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If the variables describing wave-mean flow interactions are chosen to include a set of
fluid-particle labels corresponding to the mean flow, then Generalized Lagrangian Mean
(GLM) theory takes the form of an ordinary, classical field theory. Its only truly distinc-
tive features then arise from the distinctive feature of fluid dynamics as a field theory,
namely, the particle-relabeling symmetry property, which corresponds by Noether’s the-
orem to the many vorticity conservation laws of fluid mechanics. The key feature of
the formulation is that all the dependent variables depend on a common set of space-
time coordinates. This feature permits an easy and transparent derivation of the GLM
equations by use of the energy-momentum tensor formalism. The particle-relabeling sym-
metry property leads to the GLM potential vorticity law in which pseudomomentum is
the only wave activity term present. Thus the particle-relabeling symmetry explains the
prominent importance of pseudomomentum in GLM theory.

1. Introduction

Since its introduction by Andrews & MclIntyre (1978a,b)—see also Biihler (2009)— the
theory of the Generalized Lagrangian Mean (hereafter GLM) has enjoyed a special status
among wave/mean-flow interaction theories. Although most applications use one of its
many abridgments, no theory more general than GLM has been found. This fact, and the
evident beauty and obvious physical importance of GLM theory—including, especially,
the important role played therein by pseudomomentum—virtually guarantee that the
theory will continue to occupy its central position. However, the original derivation of
GLM, which seems hardly to have changed, is somewhat lacking in transparency and mo-
tivation. It is the purpose of this paper to offer an alternative derivation that is, in many
respects, much simpler. We shall show that if the variables describing the fluid motion
are chosen to include a set of fluid-particle labels corresponding to the mean flow, then
GLM theory takes the form of an ordinary, classical field theory. Its only truly distinctive
features then arise from the distinctive feature of fluid dynamics as a field theory, namely,
the particle-relabeling symmetry property, which corresponds by Noether’s theorem to
the many vorticity conservation laws of fluid mechanics (e.g. Salmon, 1988, sec. 4).

In classical field theory, the governing equations result from the requirement that

5//// dt dx L(¢*, ¢}, 27) =0 (1.1)

for arbitrary variations §¢? in the field variables {¢*(27),i = 1,...,n}, where n is the
number of fields, (t,x) = (t,2,y,2) = (2%, 2%, 22, 23), and ¢; = 9¢' /07 . The Lagrangian
density L is a prescribed function of its arguments. We assume that L does not depend
on derivatives higher than the first, but the theory is easily generalized. The variational
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principle (1.1) yields the Euler-Lagrange equations

; 0 (0L oL
5 ¢ . - g = - 1.2
where repeated indices are summed. It follows from (1.2) that
0 i 0L
— (TV) = - == 1.3
Oz ( ) oz explicit, ( )
where
g oL 3
TV = ¢; — — Lo¥ 1.4
og (1.9

is the energy-momentum tensor and 6% is the Kronecker delta. The right-hand side
of (1.3) is a derivative with the ¢‘ and (b; held constant; it arises from the explicit
dependence of L on space or time. If L does not depend explicitly on z* then (1.3) takes
the form of a conservation law. Although (1.3) follows directly from (1.2), it is more
revealing to obtain it as the result of a symmetry property: the invariance of L with
respect to translation in space or time.

The equations of fluid mechanics fit the form of a field theory in which the field
variables are the locations x(a, 7) at time 7 of the fluid particle labeled by a = (a, b, ¢).
In its simplest form, the variational principle is

5//// dr da Lix(a, )] = 0 (1.5)

for arbitrary 0x(a, 7). The square bracket denotes functional dependence. It seems best
to think of dx(a, ) as a variation in the time-dependent mapping a — x from the space
of labels to the space of locations. Since this mapping is one-to-one, it is equivalent to
require that the integral in (1.5) be stationary with respect to variations in the inverse
mapping a < x. Then (1.5) takes the form

5////dtd Lla(x, )] =0 (1.6)

for arbitrary da(x,t). Although the Euler—Lagrange equations corresponding to (1.6) are
more complicated than those which result from (1.5), (1.6) fits the form of (1.1) exactly.
It is better to apply the energy-momentum formalism to (1.6) than to (1.5), because the
physics is not generally translation-invariant in the space of particle labels.

In GLM theory we consider a collection—an ensemble—of flow realizations. To each
member of the ensemble we assign a unique value of the ensemble parameter u. We regard
the fluid particle locations in ensemble member y as the sum

x(a, 7, p) = X(a,7) + £(X, T’ ) (L.7)

of an arbitrary reference flow X(a, 7), which is independent of i and therefore the same
for all ensemble members, and a deviation (X, T, ) therefrom. Here, t = 7 = T but the
use of different symbols for time will allow us to distinguish easily between time deriva-
tives in the various systems. Now suppose that p takes N discrete values corresponding
to an ensemble with N members. Then the left-hand side of (1.7) corresponds to N time-
dependent mappings, while the right-hand side of (1.7) corresponds to N + 1 mappings.
Thus the decomposition (1.7) is degenerate until a further condition is imposed. In GLM
theory, the condition chosen is that the p-average of £ be zero. Then the reference flow
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X(a,7) is a mean flow, and the degeneracy is removed. Other choices for removing the
degeneracy might conceivably be preferable.

Regardless how X (a, 7) is defined, the variational principle corresponding to the entire
ensemble—or metasystem—is

(5/d,u //// dr da L[x(a,7,u)] = 0. (1.8)

Substituting (1.7) into (1.8), we obtain the mean-flow equations by varying X(a, 7) with
&(X, T, u) held fixed, and we obtain the equations for the waves or fluctuations by varying
E(X, T, ) with X(a,7) held fixed. The mean-flow variations are complicated by the
fact that X enters (1.7) as both a dependent and an independent variable. It is our
contention that most of the awkwardness and unconventional character of the standard
GLM derivation arises from this fact.

To see the better course, we first realize that (1.7) inside (1.8) can best be viewed as
variations in the composite mapping,

a—-»X—=E, (1.9)

from the space of labels, to the space of mean locations, to the space of deviations.
However, independent variations in the mappings represented by the arrows in (1.9) are
obviously equivalent to variations in the mappings represented by

a+— X =g, (1.10)

in which the first arrow has been reversed. To make use of (1.10), we rewrite (1.8) as

6/du//// dT dX g((;())L[a(X,T),g(X,T, 1) =0 (1.11)

and regard L as a function of a(X, T), £(X, T, 1), and their derivatives. (For simplicity, in
the remainder of this section we ignore the possibility of explicit dependence on X and T'.)
The change of viewpoint from (1.9) to (1.10), which imposes a single set of independent
variables (X, T, ), thus has the effect of converting GLM theory to a standard classical
field theory; the general fields ¢!(z7) in (1.1) identify with a(X,T) and &(X, T, p) in
(1.11). The ensemble parameter p acts merely as an additional independent variable.
As we shall see, the GLM equations are simply the energy-momentum-action equations
associated with (1.11).

The more particular results of GLM theory, especially those involving vorticity, arise
from a symmetry property of (1.11) that is not shared by other field theories; it does
not correspond to a translation symmetry with respect to X, T', or u. It is the so-called
particle-relabeling symmetry, which in the context of (1.11) corresponds to variations
da(X,T') that leave the Jacobian d(a)/d(X) unchanged, i.e., to a relabeling of fluid par-
ticles that does not affect the distribution of mass. Such variations lead in a motivated
fashion to the GLM potential vorticity law, in which pseudomomentum terms are the
only ‘wave activity’ terms present. This explains the prominent importance of pseudo-
momentum in GLM theory.

The change in viewpoint from (1.9) to (1.10) allows GLM theory to be developed
quickly and transparently by standard methods of mathematical physics. As a result,
the theory loses much of its special flavor. We obtain the equations for the mean flow
by the same general procedure as the equations for the waves. There is no need to
distinguish between ‘Eulerian variations’ and ‘Lagrangian variations’, or to entertain
more than one kind of average. In this paper, there is only one kind of average, and it
corresponds to an integration with respect to p with X and 7" held fixed. The potential
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vorticity law arises from an obvious symmetry property of the Lagrangian and does not
require ingenuity to discover. Thus this paper should appeal to readers who understand
basic physics and variational methods but who do not easily follow the conventional
development of GLM theory. The latter contains many elements—kinematical theorems,
Eulerian and Lagrangian averages, Stokes corrections, form stress, radiation stress—that
enrich the theory but are not essential to its construction. Because so many of these
elements are missing from our derivation, we avoid elaborate notation. In this paper,
superscripts always denote component indices, and subscripts always denote derivatives.
No averaging symbols besides (-) are required.

None of our final results is completely new, and even our methods have strong an-
tecedents in the literature on waves and mean flows. Indeed, the importance of the
energy-momentum tensor formalism was already recognized by Andrews & Mclntyre
(1978b) and strongly emphasized by Grimshaw (1984) in his review of GLM theory.
Whitham (1965, 1974) and Bretherton (1971, 1976) showed that many results of the
theory could be obtained directly from a variational principle. However, earlier papers
used the energy-momentum tensor formalism only to derive the equations governing wave
activity; the equations describing the effect of the waves on the mean flow were less grace-
fully derived by other methods. Gjaja and Holm (1996) considered a Lagrangian of the
form (1.11) but they did not employ the energy-momentum tensor formalism as here.

We illustrate our approach by application to two frequently used sets of fluid equations:
the rotating shallow-water equations (Sections 2 and 3) and the stratified, incompressible
Boussinesq equations (Section 4). The former are a paradigm for rotating compressible
flows in 2 or 3 dimensions, and the latter exemplify the special treatment needed to
accommodate incompressibility. In both cases, we obtain the fundamental potential vor-
ticity law from the particle-relabeling symmetry of the Lagrangian. The GLM equations
are mathematically unclosed in the same sense that the Reynolds-averaged equations of
turbulence theory are unclosed. Until closure approximations are invoked, it is impossi-
ble to say anything about the mathematical properties of the GLM equations. Section 5
reviews the standard quasilinear closure.

2. Rotating shallow-water dynamics
Let

x(a,7,p) = (x(a, 7, 1), y(a, 7, 1)) (2.1)
be the location at time 7 of the fluid column labeled by a = (a,b), in the u-th member
of an ensemble of shallow-water flows. The fluid velocity is (u,v) = (0z/d7,dy/0T). It
is convenient to assign the labels (a, b) such that areas in label space correspond to fluid
volume in physical space. Then

_ 0J(a,b)
- O,y
is the depth of the fluid. Since the labels are conserved on fluid columns, i.e. da/0T =
0b/OT = 0, (2.2) holds at all times, and the 7-derivative of (2.2) yields the continuity

equation,

(2.2)

Oh |y 0u @) —0. (2.3)

The momentum equations
ou Oh v oh
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with Coriolis parameter f = Sy and gravity constant g, result from the requirement that

10x (Oz 1 /oy\> 1 0(a,b)
5 dadbdrdp|==— (= -8y )+ (=) — 97— | = 2.
J[[f aaavar ”(267 (Gr-m) 3 (5) ~woag) = €9
for arbitrary independent variations dx(a,b,7), dy(a,b,7) in the locations of the fluid

columns. The variational principle (2.5) is analogous to (1.5).
Following the method outlined in Section 1, we let

x(a, 7, 1) = X(a,7) + &(X, T’ ) (2.6)
and require
©=[dne=o. (27)
where X = (X,Y) and & = (§,n). Then X(a,7) is the mean flow. By the chain rule,
or D¢
or Ut o
9y _ Dn
3= V+ DT (2.8)
where U = 0X/0r, V = 0Y /07, and
D
D _0_0 0 0 o)

DT — or 0T 0X oY

is the time derivative following a fluid column moving with the mean flow. The integral
n (2.5) becomes

e 13059+ B ) )
oatew (0 av o) )

To express this integral in terms of the functions a(X,Y,T), b(X,Y,T), £&(X,Y, T, i), and
n(X,Y, T, u) we solve the defining equations Da/DT = Db/DT = 0 for U and V with
the result

(2.10)

_ 0(a,b) _ 0(a,b)
HU = 55 HY = 55y (2.11)
where
_ O(a,b)
H= I(X,Y) (2.12)

and we rewrite (2.10) as

//// dX dT dp Lla(X,T),&(X,T, 1), Y], (2.13)

where, introducing the compact notation D = D/DT,
H
L= (U+Dg) (U+DE=BY +n)°)

H o 1o, 9 an  9&m) \ T
+2(V+Dn) 2gH (1+8X+8Y+8(X,Y) .

The symbols H, U,V in (2.14) are to be viewed as abbreviations for the definitions (2.11)

(2.14)
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and (2.12). Applying the operator /07 = D/DT to (2.12), we obtain the mean-flow
continuity equation in the form

DH ou oV
o7 T H (aX + 8}/) =0. (2.15)

Thus (2.15) follows from the definition (2.12) in the same way that (2.3) follows from
(2.2). The ‘mean depth’ H is neither the Lagrangian nor the Eulerian average of h;
rather, it is the fluid depth that would occur if the fluid moved at the mean velocity
(U, V). Biihler & Mclntyre (1998) use the symbol h for H. Many papers on GLM theory
use (aL, v%) for (U, V). The remaining dynamical equations may be obtained by requiring
that (2.13) be stationary with respect to arbitrary variations da(X,T) and §¢(X, T, ).

The physical interpretation of a(X,T") and &(X, T, 1) must be kept constantly in mind:
a(X,T) is the identity of the fluid particle whose average location at time T is X.
&(X, T, p) is the displacement, from X, of the fluid particle whose average location at
time T is X. The upper case independent variables are intended to serve as a powerful
reminder of these interpretations.

Arbitrary, independent variations of a(X,T') and &(X, T, 1) yield the Euler-Lagrange
equations for the system. However, since we are primarily interested in conservation
laws, it is better to use the corresponding energy-momentum equations. Because (2.13)-
(2.14) takes the form of a standard field theory with a single set of independent variables
(X, T, 1), we can apply the formula (1.3)-(1.4) directly, obtaining

0 oL oL oL oL
+br— +E&ra— + 77R7T

or \""oar obr &
+<GR oL +ba oL Y oL o aL)
0X \ "oax dbx dx anx
+3(a L +br— oL —l—fR oL —|—77R6L>
oy \""oay dby Iy ony
d oL oL oL oL oL oL
o (o + o et ) GRG0

Once again, subscripts denote differentiation, and the symbol R, which is analgous to
z' in (1.3), can be any one of the variables (X,Y,T,u). Thus agr = da/OR stands for
0a/0X, 8a/0Y, 0a/OT, or da/Ou. The last term on the left-hand side is a derivative in
the (T, X,Y, 1) system. The right-hand side vanishes unless L depends explicitly on R. In
the Lagrangian density (2.14), the only explicit dependence arises from the Coriolis term.
Hence the right-hand side of (2.16) vanishes unless R =Y. Since L does not depend on
ap, by €y My (2.16) immediately reduces to

O (9L 0L . 0L 0L
T \“Foar " Boby T SEagy TR,
P I 8L+ oL
axX \“aax " Toby | Toex T Mang
) oL oL oL oL\ L oL
+a}/( a +bR8 +§R g +77R877 )_aR__a‘Rexplicit (217)

We are interested in the ensemble average, or p-integral, of (2.17). Before proceeding,
we pause to make four points about ensemble averaging. First, although the introduction
of averages introduces considerable subtlety into the usual derivation of GLM, it is un-
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ambiguous in our approach: the ensemble-average is simply the u-integral at fixed values
of X and T.

Second, ensemble-averaging introduces the formidable problem of closure. Before ensemble-
averaging, the Euler-Lagrange equations, the energy momentum equations, and other
equations discussed below are mathematically closed and also highly redundant. After
all, only four (scalar) equations are required to predict the evolution of the four fields
a(X,T) and £(X, T, u). However, after ensemble-averaging, every subset of the equations
is mathematically unclosed in the same sense that the Reynolds-averaged equations of
turbulence theory are unclosed. To make progress, one must introduce some type of clo-
sure approximation. We defer further discussion of closure until Section 5. Here we simply
note that the vast majority of papers applying wave/mean theory use a quasi-linear clo-
sure in which &(X, T, i) is assumed to be small.

Third, since averaging generally destroys the ability to manipulate equations, the only
way to be sure that the conservation laws survive averaging is to average the conservation
laws themselves. This is the motivation behind the use of the energy-momentum tensor
formalism.

Fourth, closure demands a definition of the ensemble itself. In the vast majority of
cases, one either identifies the ensemble parameter p with one of the variables X, Y, or
T so that, for example, the ensemble-average is synonymous with an average in the X-
direction; or, one identifies u with wave phase. In the latter case, one usually also assumes
that the mean flow is slowly varying, so that ray-theory methods apply. However, it is not
actually necessary to assign a meaning to p until a relatively late stage in the development
of the theory, and we defer further discussion until Section 5.

The p-average of (2.17) is

0 O(L) O(L) OL oL
T (aRaaT + bR% + <5R@ + nR@nT>>
o ( oLy . oL oL oL
+ 3% <aR8a +br Obx +<§R8§X +TIR877X>>
0 O(L) 8(L) oL O(L) _ O(L)
+W (aRa+b (9{) <§ T—F Ran >> _ﬁ__ W expliCit. (218)

Note that the averaging commutes with derivatives with respect to ar, by, etc., because
a(X,T) does not depend on u. Note also that many of the terms in (2.18) involve the
averaged Lagrangian,

BH

(L) = 5 (U2 + V2 + (D) + (D)) = S5 + DO +0)?) = 5gH{R). (2.19)

In the case R = pu, (2.18) reduces to the action equation

L oL 0 oL oL 0 oL oL
ﬁ(iu@ + 77#%> + ﬁ(iu@ + Tlu&TX) + W(ﬁu@ + W%> =0. (2.20)
The equations (2.18) apply to the whole system; they involve both a(X, T') and &(X, T, u).
However, according to the variational principle, variations with respect to a(X,7T) and
&(X,T, ) are to be taken independently. This means that we can apply the energy-
momentum tensor formalism to either a(X,T) or &(X, T, u) by itself provided that we
treat the other variable as a part of the medium—as a source of explicit dependence on
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the independent variables. If we regard é(X T, 1) as the active variable, we obtain

<§R 5 +nr 6L> <§R 5 +nr 677L>
oL 0L, L) _ (L) ax.T)
<§R g 87’7Y> - W T W explicit <221)

The derivative on the right-hand side of (2.21) is a derivative with respect to explicit de-
pendence on R, now including the R-dependence that arises from the mean flow a(X,T).
Similarly, if we regard a(X,T') as the active variable, we obtain

) ( ALY 8<L)>+8<a L) a<L>)

ar \“oar "oy ) T ox \"Faax T F by
ERa) L)\ 9Ly L) [FT
Ty (a day %0y ) TOR T OR | (2.22)

However, (2.21) and (2.22) sum to give (2.18). To see this, suppose that R = Y. Then
the right-hand sides of (2.21) and (2.22) sum as

L) Moy |FT o) oL

Y )% oy Y

, (2.23)

explicit explicit explicit

where the first term is a derivative with respect to the Y-dependence of the mean flow
and the Coriolis term; the second term is a derivative with respect to the Y-dependence
of the wave field and the Coriolis term; the third term is an exact derivative with respect
to Y (holding X and T constant), and is thus affected by the mean flow, the wave field,
and the Coriolis term; and the last term is a derivative with respect to the Coriolis term
only. Thus only two of the three equation sets (2.18), (2.21) and (2.22) can be considered
independent. Note that the action equation (2.20) can also be considered a special case
of (2.21).

The equations (2.18)-(2.22), with R = T, X, and pu, are the basic equations of GLM
theory. To complete the theory, we need only take the required derivatives and interpret
the results. We find that the equations (2.21) take the form

O(-Hp")  OF" 0G* (L) oLy [**D

_ = — 2.24
T ox "oy T oR OR | oyer (2.24)
where
oL oL H
—Hp™ = (o +nrm—) = H(Er DE) + Hng D) — — B2Ynér +n’¢r), (2.25)
65 877T 2
oL oL 1 1
R _ oL, _ _ R, 1 2 Lon2 _
"= <§Ra§ +77RanX> HUp"™ + 2g<h £r) + 2g<h (Erny — &ynr)),  (2.26)
oL oL 1 1
G = (€ +1nr5—) = —HVP™ + Sg(h?nr) + 5 g(h*(Exnr — Ernx)),  (2:27)
2S% ony 2 2
and
o o\
=H(14+ =+ — . 2.2
h ( +8X+6Y+8(X7Y) (2.28)
In particular, the action equation (2.20) becomes
_Hpt 1 I
OCHpR)  OF" oG _ (2.29)

oT 0X aYy
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We call p”" the pseudo-energy and p = (pX,pY) the pseudomomentum. The minus sign
that appears at the beginning of the definition (2.25) is a well-established convention.
Setting R = X in (2.21), we obtain the evolution equation

d(—H ] 1 !
%4_& <_HUpX + 5g<hZ§X> + §g<h2(fx77y - ﬁXfY)>>
L0 ( 1 o) _ oLy
HVpY + —g(h’nx >> T ax C ax (2:30)
aY 2 0X 0X explicit

for X-direction pseudomomentum. The right-hand side of (2.30) arises from the X-
dependence of the mean flow variables U, V, and H. If the mean flow depends on X,
then the right-hand side of (2.30) is not an exact derivative, and (2.30) does not have
the form of a conservation law. In contrast, unless R = Y, (2.18) has the form of a
conservation law.

The equations (2.18) demand derivatives of the averaged Lagrangian (2.19) with re-
spect to the derivatives of a(X,T'). For these it seems best to regard (2.19) as a function
of U, V,H,Y, and then to use (2.11)-(2.12) and the chain rule. We find that

d(L) L)y  9(a,b) d(a,b)
o0 a0 = Aavm T Patm x) (2:31)
a(L) L)y  d(a,b) d(a,b)
Ry +bg B _Ba(T, 7 +(C-UA-VB) R (2.32)
o(L) L) _, 9da,b) d(a,b)
Rga T brgy —Aa(R’T)—F(C—UA—VB) X R’ (2.33)
where
a= 200 g ), (2.34)
B;%%:prﬂ (2.35)
9(L) B

= A= (U2 V2 ((DEP) + (D)) — SAU + DEYY + %) — glh). (2:36)

Setting R = X, in (2.31)-(2.33) we obtain

puLI bx% (v §<Y2 £0P) (237)
g”:j + b %ﬁﬁ - (U - §<Y2 0P (2.39)

Then substituting (2.37)-(2.39) and (2.25)-(2.27) into (2.18) and cancelling terms, we
obtain the X-direction momentum equation

‘9(211{”)+a% (HUM + %gH<h> - %g<h2€x> - %9<h2(5X”Y - ”Xf’”»)
a{; (HVM ; <h2nx>> _0, (2.40)
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where

B
5(Y2 +(n*)). (2.41)
Again, because the right-hand side of (2.18) vanishes when R = X, (2.40) has the form
of a conservation law. In deriving (2.40) it is handy to realize that
O(L) 1
H———+ — (L) = ——gH(h). 2.42
S () = —5gH(h) (2.42)
In a typical application one identifies the ensemble average with an average over one
of the variables X, Y or T. Suppose, for example, that we identify ensemble averages
with averages over X. Then all averaged quantities, including the mean flow itself, are
independent of X, and the GLM equations corresponding to R = X simplify dramatically.
In particular, the last two terms vanish in each of the three equations (2.18), (2.21) and
(2.22). The X-direction pseudomomentum equation (2.30) reduces to

M=U -

0 xy, 9 x 1 o _
a7 THPT) + 55 (FHVPT + 59(hnx)) =0, (2.43)
and the mean momentum equation (2.40) reduces to
O(HM) 0 1,5 B
a7 + v <HVM - §g<h nx) ) = 0. (2.44)

We note that the last term in (2.44)—the divergence of the Eliassen-Palm (hereafter EP)
flux—occurs with opposite sign in (2.43). Hence, summing (2.43) and (2.44), we obtain
the simpler result

O(HA) 0

St gy (HVA) =0, (2.45)

where A is defined by (2.34).

In GLM theory, the EP flux is always the pressure-related flux of momentum. The
cancellation of EP fluxes between (2.43) and (2.44) corresponds to the cancellation of
the terms
oL oL

(€x % T UX%> (2.46)

when, setting R = X, the X-average of (2.21) is subtracted from the X-average of
(2.18) to give the X-average of (2.22). The latter is equivalent to (2.45). In the following
section we obtain an equation free of EP fluxes without the need to average in a particular
direction.

3. The particle-relabeling symmetry

Now we consider variations of the particle labels that leave the mean depth (2.12)
unchanged in the Lagrangian density (2.14). These correspond to a relabeling of fluid
columns that does not affect the distribution of mass. Since § H = 0 implies

0da  0b
Da + o 0, (3.1)
these variations must take the form
0 0
oa = —M 5b=+6—w, (3.2)

ob’ Oa
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where §7 is an arbitrary infinitesimal function. Then the variational principle implies

O—// dXdT( 6U>6U+88<V>5V)

:///dXdT< Bg@i&??))

:///dX dT( 6a b gg/‘;?; +B g((;“)?)) +B gg;i?))
R
[ (B B G 1)
:///dadr( sa );bATb b 85)(();;:3)“5“ 88((1:1?:)))+5b (m)

///dadféw(ﬁb%fi;‘?i%ﬁ%ii? 220y’

= [[[amar o 5 (e ) 3

where A and B are defined by (2.34) and (2.35). Since dv is arbitrary, we must have

0 (0(X,4) 9B.Y)\ _
or < d(a,b) d(a,b) ) 0 (34)
which is equivalent to
D (1 /0B 0A
DT (H (ax - aY)> =0 (3:5)
Thus
DQ
DT = 0, (3.6)
where
v ou  apY  dp B om?)
@=H" (8X_8Y_8+8Y 2 Y (3:7)

is the potential vorticity.

Suppose that the pseudomomenta (p*,pY) and mean square displacement (n?) are
known, either by solution of the ray equations for the wave statistics, or from direct
measurements of the wave field. Then (2.15) and (3.6) represent two of the three equa-
tions needed to predict the evolution of the mean flow. A handy third equation would
be the divergence equation, which could be derived from (2.40) and its counterpart in
the Y-direction. However, Biithler & McIntyre (1998) argue that mean flows are typically
‘balanced flows’ in which the potential vorticity field determines the whole flow. For
such flows, (3.6) is by itself a sufficient description of the mean flow dynamics. Even if
the waves are small, they argue, continual dissipation or irreversible mixing of pseudo-
momentum can lead to a secular growth in the mean velocity by continually ‘trapping’
potential vorticity in the mean vorticity Vx — Uy . In contrast, the portion of the mean-
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flow response determined by the mean divergence equation is typically small and likely
to disappear when the waves cease to exist.

In any case, as descriptors of mean flow evolution, (2.15) and (3.6) have a striking
simplicity. No wave effects appear in (2.15) at all, and in (3.6) they are confined to the
numerator in (3.7). The operator D/DT refers to advection by the mean flow alone.
This confinement of wave effects to the numerator of the potential vorticity is in sharp
contrast to what would result if ensemble averaging were applied directly to the original,
primitive equations for mass and potential vorticity conservation, and it is a primary
advantage of GLM theory.

The potential vorticity equation (3.6)-(3.7) provides a physical explanation for the ab-
sence of EP fluxes in (2.45). Consider the region north of some fixed northern-hemisphere
latitude line. Let X be eastward distance measured along this line. Then, integrating (3.6)
over this ‘polar cap’, applying the Stokes and divergence theorems, and using (2.15), we
obtain the ‘zonal’ momentum equation (2.45). In short, no EP fluxes appear in (2.45)
because none are present in (3.6)-(3.7).

Our derivation of the GLM potential vorticity equation was motivated by the rather
obvious symmetry property that most of (2.14) is unaffected by particle-label variations
that do not affect H. The unaffected terms are the very terms that differ the most from
one fluid model to another; the affected terms—the kinetic energy and Coriolis terms—
always take the same form. This explains the generality of results like (3.6)-(3.7). The
following section offers another example.

4. Boussinesq dynamics

Let x(a,b,6, 7, 1) be the three-dimensional Cartesian location of the fluid particle la-

beled by (a,b, ) at time 7 in ensemble member p. We choose the third label 6 to be the
buoyancy. Then buoyancy is conserved,

90

or

as a matter of definition. The two remaining labels ¢ and b are assigned such that

9(z,y,2)

d(a,b,0)

—0, (4.1)

=1. (4.2)

The 7-derivative of (4.2) yields

ou Ov Ow
T 4.
9 + By + 5% 0, (4.3)

where v = (u, v, w) = (0z/07,0y/01,02/07) is the fluid velocity. The requirement that

/du////deadbdQGZX g};-i-zﬂ—l—p(m—l)) (4.4)

be stationary for arbitrary variations dx(a,b, 8,7, ), 0p(a,b, 0,7, u) yields the incom-
pressibility condition (4.2) and the Boussinesq momentum equations
v

5, = Vrtok (4.5)

where k is the vertical unit vector. The Lagrange multiplier p turns out to be the pressure
(divided by the constant mass density). To obtain the hydrostatic form of the Boussinesq
equations, one simply omits the 9z/d7-term from (4.4).
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As in the shallow-water case, we let
x(a,b,0,7,p) =X(a,b,0,7) + &(X, T, ), (4.6)

where now X = (X,Y,Z) and & = (&,7n,(). Again we assume that (£§) = 0 so that
X(a,b,0,7) is the mean flow. The incompressibility constraint (4.2) may be rewritten as

Ow,y,z)  OX, Y, Z)0(X+EY +n,Z24+() 1

9(a,b,0) ~ 0(a,b,0) A(X,Y,7) =S (+AEn ) =1, (47
where
_ 0(a,b,0)
b 0= 50k v 7) (48)
and
A&, =Ex+ny +Cz + oEm) , 060 | O , 9(&n¢) (4.9)

AX,Y) " a(X,Z2)  aY,Z)  O(X,Y,Z)

Then, regarding a = (a,b,0) = (a',a?,a3) and € = (&,1,¢) = (&1, €2, £3) as functions of
the common set of independent variables (X, T, i), we rewrite (4.4) as

/du /// dT"dX L{a(X,T),&(X, T, p), p(X, T’ ), 2], (4.10)
where
J
L=5(U+Dg) (U+D&)+J(Z+Q0+p(l+A—-J) (4.11)
and
D 0 o o 9
P=pr=ar Vax HVay tWaz (4.12)
The average Lagrangian
J J
(L) = 5U- U+ 2(DE- D) + 7720+ (p(1+ A~ J)). (4.13)

Here, just as in Section 2, the symbol J is to be viewed as an abbreviation for (4.8), and
(U,V,W) = (U',U?,U3) are to be viewed as abbreviations for

_ 1 9(X",a,b,0)
- JoT,X,Y,Z)
where now (X%, X1, X2 X3) = (T, X,Y, Z). Equation (4.14) is analogous to (2.11), and

(4.8) is analogous to (2.12). The ensemble-averaged energy-momentum equation for the
system as a whole is

U (4.14)

0 O(L oL (L o(L
o ( zg,.>+<:a,>>— o __an) (4.15)
a’j gj explicit
and the average energy-momentum equation for the fluctuations by themselves is
o < T6L>_ oLy oLy [P (4.16)
0XJ ’ 85; 0X' B X" explicit .
The action equation is
0 ,.,0L
557 (gu 8§T> — (4.17)
J

Our notation is al = da”/0X" and £ = 9¢"/0X". Once again, the summation convention
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is in effect. The implied summations in j are summations over the 4 spacetime coordinates
(T, X,Y, Z). The implied summations in r are summations over the 3 dependent variables,
(a,b,0) or (§,7n,(), in each group.

As in Section 2, we obtain the GLM equations by using (4.11) and (4.13) in (4.15)-
(4.17). We are primarily interested in the mean momentum equations, corresponding to
i =1,2,3 in (4.15). By steps similar to those in Section 2, we find that these take the
form

DU* P i3 OEY
o7 taxi T JOo* = 57 (4.18)
where P = J(p),
5 A .
B = (67 ) = €K, (119

is the EP flux, and K7 is the cofactor of the matrix 6"/ + 7. In typical applications, u is
identified with a particular coordinate, say X, and interest attaches to the X-component
of (4.18). The terminology ‘EP flux’ is then applied to the off-diagonal components EXY
and EXZ. In this section, by ‘EP flux’ we mean the complete tensor E%.

The 7-derivative of (4.8) implies

0] 9UU) OUV) | 0(JW)

il = 4.2
or T ox oy "oz (4.20)
and we may rewrite (4.1) as
Do
— =0. 4.21

Except for the presence of the density-like factor J, the left-hand sides of (4.18), (4.20),
and (4.21) are the same as in the primitive, unaveraged form of the Boussinesq equations.
The right-hand side of (4.18) contains the divergence of the EP flux. To complete the
mean-flow equations, we take the ensemble average of the constraint equation (4.7),
obtaining

J =1+ (A). (4.22)
Biihler & McIntyre (1998) use the symbol p for J.

Suppose that the wave statistics are somehow known in advance. That is, suppose that
E% and (A) are prescribed. Then (4.18) and (4.20)-(4.22) represent 6 equations in the six
mean-flow variables U, V, W, J, 0, and P. The ‘mean flow pressure’ P is determined by the
requirement that (4.20) be consistent with (4.22) and the prescribed evolution of (A). In
reality, of course, the wave statistics are not prescribed; instead the mean-flow equations
(4.18)-(4.22) and the wave equations (4.16)-(4.17) comprise a set of equations that are
exact but mathematically unclosed in the same sense that the Reynolds-averaged equa-
tions of turbulence theory are exact but unclosed. Until we introduce approximations
that close the GLM equations, it is meaningless to pose questions about their math-
ematical properties. For example, one would certainly like to know the circumstances
under which J remains positive: a negative J would imply that the mapping a — X
has become multi-valued, signifying a complete breakdown of the theory. However, it is
meaningless to inquire about the sign of a solution to a set of unclosed equations. We
take up the issue of closure in Section 5.

As in the shallow-water case, the EP flux divergence that appears in (4.18) appears
with opposite sign in the pseudomomentum equations (4.16). Once again, the best way to
eliminate the EP flux divergence is not to take the difference between (4.15) and (4.16);
rather, it is to exploit the particle-relabeling symmetry of (4.13). Consider particle-label
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variations that do not affect J or . These variations must satisfy d6 = 0 and (3.2),
where v is an arbitrary function and derivatives are taken with 6 held constant. For
such variations,

(L////dexa ////deXJ -0U + (D€ - 0DE))
////deXJA%SUI ////deXA’ (;,(Xayb?) (4.23)

where A" = U? — pi, p' = —(€/ DY) is the pseudomomentum, and the summation is over
i =1,2,3. The rest of the calculation proceeds in a manner similar to (3.3). We find, by
the arbitrariness of ), that

0 0(A% XY)
— = 4.24
or 9(a,b) ’ (424)
which is equivalent to
D (V- (Vx(U-p)\
DT ( 7 =0. (4.25)

Biihler & Mclntyre (1998) argue that the potential vorticity equation (4.25) plays a
similar role with respect to Boussinesq dynamics as does (3.6) for shallow water dynamics:
For sufficiently balanced mean flows, one may compute the effects of waves on the mean
flow by use of (4.20), (4.21), and (4.25), thus avoiding (4.18) with its EP fluxes. Salmon
(1998, pp. 309-313) derived a result similar to (4.25) by methods similar to those of the
present paper.

5. Closure

All the preceding results are exact; they involve no approximations besides those im-
plicit in shallow-water and Boussinesq dynamics. Moreover, all the preceding results have
been obtained without defining the ensemble under consideration, and without address-
ing the problem of closure. However, until we invoke approximations that close the GLM
equations, it is meaningless to talk about their solutions.

Most applications of GLM theory employ quasilinear closure, in which the wave vari-
ables £(X, T, p) are assumed infinitesimal. If £(X, T, i) are infinitesimal then they obey
linear equations, which are in principle always solvable. Once the &(X, T, i) are known—
and this requires specification of the ensemble—we can compute the statistical quantities
E% and (A) that act as forcing terms in the mean-flow equations (4.18)-(4.22). Alterna-
tively, we may adopt the better approach of Biihler & McIntyre (1998); this requires the
computation of J and the pseudomomentum p.

Whatever the method of closure, a logical beginning point is the Euler-Lagrange equa-
tions for the wave variables. For Boussinesq dynamics with Lagrangian (4.11) these are

OA
85’
op: J=1+A (5.2)

6&: JD(U' + D¢ = ai ( ) + J05™, (5.1)

Subtracting the mean momentum equation (4.18) from (5.1) we obtain

(Do (oA 9B o)
pr? ~ “oxi \Pag | T oxi T Taxt

(5.3)
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which may be used as an alternative to (5.1). If € = O(e) with € — 0, then J = 1+ O(e?),
and (5.3) become

D* _ o o(p)m) 0

(
DT~ 90X 9(X,Y) 9(X.Z +0(), (5.4)
D 9r A((p),§) (), <) 2
DTz~ "oy aw.x) o,z o) (5:5)
DQC _ on 8((p>,€) 8((])),77) +O(62), (5 6)

DT? ~ 0Z 8(Z,X) 9(Z)Y)
where m = p — (p) = O(€). Similarly (5.2) becomes
Ex +ny +Cz = 0(€). (5.7)

In this limit the first term on the right-hand side of (5.3) partly cancels the last term,
and the E%-term makes no contribution. If we neglect the O(e?) terms, then (5.4)-(5.7)
comprise 4 linear equations for the 4 variables &, 7, (, and 7. Although these equations
are linear, they have nonconstant coefficients involving the mean flow variables U, V, W,
and (p). Thus (4.18)-(4.22) and (5.4)-(5.7) form a coupled set. We note that the ‘wave
forcing terms’ E% and (A) that appear in the mean-flow equations are both O(e?) terms
and hence can be computed consistently from the solutions of (5.4)-(5.7). If the mean
pressure (p) depends only on Z then (5.4)-(5.6) take the simpler form

D2£i o a¢
D12 9X!
where ¢ = 7 — 0¢ and N? = df/dZ, but in general we must face (5.4)-(5.6).

It is simpler to derive the complete set of coupled quasilinear equations by expanding
(4.11) in € and keeping only terms of O(€?) and larger. The requirement that

/du////deX —(U+DE)- (U+DE)+J(Z+)8+ (p)y(1—J)

a(&,m) n d(£,Q) +<’9(777C)
AX,Y) " 9(X,2) "o, Z)

— BN, (5.8)

) +7(€x +ny +Cz) |
(5.9)

+ (p) (fx+77Y+Cz+

be stationary with respect to variations of a, (p), £ and 7 yields equations equivalent to
(4.18)-(4.22) and (5.4)-(5.7) but with (4.19) and (4.22) replaced by the consistent-order
approximations. Thus (5.9) is the logical beginning point for quasilinear theory.

In all of this, the ensemble parameter p plays an essentially passive role; the definition
of the ensemble is needed only to compute the ‘wave-forcing terms’ E* and J that appear
in the mean flow equations (4.18)-(4.22). However, quasilinear theory is often combined
with the assumption that the waves be slowly varying. Then the method of choice is the
elegant method invented by Whitham (1965, 1974), and in this p plays a somewhat more
active role. One substitutes

E=AX,T)cos(O(X,T) + u) (5.10)

into (5.9), and one performs the integration with respect to p. Then (5.9) is required to
be stationary with respect to variations JA(X,T) and 00(X,T).

This paper has been primarily concerned with the exact GLM equations. Our sketch
of slowly-varying, quasi-linear theory is intended only to furnish a single specific example
of closure. However, several of the general results given above have been checked by
showing that they reduce to more familiar expressions for EP flux and pseudomomentum
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in the quasilinear limit. The manipulations required are straightforward but surprisingly
tedious. This suggests that the general GLM equations are not the best place to start if
one intends to make the quasilinear approximation; it seems more efficient to introduce
the small-amplitude approximation at a much earlier stage in the development of the
theory. The GLM equations are best reserved for closures that do not assume that the
waves are weakly nonlinear.

I thank three anonymous referees for important suggestions.
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