1$-21N7 "
et e d$ d& $( )/ (" #4)

Using (" #1) to diminate!')" I nally gives

| |

N .
d$y =0. (" #")
.02

:l-t|:¢

( +1'%

P | A
l& 2#$ d$d& #+ 2(2$
*

~|

If thisexpresson ispositive or negative dé nite the perturbation cannot grow and therefore
the baic state is sade. Sahlity thus depends on the meridional gradient of potential vorticity
in theinterior, and the meridional gradent of buoyancy at the boundary. If #7/#$ changes sgn
in the interior, or #)/#$ changes $gn a the boundary, we have the potential for instakility. If
these ae both one signed, then various possbilities exist, and usng the thermal wind relation
(' HU#&= | #)/#$) we obtain the following.

#T #9 #9 . . .
% >0 and #—ggo <0 and #—ég# >0 # Stab“ty ( # )

Stalhlity also ensuesif all inequalities are switched

|. Astbe cae:

[l. Instahlity via interior-surfaceinteradions

# >0 and ﬂ/%; >0 or iﬁﬁi <0 ¥ potentia instahility. (" #9)
#$ #8840 #&F, s

I e ondition #'/#$ > 0and (#%#8).o > 0is the most common criterion for instakility

that ismet in the amosphere. In thetroposphere we can sometimesignore ontributions

of the buoyancy ! uxes at thetropopause (& = +), and stahlity is then determined by the

interior potential vorticity gradent and the surface lwoyancy gradent. Smilarly, in theocea

contributionsfrom the ocean ! oor are normally very small.

. Insiahlity via edye waveinteradion:

#9 #9 - .
# # . " g
#8/3;0 >0 and #i# >0 % potentia instaklity. (" #N

(And smil arly, with both inequalities svitched) Such an instahlity may ocaur wherethe
troposphere adslike alid, asfor examplein the Eag problem. If #7/#$% = 0 and thereisno
lida &=+ (eg,the Eag problem with no lid) then theinstahlity disappeas.
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One mnsequenceof the upper boundary condition is that it providesa condition on the depth
of the dstubance In the Eag problem the evolution of the system isdetermined by temperature
evolution a the surface,

D!

Dl _ - 1M

D" 0 a #=0,$, e
(where! = %&' /&%#) and zero patential vorticity in theinterior, which implies that

(* +)2$2§—0 0<#<$ (R
! &#_ I} L

where), = %/($* ). Assuming asolution of the form! ! sin)+ then the Pois®n equation (! ."! #)
bemmes

&2|
2 2 = 2I I ||||'
$)igz =) ¢
with solutions' =, exp(" -#)+. exp(-#),where- % = )% 2/9f. # escdeheight of the dsturbance
is thus
%0
| R
s ()

where0 ! 21/) is thehorizontal scde of the dsturbance If the upper boundary is higher than
this, it cennot interad strongly with the surface, beaase the dstubances at either boundary decy
before reating the other. Put ancther way, if the structure of the dsturbanceis swch that it is
shallower than $ , the presenceof the upper boundary isnot felt. In the Eag problem, we know
that the upper boundary mustbeimportant, becaseit isonly by its presencethat the $ow can
beunstade. # us dl unstadle modesin the Eag problem must be @egQn this snse, which
can beveri” ed by dired cdculation. # iscondition gives riseto aphysicd interpretation of the
high-wavenumber cut-o#: if 0 is tbo small, the modes are too shallow to span the full depth of the
$uid, and from (! ."") the condition for stahlity is thus

*$ % 11
0<0.=21— or 2>2.=—=0;". rm

where 0. and 2. arethe aiticd length scdes and wavenumbers. Wavenumbers larger than the
redprocd of the debrmation radusare stadein the Eag problem. If 3 isnon-zero, this condition
does nat apply, becaisethe necessary condition for instakility can besatis' ed by a combination of
asurfacetemperature gradent and an interior gradient of potential vorticity provided by 3, asin
condition (I1) in sedion ! .$!. # us wemay exped that, if 3 =0, higher wavenumbers() >),)
may beunstalle kut if so they will beshallow, and thismay be on" rmed by explicit cdculation
(see kgs. ?7and ?7. In thetwo-level modd shallow modesare, by construction, not allowedso that
high wavenumbers will bestale,with or without beta.

"1 NECESSARY CONDITIONS FOR INSTABILITY: USE OF PSEUDOENERGY

In this ®dion we deive another necessary condition for instakility, sometimescadled an @rnold
condition(that isbased on the mnservation properties of energy and enstrophy. Such conditions
can be deivedmore generally by variational methods, and these leadto somewnhat stronger resuts
(in particular, nonlinea resuts that do not requirethe perturbaion to besmall) but our derivetions
will be dementary and direa.”
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" # Two-dimensional Row
First consider inviscid, incompressble two-dimensional ! ow governed by the equation of motion

'E+$(0/q"):o, ("AH)

where" = &+' = (2%+" is the atsolutevorticity and %is the streanfunction. In astead state,
the streanfunction and the patential vorticity are functions of eat other so that

")) ad %=r(), (A"

where) isad! erentialde but otherwise abitrary function of itsargument, and * its functional
inverse. Equation (" #! ) is then
— =1 Q
% d%

and al stead solutionsareof the form (" #"). Weshall provethat if d* /d) > O0thenthe! owis
stade,in asenseto bemade eplicit bdow. Consder the evolution of perturbationsabout such a
stead state, so that

K*.*)=0 " H")

u:) +u!, %:* +%’ (u.#u)
and we suyppose that the perturbaion vanishes at the domain boundary or that the boundary
conditionsare periodic. # epotential vorticity perturbation satist#es, in thelinea approximation,

T S8+t =0, (" #3)

Now, becase potential vorticity isconservedon parcds, any function of potential vorticity isalso
materialy conserved, and in particular

D* (") _ !*

= 0 * = n
o = +$%*)=0. "7
Lineaizing this usng (" #" ) gives
G d*
- 0 * * 2 wln n
T +$(%,* )+ 9§ D 0. "#I)

We now form an energy equation from (" #$) by multiplying by ! % and integrating over the
domain. Integrating the#rst term by parts we#nd

d 1 122 | |
d, 1 . _ ofas n _—
S 206 d+ = 9 o8, (" #1)

Smilarly, from (" # $) we obtain

Gyl g, o) wgiged )+ 'y 37% d+. (" #9

# eseoond term in square lradets vanishes. # isfollows usng the property of Jambians, obtained
by integrating by parts, that

,-$(../)0=,.$(/,-)0=,/$(-,.)0="! ,/%(.,-)0O, (" #%
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#3$%

wherethe angle tradets denote horizontal integration. Using thiswe have

d#, d# ., 1 d#
1! rr—1 I I
g S S gg DS =S g s (1
I
=1oLE s S =0,

Adding (! ."I'1) and (! ."1") theremaining nonlinea terms cancd and we obtain the cnservation
law,

%-—& &' + '2< d(

d%
d—)_o

(M)

' equantity 9isknown as the pseudoenergy of the dsturbance and becaiseit isa wnservedquantity,
quadratic in the wave anplitude, it is (like pseudomomentum) awave adivity. Its conservation
holdswhether the dsturbanceisgrowing, decging or neutral.

If d#/d$ ispodtive everywherethe pseudoenergy isapositive-definite quantity, and thegrowth
of the dsturbanceis then largely prevented and the basic state is sid to bestable in the sense of
Liapunov. " ismeans that the magnitude of the perturbetion, as measured by some norm, is
bounded ty itsinitial magnitude. In the cae herewe ddinethenorm

1R & (&) + (& Y o ED

s0 that
I OIZ =1 '©O)IF. (M)

If d#/d$ > Othen, dthoughthe energy of the dsturbance ca grow, its final amplitudeisbounded
by theinitial value of the pseudoenergy, becase if perturbaion energy is to grow perturbaion
enstrophy must dirink but it cannot shrink pastzero. Normal-modeinstatlity, in which modes
grow exponentially, iscompletely preduded

If the pseudoenergy is negative definite then stallity isalso assued, hut thisisalesscommon
situation for it demands that d#/d$ besufficiently negative so that the (negative of the) enstrophy
contribution isalwayslarger than the energy contribution, and thiscan usually only be satisfied
in asufficiently small domain. To seethis, supposethat ! = &' !, and that in the domain under
consideration the Lapladan operator has eigenvalues! *2 where

g2 =2 ! ()

and the smallest eigenvalue, ty magnitude,is*3." en, usng Poirca Daequality,
&(&* "2 d( #*3&(& )*d(, (1."8)
asufficient condition to make %negative ddiniteis that
—— <!l (1."#)

As the domain gets bigger, * , dimini shes and this condition bemmes harder to satisfy. ”°
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Parallel shear flow and Fjertoft’s condition
Consider the stability of a zonal flow (i.e., a flow in the x-direction), that varies only with y. The
flow stability condition is then
dy d¥/dy  U-U;
dQ dQ/dy  B-U,,

>0, (4.150)

where U, is a constant, representing an arbitrary, constant, zonal flow. The last equality follows
because the problem is Galilean invariant, and we are therefore at liberty to choose U arbitrarily. To
connect this with Fjertoft’s condition (chapter ?2) multiply the top and bottom by (8 - Uy whence
we see that a sufficient condition for stability is that (U — U,)(f - U,,) is everywhere negative. The
derivation here, unlike our earlier one in section ??, makes it clear that the condition does not only
apply to normal-mode instabilities.

4.8.2 ¢ Stratified quasi-geostrophic flow

The extension of the pseudoenergy arguments to quasi-geostrophic flow is mostly straightforward,
but with a complication from the vertical boundary conditions at the surface and at an upper
boundary, and the trusting reader may wish to skip straight to the results, (4.155)-(4.157)."> For
definiteness, we consider Boussinesq, -plane quasi-geostrophic flow confined between flat rigid
surfaces at z = 0 and z = H. The interior flow is governed by the familiar potential vorticity equation
Dgq/Dt = 0 and the buoyancy equation Db/Dt = 0 at the two boundaries, where

Py L (s02).  be 2
q—Vw+ﬁy+aZ S(z)aZ , b—foaz, (4.151)

and S(z) = fOZ/N2 is positive. The basic state (y = ¥,q = Q,b = By, B,) satisfies

v=Y¥Y(Q), 0<z<H,

4.152
y=Y(B,), z=0 and v =Y,(B,), z=H. ( )

Analogous to the barotropic case, we obtain the equations of motion for the interior perturbation

o4’

; +J', Q) +J(¥,q) =0, (4.153a)
d‘Paq dy ,\ _
aQ o +Jy', ‘P)+I< Q )—0, (4.153b)
and at the two boundaries

ov' ,

—+I(t// B)+J(¥,b) =0, (4.154a)
dv, av' av,
dB > + ] ) + J( s de) (4.154Db)

for i = 1,2. (By d¥;/dB, we mean the derivative of \¥; with respect to its argument, evaluated at B;.)
From these equations, we form the pseudoenergy by multiplying (4.153a) by -y, (4.153b) by ¢, and
(4.154a) by ¢/, (4.154b) by b’. After some manipulation we obtain the pseudoenergy conservation
law:

H=E+Z+B,+B,,
i (4.155)

— =0,
dt
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where

_1 nw 12 $"!2 _1 d&!z
5-5{(! )+#($—%>}, Z‘E{OT( }

_1/#0)d&; 1 2 _ 1 /# )d& o 2
B_5<Wd71+(0)>' B=!3 T0|72+(,)>.

where the curly brackets denote a three-dimensional integration over the #uid interior, and the angle
brackets denote a horizontal integration over the boundary surfaces at Oand, ." e pseudoenergy

, ispositive-de" nite, and therefore stability is assured in that norm, if all of the following conditions
are satis" ed:

(r.)

de o 1d& 1d&
d )od*y )o d*,

If the #ow is compressible, the potential vorticity is ( =! 2l 4/l 19,/ #$," ), where /. = /. (%,
but the " nal stability conditions are unaltered. If the upper boundary is then removed to in" nity
where /. (% = O then only the lower boundary condition contributes to (!."! #). In the layered form
of the quasi-geostrophic equations the vertical boundary conditions are built in to the de" nitions of
potential vorticity in the top and bottom layers. In this case, a su# cient condition for stability is that
d&/d'" > Oin each layer. Indeed, an alternate derivation of (! ."!I! )-(! "l #) would be to incorporate
the boundary conditions on buoyancy into the de" nition of potential vorticity by the delta-function
construction of section ??

>0, <0. (14

Zonal shear Row

Consider now zonally uniform zonal #ows, such as might give rise to baroclinic instability in a
channel. " e "elds are then functions of . and %only, and the su# cient conditions for stability are:

d& _$&/$ . 0

g = >0,
d _$/$ d/d

dg, _d&yd. | 0(0) o 0 )
d*, ~ d*,/d.  do(0)d%

d&, _ d&/d. _  0( )

<0.

d*, d*,/d.  dO(, )/d%
using the thermal wind relation, and setting ) o = 1 (its value is irrelevant). " ese results generalize

Fjorto$’s condition to the strati" ed case,” and as in that case we are at liberty to add a uniform
zonal #ow to all the velocities.

I."#'  Applications to baroclinic instability

We may use the stability conditions derived above to provide a few more results about baroclinic
instability, including an alternate derivation of the minimum shear criterion in two-layer #ow, and a
derivation of the high-wavenumber cut-0%to instability. In what follows we do not derive any new
criteria; rather, the derivations make it apparent that the criteria are not restricted to perturbations
of normal-mode form.

Minimum shear in two-layer 3ow
We consider two layers of equal depth, on a #at-bottomed - -plane with basic state
& =10,., &, =10,. (1."1%)

12 12
ty=- g(ozl 0)., ‘',=-1! 53‘(01-' 0,).. (1."1%)
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| isskteischaraderized by! , =" #, where
L, %) (8! %8
T = =, r.mn
(& +&) &! &)

with& = (&, +&,)2 and & = (&;! &,)/2.! e baotropic#owdoesnot a ed thestatility properties,
so without lossof generality we may choae & < ! &, and thismakes"; > 0.! en", isalso pasitive
if $>96k/2.1 us asu' cient condition for stakility is that

&<%, ()

asobtainedin chapter ?2? However, we now seethat the stakility condition does not apply only to
normal-modeinstatilities™”

Use of pseudomomentum conservation provides an alternative deivation of the sameresut.
I e#ow will aso bestadeifin both layers'! /(> 0, for then the mwnserved pseudomomentum
will be positive debnite. If &, > &, then, from (! ."#$) d! ,/d( > 0. ! e#ow will bestabeif
d! ,/d( >0, and thisgives
$
%3

&= %(&1! &,) < (")

I e high-wavenumber cutho two-layer baroclinic instability

We can use apseudoenergy argument to show that thereisahigh-wavenumber cut-o! to two-layer
baroclinicinstalkility, with the basic state (! ."#%). ! e @mnservedpseudoenergy analogaus o (! ."#4)
and (! ."#") is readly found to be

»  ®
Jo=r (D) + %0/%(#;*! +§)2 +l 424 -0 (%)
12

Let us choose (without lossof generality) the baotropic #ow to be& = $/%. We then have
", =", =11/%, and the pseudoenergy is then just the adual energy minus %?2 times the total
enstrophy. If we debne+ = (+] + +5)/2 and - = (+] ! +3)/2 then, using (?9 and (?79, (! ."'$) may
be expres®d &

j = $(*+ )2 + (*_ )2 + %'2 I %2%* 2+)2 + &* 2 | %)_' 2() . (' .Illl ' )
Now, let usexpress he $eldsas Fourier sums,

(1#)=* (optaale ™. )
$%
(! isexpresson assumesa doubly-periodic domain; esentially the same end-resut isobtainedin
adannd.)! epseudoenergy may then bewritten as

Jo=r & P08 %)+ P 0f By (!
$%

where. 2=9%+/2and. ? = . 2+ %. If the debrmation radusis su ciently large (or the domain
su' ciently small) that . 2 > 94, then the pseudoenergy is negative-de nite,so the#ow is stlbe,
no matter what the shea may be Such asituation might arise on aplanet whose drcumference
wasless han the debrmation radus, or in asmall ocean basin. In thelinea problem, in which
perturbaion modesdo nat interad, horizontal wavenumbers with 9% > 9% are statle and thereis
thusahigh-wavenumber cut-o! to instahility, aswasfound in chapter ??by dired cdculation.



Notes I"#

Notes
I AfterEliassen & Palf$" ).
%Andrews & Mcintyr@$&"), Ripa(!$"! ) andHeld(!$'( ). See also problem??

# * ese restrictions on the basic state are not necessary to prove orthogonality, but they make the
algebra simpler. Also, we pay no attention here to the nature of the eigenvalifgswhich, in
general, consist of both a discrete and a continuous spectrirar@ft$’) ) andMcintyre &
Shepherd@$'&).

) * e TEM was introduced Bydrews & Mcintyr@$&",1$&') andBoyd(1$&"b). A precursor is the
paper oRiehl & Fult#!$(&), who noted the shortcomings of zonal averaging in uncovering the
meaning of indirect cells in laboratory experiments, and by extension the atmosphere.

( * is problem can be worked around in some c®basb!l$$+ Greatbatch$s$' ).

" * e main result of this subsection was originally obtainéd Imgosh & McDougai$$"). | thank
A. Plumb for a discussion about the derivation given here. See also de Szoeke &Béhmett (
related earlier work, addcke&b6++land Nurser & Le&q++)for generalizations.

& Non-acceleration arguments have a long history, with contributions from Charney &rzin (
Eliassen & Palfi$" ), Holton (!1$&)) andBoyd(!$&"b). Andrews & Mclintyré$&') put these
results in the context of the EP Bux and the TEM formalisrDusmh@rton(!$'+ ) reviews and
provides examples.

Conservation laws of this ilk, their connection to the underlying symmetries of the basic state
and (relatedly) their Pnite-amplitude extension, are discussed by Mclintyre & Si¥&haruti(
Shepherd!$$+). Conservation of momentum is related to the translational invariance of the
medium whereas conservatioiads related to the translational invariance of the basic state, and
hence the appellation OpseudomomentumO.

$ SeéAndrews & Mcintyr$&').
I+ Steve Garner and Reele Ferrari both provided very helpful input to this section.

I * e original papers afgnold(!$"( ,!$"" ), with a number of results being subsequently developed
byHolmet al.(!1$'( ). Se&Shepherd!$$+) for a review.

1%* e stability criterion is sometimes referred to as OArnold®s second condition®. More discussion,
especially with regard to boundary conditions, is given in Mcintyre & Shigaégrd (

# Blumen(!$™ ), but the method we use is more direct.
) Pedlosk¢$") ) derived these conditions by a normal-mode approach.
I( Pierini & Vulpiar@$"! ) andVallig!$'( ) further consider the bnite-amplitude case.

Further reading
Andrews, D. G., Holton, J. R. & Leovy$@.BMiddle Atmosphere Dynamics.
Provides a discussion of a number of topics in wave dynamics and wavebmean-3ow interaction,
including the TEM, mainly in the context of stratospheric dynamics.
Buhler, O%++$aves and Mean Flows.
* is book provides a comprehensive and readable discussion of waves, mean Bows and their interac-
tion, including the Transformed Eulerian Mean, the Generalized Lagrangian Mean, and more.



